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PHEFACE. 



The first object of the author of the following treatise 
baa been to make the traosiiion from arithmetic to alge- 
bra as gradual as possible. The book, therefore, com- 
mences with practical questions in simple equations, 
such as the learner might readily solve wilhout the aid 
of algebra. This requires the explanation of only tbe 
signs plus and minus, the mode of expressing multipli- 
catioD and divisioo, and the sign of equality ; together 
with the use of a letter to express the unknown quan- 
tity. These may be understood by any one who has 
a tolerable knowledge of arithmetic. All of them ex- 
cept the use of the letter have been explained in arilh- 
metic. To reduce such an equation, requires only the 
application of the ordinary rules of arithmetic; and 
these are applied so simply, that scarcely any one can 
mistake them, if left entirely to himself. One or two 
questions are solved first witb little explanation Id ord^r 
to give the learner an idea of what is wanted, and he is 
then left to solve several by himself. 



iv Preface. 

The most simple combinations are given first, then 
those tvhich are more difficult. The learner is ex- 
pected to derive most of bis knowledge by solving the 
examples himselT; therefore care has been taken to 
make the explanations as few and as brief as is con- 
sistent with giving an idea of what is required. 

In fact, explanations rather embarrass than aid the 
learner, because he is apt to trust too much to them, 
and neglect to employ bis own powers; and because 
the explanation is frequeatly not madn in the way, that 
would naturally suggest itself to liim, if he were left to 
examine the subject by himself. The best mode, 
therefore, seems to be, to give examples so simple as 
to require little or no explanation, and let the learner 
reason for himself, taking care to make them more dif- 
ficult as be proceeds. This method, besides giving the 
learner confidence, by making him rely on his own 
powers, is much more inleresling to him, because he 
seems to bimEelf to be constantly making new discove- 
ries. Indeed, an apt scholar will frequently make ori- 
ginal explanations much more simple than would have 
been given by the author. 

This mode has also the advantage of exercising Ibe 
learner in reasoning, instead of making him a listener, 
while the author reasons before him. 
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Pf^aee, v 

The examples ia the first sixty pages iarolve nearly 
all the operations, that are ever required in simple nume- 
rical equations, with one and two unknown quantities. 

Id the ainth article, the learner is taught to general- 
ize particular caEes, and to form rules. Here he is 
first taught to represent known quantities hy letter^ 
and at the same time the purpose of it. The traasi- 
tion from particular cases to general principles is made as 
gradual as possible. At first only a part of the question 
is generalized, and afterwards the whole of it. 

Wheo the learner understands the purpose of repre- 
senting known quantities as well as unknown, by letters 
or general symbols, he is considered as fairly intro- 
duced to the subject of algebra, and ready to com- . 
meoce where the subject is usually commenced in other 
treatises. Accordingly he is uught the fundamental 
rules, as applied to literal quantities. Much of this how- 
ever is only a recapitulation in a general form, of what 
he has previously learnt, in a particular form. 

After this, various subjects are taken up and discussed. 
There is nothing peculiar in the arrangement or in the 
manner of treating them. The author has used bis 
own language, and explained as seemed to him best, 
without reference to any other work. A large number 
of examples introduce and illustrate every principle, 
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vi Preface. 

and as far as seemed practicable, the subjects are taught 

by example rather than by explanation. 

The demonstration of the Binomial Theorem is en- 
tirely original, so far as regards the rule for finding the 
coefficients. The rule itself is the same that has al- 
ways been used. The manner of treating and demon- 
strating the principle of summing leriea by difference, is 
niso original.* 

Proportions hare been discarded in algebra as veil 
as in arithmetic. The author intended to gire, in an 
appendix, some direclions for using proportions, to assist 
those who might bare occasion to read other treatises on 
mathematics. But this volume was already too large- 
to admit it. It is believed, however, that few will find 
any difficulty in this respecL If they do, one hour's 
study of some treatise which explains proportions will 



In order to study this work to advantage, the learner 
should solve every question in course; and do it alge- 
braically. If he Gnds a question which he can solve 
as easily without the aid of algebra as with it, he may 
be assured, this is what the author eipected. If he 
first solves a question, which involves no difficulty, he 

* See Boston JoutubI of Fhilowphf and tlie ArU No. 6, for Maj, 
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will UDderstand perfectly what he is about, end be vill 
thereby be enabled to encounter tbose, which are dif- 
ficult. 

When the learner is directed to turn back and do 
in a new way, someUiing he has done before, let him 
not fail to do it, for it will be necessary to bis future 
progress ; and it will be much better to trace the new 
principle in what b« bas dona before, than to hare a 
new example for iL 

The au±or has beard'it objected to bis arithmetics 
by some, that ibey are too easy. Perhaps the same 
objection will be made to this u-eatise on alge- 
bra. But in both cases, if tbey are too easy, it is the 
fault of the subject, and not of the book. For in the 
First Lessons, there is no explanation ; and in the Sequel 
there is probably less than in any other books, which 
explain at all. As easy however as they are, the author 
believes that whoever undertakes to teach them, will 
find the intellecu of bis scholars more exercised in 
studying them, than in studying the tiiost difficult trea- 
tise he can put into their hands. When the learner 
feels, that the subject is above his capacity, he dares 
not attempt any thing himself, but trusts implicitly to 
the author; but when he finds it level with his capacity, 
he readily engages ta it. But here there is something 



more. The learaer is required to perform a part him- 
self He finds a regular pan assigned to him, and if 
the teacher does his duty, the learner must give a great 
maof expIanatioDs which he does not find m the 
book. 
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ALGEBRA. 



Introduction. 



Tb£ operatioDS explained in Aritbmelic are sufficient 
for the solution of all questions in Dumber?, that ever 
occur ; but it is to be observed, that id every question 
there are two dielinct things to be atteoded to ; first, to 
discover, by a course of reasoning, what operations are 
necessary ; and, secondly, to perforin those operations. 
The first of these, to a certain extent, is more easily 
learnt than the second ; but, after the method of per- 
forming the operations is understood, all the difficulty 
ID solving abstruse aod complicated questions consists in 
discovering how the operations are to be applied. 

It is often difficult, and sometimes absolutely impos- 
sible to discover, by the ordinary modes of reasoning, 
how the fimdamental operations are to be applied to the' 
solution of questions. It is our purpose, in this treatise, 
to show how this difficulty may be obviated. 

It has been shown in Arithmetic, that ordinary calcu- 
lations are very much facilitaCed by a set of arbitrary 
signs, called J^ures ; it will now be shown that die 
reasoning, previous to calculation, may receive as great 
assistance from another set of arbitrary signs. 
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3 JJgdira. 

Some of the signs have already been explained in 
Arithmetic ; they will here be briefly recapitulated, 

(=;) Two horizontal lines are used to express the 
words " are equal to," or any other similar expression. 

(+) A cross, one line being horizontal and the other 
perpendicular, sigoifies " added to." Jt may be read 
and, more, ptvs, or any similar expression ; thus, 
7 + 5 = 12, is read 7 and 5 are 13, or 5 added to 7 if 
equal to 12, or 7 plus 5 is equal to 13. Plus is a Latin 
word signifying more, 

( — ) A horizontal line, signifies mbtraded from. It 
is sometimes read leu or minus. Minut is Latin, signi- 
fying Us». Thus, 14 — 6=8, is read 6 subtracted 
from 14, or 14 less 6, or l4 minus 6 is equal to 8. 

Observe the signs + and — affect the numbers which 
they stand immediately before, and no others. Thus 

14_6 + 8=:10; and 14 + 8—6=16; ' 
and 8 — 6+14=16 and,in 6ne, — 6+8+ 14 = 16. 
In all these cases the 6 only is to be subtracted, and it 
is the same, whether it be first subtracted from one of 
the numbers, and then the rest be added, or whether 
all the others be added and that be subtracted at last. 

(x) (•) An inclined cross, or a point, is used to ex- 
press multiplication ; thus, 5 x 8 = 1 5, or 5 . 3 = 1 5, 

(-^) A horizontal line, with a point above and anoth- 
er below, is used to eipress division. Thus, 15-^3 = 5, 
is read 15 divided by 3 is equal to 5. 

But division is more frequently expressed in the 
form of a fraction {Arilh. Art. XVI. Part II.), the divi- 
sor being made the denominator, and the dividend the 
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I. Eguations. 3 

numerator. Thus '■/ = 5, is read 15 divided by 8 is 
equal to 5, or one third of 15 is 5, or 15 contaias 3, 
5 times. 

Example. 6 x9 + 15 — 3 = 7 . 8— V + 14. 
This is read, 9 times 6 and [5 less 3 is equal to 8 times 
7 less 16 divided by 4, aod 14. 

To find the value of each side; 9 times 6 are 54 
and 15 are 69, less 3 are 66. Then 8 limes 7 are 56, 
less 16 divided by 4, or 4 is 52, and 14 more are 66. 

In questions proposed for solution, it is ainays re- 
quired to find one or more quantities which are un- 
known ; these, when found, are the answer to the 
question. It will be found extremely useful to have 
signs to express these unknown quantities, because it 
vill enable us to keep the object more steadily and dis- 
tinctly in view. We shall also be able to represent 
certain operations upon them by the aid of signs, which 
wiD greatly assist us in arriving at the result. 

Algebraic signs are in fact nothing else than an 
abridgment of common language, by which a long pro- 
cess of reasoning is presented at once in a single view* 

The signs generally used to express the unknown 
quantities above mentioned are some of the last letters 
of the alphabet, as x, y, z, See. 

I. 1. Two men, A and B, trade in company, and 
gain 367 dollars, of which B has twice as much as A. 
What is the share of each f 

In ibis example the uoknown quantities are the par- 
ticular share of A and B. 
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Let X represent the number of dollars ia A*s ehare, 
then 3 x will represent the number of dollars in B'a 
share. Now these added together must make the num- 
ber of dollars in both their shares, that is, 267 dollars. 

a; + 2a: = 267 
Putting all the x's together, 3 x ^ 867 

If 3 3^ are 267, 1 x is ^ of 367 in the same manaer as 
if 3 oxen were worth $267, 1 ox would be worth ^ of it. 
it = 89 = A's share. 
3a:= 178 = B's share. 
3. Four men, A, B, C, and D, found a purse of 
money containing $325, but not agreeing about tfae 
division of it, each took as much as be could get; A 
got a certain sum, B got 5 times as much ; C, 7 times 
as much ; and D, as much as B and C both. How 
many dollars did each get ? 

Let X represent the number of dollars that A got, 
then B got 5 a:, C 7 a;, and D (5 a: + 7 «) = 12 x. 
These, added together, must make $325, the whole 
number to he divided. 

X + 5 X +73; + 12x1=325 
Putting all the x's together, 25 x = 325 

x= 13 = A's share 
5x= 65 = B's " 
7a:= 91 = C's " 
12a; = 156 = D'3 " 
In the same manner perform the following examples. 
3. Said A to B, my horse and saddle together are 
north $130, but the horse is worth 9 times as much as 
the saddle. What ia the value of each ? 

Ans. Saddle $13, horse $117. 

- ^;^«>8l- 
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4. Three men, A, B, and C, trade in company, A 
puts in a certain sum, B puts in 3 times as much, and 
C puts in as much as A and B both ; they gain $656. 
What is each man's share of the gain ? 

AfU. A's share $82 ; B's $246 ; C's $328. 

5. A gentleman, meeting 4 poor persons, disiributed 
60 cents among them, girin^ the second twice, the 
third Uiree times, and the fourth four times as much as 
the first. How many cents did be give to each ? 

Aru. The first 6, the second 12, the third IS, and 
the fourth 24 cents. 

6. A gentleman-left 11000 crowns to be divided be- 
tween his widow, two sons, and three daughters. He 
intended that the widow should receive twice the share 
of a son, and that each son should receive twice ihe 
share of a daughter. Required the share of each. 

Let X represent the share of a daughter, then 2 x will 
represent the share of a son, &c. 

AfU. The share of the widow was 4000 crowns ; 
that of a son 3000, and that of a daughter 1000, 

7. Four gentleii en entered into a speculation, for 
which they subscribed $4755, of which B paid 3 times 
as much as A, and C paid as much as A and B, and D 
paid as much as B and C. What did each pay ? 

Ani. A paid |317 ; B $951 ; C $1268 ; D $2219. 

8. A man bought some oxen, some cows, and soma 
sheep for $1400 ; there were an equal number of each 
sort. For the oxen he gave $42 apiece, for tlie cows 
$20, and for the sheep $8 apiece. How many were 
there of each sort f 
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In tliis example the uukaowa quantity a the number 
of each sort, but the aumber of each sort being the 
same, one character will express it 
Let X denote the number of each sort. 
Then x oxen, at $42 apiece, will come to 42 ai dolls., 
and X cows, at $20 apiece, will come fb $20 x dolls., and 
X sheep, at $8 apiece, wiU come to 8 x dolls. These 
added together must make the whole price. 

42x+20ai + 8x=: 1400 
Putting the ai's together, . . 701=1400 

Dividing by 70, a: = 20 X 

Ant. 30 of each sort. 

9. A man sold some calves and some sheep for $374, 

the calves at $5, and the sheep at $7 apiece ; there 

were three times as many calves as sheep. How many 

were there of each r' 

Let X denote the number of sbeep ; then 3 x will 
denote the number of calves. 

Then x sbeep, at $7 apiece, will come to 7 x dolls., 
and 9x calves, at $5 apiece, will come to 5 times See 
dolls., that is, 16 X dolls. 

These added together must make the whole price. 
7 a! + 15* = 374 
Putting the x's together, 22x = 374 
Dividing by 32, xx 17 =number of sbeep. 

3ir= 51 = " calves. 

The learner must have remarked by this time, that 
when a question is proposed, the 6r5t thing to be done, 
is to find, by means of the unknown quantity, an ex- 



[;:„ifKi:,'CiOOt^l>J 



I. Equationi. 1 

pression which shall be equal to a gireu quantity, and 
then from that, by arithmetical operations, to deduce 
the value of the unknown quantity. 

This expression of equality betweea two quanti- 
ties, is called an equattoit. In the last example, 
7 X -f- 15 cc = 374 is an equation. 

The quantity or quantities on the left of the sign = 
are called the jirit memher, those on the right, the sec- 
ond member of the equation. (^ x + 15 x) is the first 
member of the above equation, and 374 is the second 
member. 

Qantities connected by the signs + and — are called 
terms, 7 x and 15 j; are terms in the above equation. 

The figure written before a letter showing how many 
times the letter is to be taken, is called the coefficient of 
that letter. In the quantities 7 a?, ]5:r, 22«; 7, 15,23, 
are coefficients of x. 

The process of forming an equation by the condi- 
tions of a question, is called putting the question into an 
equation. 

The process by which the value of the unknown 
quantity is found, after the question is put into an equa- 
, tion, is called solving the equation. 

No rules can he given for putting questions into equa- 
tions ; this must he learned by practice ; but rules may 
be found for solving most of the > equations that ever 
occur. 

After the preceding questions were put into equation, 
the first thing was to reduce all the terms containing the 
unknown quantity to one term, which was done by add- 
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ing the coefficients. A^ 7 x + 15 « are 33 a?. Then, 
siDCfl 2%x = 374, 1 X must he equal to -^^ of 374. 
That is, 

Wktn the unknown qwaaUy in one memher it reduced 
to one term, and stand* equal to a known quantity in the ■ 
other, its value is found by dividing the known quantity 
hy itt coefficients 

10. A man bought some oranges, some lemons, and 
some pears, for 156 ceals ; the oranges at 6 cents each, 
the lemoQS at 4 ceats, and the pesrs at 3 cents ; (here 
was an equal number of each sort. Required the num- 
ber of each. Am. 13 of each sort. 

11. In fencing the side of a field, the length of which 
was 450 yards, two workmen were employed } one fenced 

9 yards, and the other 6 yards per day. How many days 
did they work? Ana. 30 days. 

13. Three men built 780 rods of fence ; the first built 
9 rods per day, the second 7, and the third G ; the sec- 
ond worked three times as many days as the first, and 
the third, twice as many days as the second. How 
many days did each work ? 

Am. The first 13 days, the second 39, and third 78. 

13. A man bought some oxen, some cows, and some 
caWes for $348 ; the oxen at $38 each, the cows at 
$L8, and the calves at $4. There were three times as 
many cows as oxen, and twice as many calves as cows. 
How many were there of each sort ? 

Ana. 3 oxen, 9 cows, and 18 calves. 

14. A merchant bought a quantity of flour for $133 ; 
for one half of it he gave $5 per barrel, and for tlie 



C3.ifKi:,'CiOOt^l>J 



IL Equaitont. 9 

other half $7. How many barrels were there in the 
whole 7 

Let X denote one half the number of barrels. 

■ Am. 22 barrels. 

15, From two towns, which are 187 miles apart, two 
travellers set out at the same time with an intention of 
meeting ; one of them travels at the rate of 8, the 
other of 9 miles each day. In how many days will 
they meet ? Ans. 1 1 days. 

II. 1. A cask of wine was sold for $4&, which was . 
only j of what it cost. Required the cost. 

Let X denote the cost. 

Three fourths of a; may be written Ji or -— . The 
latter is preferable. 

¥=- 

« = 60 Ans. $60. 

If ^ of a: comes to 45, then — must come to -J of 45, 
or 15, and x will be 4 times 15, or 60. 
A better method. 

¥=« 

3«=4&>c4=180 

«=:60, 

Observe, that — is the seme as ^ of 3 x. Now if ^ 

of 3 a: is 46, 3 x itself must be 4 times 45, or 180 ; 3 « 
being 180, x must be -J of 180, which is 60. 

■ - C.oo^i^ 
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3. A maxi, being asked his age, answered, thftt if lis j 
half and its third were added to it the sum would be 86. \ 
What was his age ' j 

Let X denote his age ; then 

Reducing the terms to a com- >6a 3a ■^^__qo 
mon denominator, j 6 6 6 

Adding them together, -— =: 88 

|of 11 jrbeingSS, Ux willbefitimesSe, llr = 5S8 
Dividing by 11, a = 48 

Am. 48 years. 

3. If I of a hogshead of wioe cost $65; what will 
« hogshead cost at that rate ? Atu, $104. 

4. There is a pole | and | under water, and b feet 
out of water ; what is the length of the pole i . 

l<et X denote the whole length. Then, 



'=-§- + ■!- + * 

Reducing to a commoa de- >6a:_3a;23;- 
nominator, > 6 6 "*" 6 I 

Adding together, -^ = -^ + 5 

Taking — from both sides,— = 5 

Multiplying by 6, x =s 30 

Atu. 30 feet. I 

5. In an orchard of fruit trees ^ of them bear apples* | 

^ of them pears, ^ of them plums, 7 bear peaches, and | 

3 bear cherries ; these are all the trees in the orchard' ' 

How many are there 1 Am. ■ 80 Uees. 
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' 6. A farmer, being asked how many sheep he bad, 
answered, he had them in four pastures ; in the first he 
had 4 of them, in the second ^, in the third |^, and in 
tlie fourth he had 24 sheep. How many had he in the 
whole ? •^Rf. 96 sheep. 

7. A person having spent ^ and -^ of his money, 
bad $36| left. How much money bad he at first ? 

jf/u. $160. 

8. A man driving his geese to market, was met by 
another, who said good morrow, mmter, with your 
hundred geese ; said he, 1 have not a hundred, hut if I 
bad as many more, and half as many more, and two 

I geese and a half, I should have a hundred. How many 
bad he ? ^tu. 39 geese. 

9. A and B having found a bag of money, disputed 
, about the division nf it. A said that j and -j and ^ 
* of the money made $130, and ifB rould tell how much 

money there was, he should have it all, otherwise nona 
[ of it. How much money was there in the bag ? 

Ana. $120. 

10. Upon measuring the corn produced in a field, 
being 96 bushels, it appeared that it had yielded only 
one third part more than was sown. How much was 
sown ? Am. 72 bushels. 

11. A man sold 96 loads of hay to two persons; to 
the first \, and to the second | of what his slack con- 
tained. How many loads did the stack contain at first ? 

Ant. 103| loads. 

12. A and B talking of their ages, A says to B if |, 
4, and \ of my age he added to my age, and 2 years 
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more, the sum will be twice my age. What was his 
age ? Ant. 84 years. 

13. What sum of money is that whose \, \, and i 
part added together amount to £9 ? 

Ant. 11£. 9s. ^l\A. 

14. The account of a certaiu school is as follows ; 
y\- of the boys learn geometry, ^ leorn giammar, ■^■^ 
learn arithmetic, ^^ learn spelling, and 9 learn to read. 
What is the number of scbolars in the school i 

Ana. 80 scholars. 

15. There is a fish whose head weighs 9 lbs. bis tail 
weighs as much as his head and half his body, and his 
body weighs as much as bis head and tail botfi. What 
is the weight of the fish? ■ r/ > ^n«,/^tbs. 

Represent the weight of Ae body byx. 

16. There is a fish whose head is 4 inches long, the 
tail is twice the length of the head, added to | of the 
length of the body, and the body is as long as the head 
and tail both. What is the whole length of the fish ? 

Ant, 40 inches. 
IT. A and B talking of their ages, A says to B, your i 
age is twice and three fifths of my age, and the sum of ' 
our ages ia 54. What is the age of each l 

Ant. A's 16, B's 39 years. \ 
18, A man dirided $40 between two persons ; to the j 
first he gave a certain sum, and to the second on^ ^ as 
much. How much did he give to each ? 

Ant. The first $35, the second $15. 

Let X denote the share of the first, ~ will denote 
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the share of the aecond. Tliese tilded togelber mnst 
mate (40. 

. + ^=40 
Reducing to s eommoo denominator, 

Addiog together, -t- = 40 

Mullipl^ng by 9, 8 « s SOO 

Dividing by 8, x = 35 = share of the first. 

-^ = 15 = *' second. 

19. Three persons are to share $290 in the following 
manner : the secood is to bare two thirds, and the third 
three fourdis as much as the first. What is the share 
of each? 

Jliu. The first f ISO, ^ second |B0, and the third 

foo. 

20. A farmer wishes to mix 100 bushels of proven- 
der, consisting of rye, barley, and oats, so that it may 
eoDtain 4 as much barley as oats, and } as much tye as 
barley. How much of each must there be in the mix- 
tnret 

Ant. 48^ bushels oats, 34^^ bu. barley, 17/, bu. 
lyo. 

SI. Divide 40 apples between two boys lo the pro- 
portion of 3 to 3. 

The proporticm 3 to S signifies that the second will 
hare | as many as the first. 

dns. The first has 34, the second 16. 
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22. A geDtleman gave lo 3 peraons £98. The sec- 
ond received five-eighths of the sum given to the fire^ 
and the third one-fifth of what the second had. What 
did each receive i 

Ant. They received £56, £35, and £t, respectively. 

23. A prize of $1280 waa divided between two per- 
sons, in the proportion of 9 to 7. What was the share 
of each I Ant. The first $720, the other $560. 

24. Three men trading in company, put in money 
in the following proportion ; the first 3 dollars as often 
SB the second 7, and the third 5. They gain $960. 
What is each man's share of the gain 7 

Ohaerve, the second put in ■} of what the first put in, 
and the third put in 4' 

Am. $192, $448, $320, respectively. 

25. Three men traded together ; the first put in $700, 
the second $450, and the third $950. They gained 
$420. What was the share of each ? 

Observe, the second put in ^| = 4£ = yx °f vhat 
the first put in, &c. 

Am. Their shares were $140, $90, $190, respec- 
tively. 

III. I. Two men, A and B, hired a pasture togeth- 
er for $55, and A was to pay $13 mors than B. Wiiat 
did each pay f 

Suppose B paid x dollars ; A was to pay 13 dollars 
more ; therefore he paid x -f- 13. These put together 
roust make the whole 55 dollars. 
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c -f- a: -f- 13 = 55 
Putting iho ic's together, 

3x -f 13 = 55 
It appears that 3 « is not so much as 55 by 1 3, therefore 
taking 13 from 55, 

3ji! = 55— 13 

Dividing by 2, x = 21 = B's share. 

B's share is $31, and A's, being 13 more, b (34, 
a: + 13 = 2L-|.l3=34=A's share. 

2. A man bought a horse and chaise for $300 ; the 
borse cost $36 more than the chaise. What was tlie 
price of each .'' jjru. Horse $164, and ebaise $136. 

3. A man bequeathed his estate of $13000 to his son 
and daughter ; the son was to have $2350 more than 
the daughter. What was the share of each f 

Atu. Son's share $7175, daughter's share $4835, 

4. A ifltber who. has three sons , leaves them 16000 
crowns. The will specifies that the eldesi shall have 
3000 crowns more than the second, and that the second 
shall have 1000 more than the youngest. What is the 
share of each.? 

Let X denote the number of crowns in the share of 
the youngest, then x + 1000 will denote the share of the 
second, and fc + 1000 + 3000 will denote the share o 
die eldest. These added together must make the whole 
sum. 

» + « + 1000+* + 1000 +2000= 16000 
Putting together the x's and the numbers, 
3^+4000 = 16000 
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It appears thftt 3 «ia not bo much u 16000 by 400O, 
therefore subinetiog 4000, 

Sx = 16000—4000 
3«= 12000 
Dividing by 3, x= 4000 = share of the youngest. 
The share of the youagest is 4000 crowns ; add to diis 
1000, it makes 5000, the share of the second, 

X + 1000 =: 5000 = share of the second. 

Add SOOO more, it makes 7000, the share of the eldest, 

a + 1000 + 2000 = 7000 = share of the eldest. 

5. A draper bought three pieces of clodi, which to- 
gether measured 159 yards; the second piece was 16 
yards longer than iho first, aud the third was 34 yards 
l(»ger than the second. What was the length of eadi t 

Jim. 35, 50, and 74 yards, rsspectirely. 

6. A geatlemau bequeathed an estate of fSdOOO to bis 
wife, two sons, and three daughters. The wife was to 
have $2000 less than the eldest sod. andjtSOQO mara.th«B 
the younger son ; and the portion of each of the dau^> 
lerg was $3500 less than thai of the younger son. Re- 
quired the ^are of each. 

Jm. Wife had $14250, the eldest son $16360, die 
younger son $11250, the daughters each$7750. 

The 1st example may be performed differently. 
Let X denote the number of dollars paid by A ; B paid 
$13 less, therefore x — 13 will represent the number of 
dollars paid by B. These ^ded t<^tber must make 
die whole. 
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ir + ;c — 13s£55 
Pnttmg the x*9 U^elber, 2x — 13 s 55 
It appears that 2 « is mora than 55 by 13, therefore add 
13 to 55 to make 3 x, 

3ir=55 + 13 
3xs68 
Dividing by 3, « = 34 ss A's share. 

This gives A's share $34, from which subtract (13, 
and itgiTffiB*8 share fSl, as before, 

at— 13 = 21 =B'fl share. 
In the same maaner perform the 2d and 3d. The 
4di may be solved in a similar maDDer. 

Let the eldest son's share be represented by x. The 
second son's share, being $2000 less, will be x — 2000. 
The youngest son's share, being $1000 less still, will be 
c— 2000 — 1000. These added together must make 
the whole sum. 

x-fx— 3000 +x — 2000— 1000= 1600O 
Putting x's together and numbers together, 

3a;— 5000= 16000. 
It appears that Axis more tliao 16000 by 5000, there- 
fore add 6000, 

3x= 16000 + 5000 
3 « = 31000 
Dividing by 3, x= 7000 

^ The eldest son's share is $7000, as before. The 
others may be easily found from this. 

Again let x denote the second son's share. The 
eldest son's, being $2000 more, will hex + 2000, The 
youngest son's, being $1000 less, will be x— 1000. 
These added together must make the whole. 
2*'' 
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« +2060 +«-f.x— 1000 = 16000 
Putting x's logelber and Doiobers It^ether, 
3i+ 1000 3=.16000 

8a: =: 16000 — 1000 
3x = 15000 
x= 5000 
The secood'son's share is $6000, as before* Fron 
^is tbe rest are easily fouDd. 

Perform the 5th aad 6th in a similar vny. 

7. At a certain election 943 mea voted, and the can- 
didate chosen had a majonQr of 65. How many voted 
for each ? Jl.ni, The Humbert were 439 and 504. 

8. A person employed 4 workmen ; to the feat of 
whom he gave 2 shillings more than to the second ; t* 
the second 3 shillings more tfaao to the third; and to 
the third 4 more thaa to the fourth. Their wftgei 
amounted to 3& shillings. What did eadk receive? 

Wni. They received 12, 10, 3, and 3 shillingB respec- 
tively. 

9. A cask, which held l46 galloDS, was filled with a 
mixture of brandy, wine, and water. In it there were 
15 gallons of wine more than there were of brandy, 
and as much water as both wine and brandy. What 
quantity was there of each i 

Am, Brandy 29 gals., wine 44, and water 73 gabb 
Observe, that afler the question is put into equatioii« 
the purpose is to make x stand alone in one member of 
tbe equation, equal to a known quantity in tbe other 
member, ifaeti die value of x is found. Id the preced- 
ing examples in this Art x has been found only in the 
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first member, but conneeted wiib knowa quaotities by 
the sigoa + and — . in At tolution of these eqvaiiotu 
the jirtt thing toiu to tmite alt the x'< into one term, and 
aB the known quanta into another. Then, if the 
number which stood on the same tide with x, had the 
sign -f before U, that numAer was saitracledfrom the other 
wtember of the equation ; but if it had the sign ■ — before it, 
it was added to the other iaemb». Then the second 
ttember was divided by the eoeffidtnt of x, taid the an- 



10. A and B began to trade with equal stodcs. !■ 
Ibe first year A gained a sum equal to twice hia stock 
ud £27 over ; B guned a sum equal to bis stock 
and £163 o?er. Now the amount of bUb ibeir gains 
was equal to 5 times the slock of either. What waa 
the Slock i 

Let « denote the stock. Tfasn A'sgain was3x4-3?, 
and B's was x + ltS. These added together must 
make 5 times the stock, that is, 5 x. 

53e= %x + 37 +«+ 153 
Unithig x's in 3d member, and numbers, 

iXTs 3a; -f. 180 
Taking the 3x from both sides, 
Sale 180 
x=s 90 

■ Am. £9& 

1 1. A young man being asked bis age, answered that 
if the age of bis fatbw, which was 44 years, were ad- 
dedto twice his own, the sum would be four times bis 
pwn age. What was his age ? -Ans. 23 years. 
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13. A man meeting some beggars, gave each of them 
4 pence, and had 16 pence left; if be had girea tbem 
6 pence apiece, he nould have wanted 12 pence more 
for Uiat purpose. How many beggars were there, and 
how much money had he ? 

Let X represent the number of beggars. 

Ana. There were 14 beggars, and he had 6». 

13. A man had six sons, each of whom is 4 years 
older than his next younger brother ; and the eldest is 
three times as old as the youngest. Required their 
ages. Ant. 10, 14, 18, 32, 36, 30. 

14. Three persons. A, B, and C, make a joint con- 
tribution, which iO'the whole amounts to £76, of which 
A contributes a certain sum, B contributes as much as 
A and £10 more, and G ss much as A and B both. 
Required their several contributions. 

Am. £J4, £34, £38, respectively. 

15. A boy, being sent to market to buy a certain 
quantity of meat, found that if he bouglit beef, which 
was 4 pence per pound, he would lay out all the money 
he was entrusted with ; but if he bought mutton, which 
was 3^ pence per pound, he would have 2 shillings left. 
How much meat was be sent for. . 

Arts. 48 pounds. 

16. A man lying at the point of death left all his 
estate to bis three sons, to be divided as follows : to A 
he gave one half of the whole wanting $600 ; to B one 
thirtt J and to C the rest, which was $100 less than the 
share of B. What was the whole estate, and what was 
each son's share i 

Xiet X represent the whole estate. 



lit 

A's share wiH be -§- *~~ ^^ 

C's shara . . . >^ -» 100 

These together will be equal to Hie whole estate, 
which was represented by X. 

-I— 500+-I-+-I— 100 = * 

Uniting x's and numbers in the first member, 

--600 = 1-' 

7*, 



-J- is greater than -r^f 600, therefore 



i = 600 

x= 3600 
The whole estate is |3600 ; the shares are |1300, 
}t200, and $1 100, respectively. 

17. A father intends by his will, that his three sons 
shall share his property in the following manner ; the 
eldest is to receive 1000 crowns leas than half the whole 
fortoae ; the second is to receive 800 crowns less than 
^ of the whole ; and the third is to receive 600 crowns 
less than ^ of the whole. Required the amount of the 
whole fortune, and tbe share of each. 

Ant. The whole fortune S8800 crowns, tbe shares 
13400, 8800, and 6600, respectively. 

18. A father leaves four sons, who share bis property 
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io the following msaner ; the first takes 3000 livres less 
than oDe half the fortune; the second, 1000 lirres less th«n 
one third of the whole ; the third, exactly one fourth $ 
and the fourth takes 600 livres more than one 6ftfa of 
the whole. What was the whole fortune, and what did 
each receive 7 

Ana. The whole fortune was 12000 lirres ; the 
shares 3000 livres each. 

19. In a mixture of copper, tin, and lead ; IG lbs. 
less than one half of the whole was copper ; 12 lbs. leas 
than one third of the whole was tin, and 4 lbs. more 
than one fourth of the whole was lead. What quaotily 
of each was there in the mixture ? 

.int. 128 lbs. copper, 84 lbs. tin, and 76 lbs. lead. * 

30. A general having lost a battle, found that he had ' 
only 3600 men more than one half of his army left, fit 
for action ; 600 more than ooe eighth of them being 
wounded, and the rest, which amounted to one fifth of 
the whole army, either slain or taken prboners. Of 
how many men did bis army consist before the battle t 

Am. 34000 men. 

31. Seven eighths of a certain number exceeds four 
fiftbs of it by 6. What is that number i Am. 80. 

32. A and B talking of their ages, A says to B, one 
third of my age exceeds its fourth by 5 years. What 
was hU Bge i Ana. 60 years. 

23. A sum of money is to lie divided between two 
persons, A and B, so that a;- often as A takes £d, B 
takes £4. Now it happens that A receives £15 more 
than B. What is the share of each .^' 

Am. A £27, and B £i2. < 



\ 
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. 34. In a laixture of wine arid cider, 35 gaUoos more 
ikaa half Uie whole was wine, and 5 golloas less than 
one third of the whole was cider. How many gallons 
were Uiere of each F ,^iu. 85 of wine, 3& of cider, 

iV. 1. A man having some calres and some sheep, 
and beisg asked bow many he had of each sort, an- 
swered, that he had 30 more sheep than catres, and that 
tbree times the number of sheep was equal to seven 
tiaes the number ot calves. How many were there of 
each; 
Let X denote the number of calves, 
r Then x+ZO will denote the number of sheep. 

"J times the nomber of calves is! x^ 3 times the 
nnmbflr of sheep is 3 ic + 60 ; for it is evident that to 
lake 8 times x + 30, it is necessary to multiply both 
terms by 3. 
By the conditioDS these must be equal, 

7ae = 3ir + 60. 
Sobtractiog 3x from both members, 
4j; = 60 
x= 15 = number (tf calves. 
x-f-30 = 35 = number of sheep. 
•Siu. 15 calves, and 35 sheep. 
3. Two men talking of their ages, the first says, 
your age is 18 years more than mine, and twice your 
age is equal to three times mine. Required the age of 
each. Am, 36 and 54 years. 

3. Three men. A, B, and C, make a joint contribu- 
lioa, which in the whole amounts to £376. A con- 
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tributes a oeitain wb, B twice u oMidi as A and £13 
more, and C three times as much u B and £18 moce. 
B«qiiued ibeir several cootributioBS. 

Am. £34, £60,>and £193, respeetiTelyi 

4. A man boaght7 oxenand llcowsJorJfiQl. For 
the oxeu he gave (15 apiece more than for the cows. 
Htm much did be giren apiece for each i 

Let X deoole the price of a cow. 
Then the price of an ox will be a; + 15. 
11 cowsst X dollars apiece wiU come to 11 a: dtdlan. 
If one ox cost :c + 15 dollars, 7 oxen will cost 7 
times A! -f- 15, which is T:i;+105. 

The price of the oxen and of the cows added togeth- 
«r will make $591, the whole price. 

lIa:+7fB + 105 = S91 
Vniting X% 18 » + 105 =i 591 

Subtracting 105 from both members, 

18a: = 486 ' 

Dividing by 18, x =s 37 s= price of cows.' 

x-fl5sa 43 = price of oxen. 

5. A man bought 30 pears and 7 oranges for 95 
cents. For the oranges he gave 3 cents apiece more 
than for the pe^rs. What did he give apiece for each I 

Am. 3 cents apiece for the pears, and 5 for the oran- 
ges. ■ 

6. A man bought SO oranges and 36 lemons for 
(1.96. For the oranges he gave 3 cents apiece moro 
dian for the lemons. What did he give apiece for each f 

Am. 6 cents for oranges, and 3 cents for lemoDS. 

7. Two persons engage at play, A has 76 guineas, 
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sad B 53, before diey b^m. ATier a ceruin number of 
games lost and won between them, A rises witb three 
times as manj guineas as B, How maay guineas did 
A wiD of B ? 

Let X denote the number of guineas that A woo of B. 

Then A, having gained x guineas, will hare 76 -)- x 

B^ having tost x guineas, wiU have only 5S — x 

A has now three times as many as B, that is, 3 times 

53 — X, which is 156 — 3x. it is evident that both 

52 and x must be mnltiptied by 3, because .&3 is a 

nim^r too lai^ by x, tbcrefore 3 times 53 will be too 

large by 3 ;£. 

x= 166 — 3x— 76 
a;4-ax = 166 — 7fi 
4 X 3 156 — 76 
4x= 80 

a^ 20 

jins. 20 guineas. 

This eqiwtioD is ruber more difficult to solve than 
any of tiie precedii^. In the first place I sub^act 
76 from both members, so as to remove it from the 
first member. Then to get 3 x out of the second 
member, which is there subtracted, I add 3 x to both 
oembers ; then the x's are all in the first member, and 
the known numbers id the other. 

N. B. Any term which has the sign +, either ex- 
fteased or understood, may be removed from one mem- 
ber to the other by giving it the sign — ; for this is the 
same assubtractiog it from both sides. Thusic>f3= 10; 
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« is not so much aa 10 by 3, we therefore s^f x^slO 3. 

Agaio, 5 X = 18 + 3 *. Now 5 j- is more than 18 hy 
3ar, therefore we may say bx — 3ar = 18. 

Any term which has the sign — before it may be re- 
moved from oae member to the other by giving it the 
sign -f.. This is equiralent to adding the mimber to 
boih sides. Thus 5 x — 3 = 17. In this it appears 
that 5x is more than 17 by 3; therefore we say 
5a;=17+3. Again, 5 x = 32 — 3 -r. Here it ap- 
pears that 6 X is not so much as 33 by 3 x ; therefore 
we say 5 X + 3 X = 32. This is called traiupoaition. 

Hence it appears that any term may be trantposed 
JTom one member to the oiher^ care being taken to change 
the sign. 

lo the last example, 76 was transposed from the first 
member lo the second, and the sign changed from -f to 
— ; and 3 x was tran^osed from the second member 
to the 6csl, and the sign changed from — to +. This 
has been done in many of the preceding examples. 

When a number, consisting of two or more terms, is 
lo be multiplied, all the terms must be multiplied, and 
their signs preserved. In the last example, -62 —~ x, 
multiplied by 3, gave a product 1 56 — 3 x. 

8. A person bought two casks of wine, one of which 
held exactly three limes as much as the other. From 
each he drew 4 gallons, and then there were four times 
as many gallons remaining in the larger as in the smaller. 
How many gallons were there in each at first? 
Let X denote the number of gallons in the less at first. 
Then the number of gallons in the greater will be 3 x. 
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Taking 4"|^ds from each, the less will be x — 4 

Aod the greater 3a: — 4 

The greater is now 4 times as large as ibe less ; 4 
times ac — 4 is 4 x — 16. 

4a; — 16 = 3x— 4 
By transposing 16, 4 ar = 3 a: + 16 — 4 

By transposing 3 X, 4a: — 3x=J6 — 4 
Uniting terms, a; = 12 = less. 

Sa" = 36 = greater. 
Atu. Less 13 galtoos, greater 36 gallons. 

9. A man when he was married was three times as 
(dd as bis wife ; after they had lived together 15 years, 
he was hut twice as old. How old was each when 
they were married ? 

^n*. The man's age 45, wife's 15 years. 

10. A farmer has two Boeks of sheep, each contain- 
ing the same number. From one of these be soils 39, 
and from the other 93; and finds just twice as many 
remaining in the one as in the other. How many did 
each flock originally contain ? ^ns. 147 sheep. 

11. A courier, who travels 60 miles per day, had 
been despatched 5 days, when a second was sent to 
overtake him ; in order to which, he must go 75 miles 
per day ; in what time will he overtake the former ? 

Ms. 20 days. 

12. A and B engaged in trade, A with £340, aud B 
with £96. A lost twice as much as B ; and upon set- 
tling their accounts it appeared that A had three times 
as much remaining as B. How much did each lose? 

L«t X denote B's loss, then 96 .— a; will denote what 
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he bad remainiog. 2 a: will denote A's loss, and 
340 ~2x wb^t he had remainiog, Kic. 

Ana. A lost £96, aod B JC48. 

13. Two peraoDs began lo play with equal sums of 
money ; the first lost 14 shillings, and the other woo 14 
shillings, and then tbe second bad twice as many sbil- 
lings as the first. What sum bad each at 6r3t I 

Ant. 43 shillings. 

14. Says A to B, I have b times as much money as 
you ; yes, says B, but if you will gise me $17, 1 shall 
ha?e 7 times as much as you. How much had each ? 

Am. a had $20, and B $4. 

15. Two men, A and B, c^mmeooed trade j A had 
$500 less than 3 times as much money as B ; A lost 
$1500, and B gained $900, then B bad twice as much 
as A. How much bad each at first i 

Ant. A $2440, and B $980. 

16. Frotn each of 15 coins ao artist filed the value 
of 3 shillings, and then offered them in payment for 
their original value ; hut being detected, the whole were 
found lo be worth no more tbao $145. What was their 
original value f Ant. $10. . 

17. A boy had 41 apples, which he wished to divide 
between three compaoiiHis, as follows; to the second he 
wished to give twice as many as to the first, and three 
apples more ; and to tbe third be wished to give three 
times as many as to the second, and 2 apples more. 
How many must he give to each f 

Ant. 3, 9, and 29, respectively. 
IB. A person buys 12 pieces of cloth for 149 crowns : 
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2 ore white, 3 are black, and ^ are blue. A piece of 
the black cosls 2 crowns more than a piece of the 
white, and a piece of the blue costs 3 crowns more than 
a piece of the black. Required the price of each kiod. 

See example 4tb of this Art. 

^ru. 9, II, and 14, respeciiveljr. 

19. A man bought 6 barrels of flour and 4 firkins of 
butter ; he gave $3 raore for a firkin of butter, than for 
a barrel of flour ; and the butter and flour bolb cost the 
same suni. What did be give for each ? 

Ant. Flour-S4, buUer $6. 

30. A grocer sold hia brandy for 35 cents a gallon 
more than bis wine, and 37 gallons of bis wine came 
to as ranch as 32 gallons of fats brandy. What was 
each per gallon. ^n». Wine $1.60, brandy $1.85. 

21. A man bought 7 oxen and 36 cows; he gave 
$18 apiece more for the oxen than for the cows, and 
the cows came to three limes as much as the oien 
wanting $53. What was the price of each t 

Am. Oxen $43, cows $35. 

22. A man sold 20 oranges, some at 4 cants apiece, 
and some si 5 cents apiece, and the whole amounted to 

■ 90 cents. How many were there of each sort ? 

If lie had sold 1 3 at 6 cents apiece, then the ouin- 
lier sold at 4 cents apiece would be 20—13, or 7. 

In the same maoner, if be sold x oranges at 5 cenis 
apiece, ifaeo he sold 30 — x oranges at 4 ceols apiece. 
it oranges at 5 cents apiece would come to '5 x ceqts, 
lad 20 — x oranges at 4 cents apiece would conw to 4 
times 9f) — x cents, whicli is 60 ^4 « cents* 
3* 
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These added together must make 9(i cents, therefore 
ftx + 80— 4;r = 90 
By transposing 80 and uniliog terms, 3;= 10 at 5 cents. 
An*. 10 of each sort. 

23, A man dying left ao- estate of $3500 to be di- 
vided between his two sons, in such a manner, that 
twice the eldest son's share should be equal to three 
times tho share of the second. Required the share of 
each. 

Liet X denote the younger son's share. 
Theo S&OO — X will denote the elder son's share. 
Twice the elder son's share is 5000 — 2 x. 
By the conditions, 3 a; = 6000 — 2 x 

By transposiUon, bx = 6000 

Diridiog by 5, x = 1000 

2500—1000= 1500 
Ant. Elder son $1600, younger son $1000. 

24. Two robbers, after plundering a house^ found 
they had 35 guineas between them ; and that if one 
of them had 4 guineas more, he would have twice as 
many as the other. How many had each ? 

Ans. They had 13 and 23 guineas, respectively. 
36. A man sold 45 bsrreli of flour for $279 ; some * 
at $6 and some at $8 par barrel. How many barrels 
were there of each sort T 

Am. 18 barrels at $8, and 27 at $5. 

36. A man sold some oxen and some cows for $330 ; 

the whole vumber was 15. He sold the cows for $17 

apiece, and the oxen for $32 apiece. How many were 

there of e«ch sort ? Ant. 5 oxen and 10 cows. 
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S7. AAev A htd lost 10 guineas to B, he wanted on- 
ly 8 guineas io order to have sa much moDej' aa B ; 
and together they bad 60. guineas. What money bad 
each at first? 

Let X be the number of guineas A bad. 

Tbeo 60 — X will be the number B bad. 

A lost 10 (0 B, therefore A's is diminished by 10, 
and B's increased by 10, which makes A's « — > 10, 
and B's 70 — x. 

By the conditioDS, « — lO+S = 70 — x 

Transposing and uniting, ix=^2 

% = 36 = what A bad. 
60 — 36 = 24 = what B bad. 

38. Divide ibe aumber 197 into two such parts that 
four times the greater may exceed five times the less 
by &0. Am. The less 82, and the greater 115. 

29. Two workmen were employed together for 50 
days, at 5 shillings per day each. A spent 6 pence a 
day less than B did, and at the end of the 50 days ha 
found be bad saved twice as much as B, and the expense 
for two days over. What did each spend per day J 

Let X denote what A spent per day (in pence). 

Then 60 — x (Ss. being 60d.) will be what be saved 
per day. 

B saved 6d. less than A. 

Therefore 54 — x will be what B saved per day. 

Multiplying both hy &0, the number of days, 

A saved 3000 — 50 x, and B saved 2700 — 50 x. 

By the conditions A saved 2 x more than twice what 
B saved. 



C3.ifKi:,CiOOt^le 



39 Algebra. V, 

Therefore 3000 — 50ar = MOO— 100ar+2a; 

TraoBposing aod uniting, 48 x = 3400 

a; = fiO K what A spent. 
50 + 6 = £6 = what B spent. 

V. 1. Two persons tallfiog of their ages, A said be 
was 25 years older than B, and that one half of bis 
age was equal to tbree times the! of B wanting 3& 
years. What was the age of each t 

Let X denote the age of B. 

Then the age of A will be « + 35. 

4 of X -f- 35 is expressed — - — ■ 

Hence we have 3 a; — 35 = — ^t — 

Multiplying by 2, 6 a: — 70 = a; + 25 

By uansposing x and — 70, 6 x — x = 25 + 70 
Uniting terms, 5 a; = 05 

Dividing by 5, a: = 19 = B's age. 

I + 25 = 44 = A's age. 

JVofe. Since j of a: +25 is 3 ar — 35, ir + 25must 
be twice 3a; — 35. 

2. Two men lalkingoftbeir horses, A says toB, niy 
horse is worth %26 more than yours, and f of the value 
of my horse is equal to J of the value of yours. What 
IS the value of each f 

Let X denote the value of B's horse. 

Then the value of A's will be x + 25. 

^ of x + 35 is •^^~ — , I is 3 times as much, that is 
3X + 75 
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By the conditions, ~ » ^'^"^^ 

HultJi^yiBg by 5, i:|l s 3 « + 75 

Multiplying by4j 15x=12x.^ 300 

3z = 300 
«= 100 
Am. A's {135, B's |lOa 

3. Two meo talking of their age^, one says, my sge 
13 BOW { of yours, but in twenty years from this time, if 
we live, it will be { of yours. Required the age of each. 

Suppose the age of the elder ir. 

Tbflo the younger will be — . 

Id so yeus the age of the elder will be * + 30, ami 
of the younger ~ + 30. 
By the conditioOB, il±^ = i? + SO 

Multiplying by 5, 4 x -f. 80 =c -i|^ -f 100 
Multiplying by 4, I6x + 320 ss 15x + 400 

x= 80 ss age of elder. 
-r-= 60 = " younger. 

4. A men being asked the vehie of his hone and 
chaise> answered, that the chaise was worth $60 more 
than the horve, and that one half of the value of the 
horse was eqaal to one third of the value of the chaise. 
Required the value of each. 

j^ni. Horse f 100, and chaiae $150. 
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5. Two persoDs talkiag of their ages, the first says, 
\ of 1117 age is equal to 4 of yours ; aod the difiereoce 
of ouc ages is 10 years. What are their ages 1 

An*. 18 and 28. 

6. There are two towns situated at unequal distances 
from BostoD, and on the same road. They are 30 
miles aparu \ of the distance of (he second from 
Boston is equal to { of the distance of the first. What 
is the distance of each from Boston ? 

Am. ISO and 180 miles. 

7. A msn being asked the value of his horse and 
saddle, answered, that bis borse was worth $114 more 
than his saddle, and that \ of the value of his horse was 
7 times the value of his saddle. What was the value of 
each i Ana. Saddle $13, and horse $126. 

6. A hare is 40 rods before, a greyhound, but she can 
run only ^ as fast as the greyhound. How far will 
each of tbem run before the greyhound will overtake 
the hare ? Am. Hare 380 rods, greyhound 330. 

9. A gentleman paid 4 labourers $136 ; to the first 
be paid 3 times as much as to the second wanting $4 ; 
to the tliird one half as much as the first, and $6 more ; 
and to the fqurib, 4 times as much as to the third, and 
$5 more. How much did he pay to each ? 

Am. $36, $10, $19, $61, respectively. 

10. A man bought some cider at $4 per barrel, and 
some beer at $7. There were 6 barrels more of the 1 
cider than of the beer ; aud % of the price of the beer 
was equal to 4 of the price of the cider. Required ' 
the number of barrels of each ? j 

Am. 13 barrels of beer and 31 of cider. 1 
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11. Two men comroenced trade together ; the first 
put in £40 more than the second, and the stock of the 
first was to that of the second as 14 to &. What was 
the stock of each ? 

14 to 5 signifies the second is ^j of the first. 
^M. The first £62. 43. 5^d. ; the second £32. 49. 5|d. 

12. A man's age when be was married was to that of 
his wife as 3 to 2 ;. and when they had lived together 
4 years, his age was to hers as 7 to 5, What were 
their ages when they were married ? 

^n*. Man 24 years, wife 16. 

13. A and B began trade with equal sums of money. 
In the first year A gained £40, and B lost £40 ; but in 
the second, A lost one third of what he then had, and 
B gained a sum less by £40 than twice the sum A had 
lost ; when it appeared that B bad twice as much 
money as A. What money did each begin with ? 

Let X be the number of pounds each had at first. 
Then a; + 40 will be the sum A had at the end of the 
first year ; and x — 40 the sum B had. 

The second year A lost ^ of what he then had, con- 
sequently he saved | ; his sum will then be ■ 7" — . 

B gained twice as much as A lost wanting £40 ; bis 
ffillbe » — 40+ li±i5: —40. 
6 had now twice as much as A, 
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4x + t60a3«— 130 + 3« +80 — 120. 

Transpoaiog and nnitiag, 

— X s — 320. 
Transposing ^ia, 320 = x, 

Ana. £330. 
JVbte, Id this example the result bad tbe sign — in 
both members, but by transposing it has the sign 
■f. It would have been the same tbing if the signs bad 
been changed without transpnsiag. The result would 
have come out right if the 6rEt member had been made 
the second, and the second &rst, in the first equation. 

14. A person playing at cards, cut the [>ack in such a 
manner, that f of what he cut off were equal te ^ of 
tbe remainder. How many did be cut off? 

Atu. 30. 

15. Divide $183 between two men, so that ^ of what 
the first receives, shall be equal to -^^ of what the sec- 
ond receives. What will be the share of each ? 

Am. $63. and $120, respeciivdj'. 

16. A man si^d 30 bushels of grain, rye and wheat; 
tbe rye at 5s. and tbe wheat at 7b. per bushel ^ } of 
the rye came to as much as f of the wheat. How 
much was there of each i 

Ant, 8 bushels of wheat, and 12 of ije. . 

17. What number is that from which, if 5 be sub- 
tracted two thirds of the remainder will be 40 ? 

Am. 65. 

18. A man has a lease for 99 years; and being ask- 
ed how much of it was already expired, answered, that 

~ j 
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tffo thirds of the time past was equd to (bur fiftlis of 
llie lime to come. Required the time piEt, and the 
tine to «ome. 

^tu. Time past 54 years, aod 4& to come. 

19. It is required to divide the number 50 into two 

such parts, ^at three fourths of one part added to five 

Hxdis of the other may make 40. ^lu. 30 and 30. 

30. Two workmen received equal sums for their 
iFoik; but if oaeof them had received 18 dollars more, 
tni the other 3 dollars less*, ihui ) of the wages of the 
laUer would have been equal to ^ of the wages of the 
former. How much did each receive? .int. 38 dollars, 

31. A certaid maa, when he married, fouad that hia 
age was to that of bis wife as 7 to 5 ; if they had been 
married 8 years sooner, his age would have been to 
hers as 3 (o 2. What were their ages at the time of 
their marriage ! Atu. Man's age S6, wife's 40, 

VI. 1. Divide the number 68 into two such partS) 
that the difference between the greater and 84, may 
be equal to three limos the excess of 40 above the less. 

Let X = the leas. 

Then 68 — x = the greater. 

68 — xmuit be subtracted from 84. Observe that 
68 — X is not BO great as ^8 by x. Therefore if I 
subtract 6S from 84, I shall subtract loo much by the 
quanliiy x, and 1 must add x to obtain the true result. 

Then we have 84 — 68 + a: for the dlffereace be- 

een 84 and 6S^~x. 
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Tbfl excess of 40 above the less is 40 — x, and 3 
limes this is 120 — 3x. 

By the conditions, 84 — 68+^!= 120 — 3*' 

Transposing and uniting, 4x = 104 

Dividing bjr 4, « = 26 = less. 

68 — 26 s= 42 = greater. 

JVote. In diis question 68 — a: was subtracted from 
84. Instead of x, sow put its value, 68 — 36. No(r 
68 — 26 = 43, that is, the number to be subtracted 
from 84 is 42, and the answer must be 42. When 69 is 
subtracted from 84, the result is 16, which is too smalt 
by 36, the value of ai; to this it is necessary to add 
36, and it makes 42, the true result, 84 — 68 -f 36 ^ 43( 
This shows that we did rigfat in adding x after subuact- 
ing 68. This will always be found true. Therefore, 
when any of thequanttlKt to e tvhtratttd have the tign 
~ before them, they miut be changed to + in tubtrart- 
ing, and thote which have + must be changed to — . 

2. A geDlIemao hired a labourer for 30 days oo con- 
dition that, lor every day he worked, he should receive 
7s., but for every day he was idle, he should forfeit 3s. 
At the end of the lime agreed on be received 60 shil- 
lings. How many days did he work, and how many 
days was he idle i 
- Let x=: ihe number of days he worked. 

Then 20 — x = the number of days be was idle. 

X days, at 7s. a day, would come lo 7 x shillings. 

20 — X, at 3s. per day, would bo -60 — 3 x shilticgs- 
This must be taken out of 7 x. 



C3.ifKi:,'CiOOt^'l>J 



TT. E^uatiom. S9 

By the above rule 60 — 3 x, subtracted from 7 x* 
leaves 1 x — 60-{-3a^; for CO is too mucb lobe sub- 
tracted by 3 X. 
By the coiiditioos, 

7 I — 60 + 3 a^ = 80. 
TransposJDg and uniting, 

10 1 = 140. 
Dividiog by 10, x =i 14 = days he worked. 

20 — J = 6 = " idle. 
3; Two men, A and B, commenced trade; A bad 
twice as much money as B ; A gained {50, and B lost 
$90, then the difference between A*s and B's money 
fras equal to three times what B then had. How mucb 
did each commence with 1 

jIm. a with $110, and B with $305. 

4. Two men, A and B, played together j when ibey 
commenced they had $30 between them, after a certain 
number of games, A bad won $6, then the eicess o£ 
A's money above B's was equal lo | of B's money. 
How much had each when tbey commenced.'' 

Am. AS6f andB$l3i. 

5. Divide the number 54 into two such pans tha( 
the less subtracted from the greater, shall be equal to 
the greater subtracted fiom three times the less. Wliat 
are the pans ? Ans. 18 and 36. 

6. It is required lo divide the number 204 into two 
SDch parts, that | of the less being subuacted from the 
greater, the remainder will be equal to f of the greater 
subtracted from four times the less- 
Let X = greater part. 

Then 304 — a; = the less part, 

L.,....:i=,G00gk 
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,„-.., . 408 — 2 X 
I of the less is . 

By liie condilions, 

408 — ga: 3* 

X — ■ . = 816 — 4ir — — -. 



Multiplying by 5, 

5 a: — 408 + 2 ar s= 4080 — 20 a; ^. 

Multiplying by 7, 

Zbx — 2856 + 14 * = 28560 — 140 « — 15 x^ 
Transposing and uniting, 

2041 = 31416 
a;= 154 
204 — j; = 50 . 

Let X denote Uie less number, aod solve the question 
:(gitin. 

■Xote. Observe, lliat afier mulliplying by 5 in the 
nbove exanijite, the signs of both terms of ihe numera- 
lorwcrechniiged, lliator408 to — , and that of 2 x to 4 ; 
iliis wnsdone because it was not required to subtract so 
much as 408 by 2 x. The cliange of signs could not be 
made before multiplying by 5, because the sign ^before 
ilie fraction showed that the whole fraction was to be sub- 
tracted. If ibe signs of the fraction had been changed at 
first, it would have been necessary to put the sign + be- 
fore the fraction. Tliis requires particular altenlioa, 
because it is of great importance, and there is danger ol 
forgetting it. 

7. A man bought a horse and chaise for $341. Now 
if 5 of the price of the horse be subiracied from twice 
the price of the chaise, the remainder will be the sapoe 
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ts if f of the price of the chaise be subtracted from 
ibree umes the price of the horse. Required the price 
of each I v^tu. Horse $102, chaise $189. 

8. Two men, A and B, were playing at cards ; when 
Ibey began, A had onlj { as much money as B. A won 
of B $33; then i of B's money, subtracted from A's, 
would leave one half of what A bad at first. How 
much had each when tbey began ? 

^n*. A bad $45, and B $75. 

9. A man has a horse and chaise. The horse is 
worth $44 less than the cbaise. If f of the value of 
ibe horse be subtracted from the value of the chaise, 
the remainder will be the same as if from the vaiue of 
the horse you subtract 4 of the excess of the value of 
the horse above 64 dollars. What is ibe value of the 
horse? Jlns. $126. 

VII. The examples in this article are intended to 
exercise the learner in putting questions into equation. 
Tbey require no operations which have not already 
"heen explained. It was remarked, that no rule could be 
given for putting questions into equation, but there is 
a precept which may he very useful. 

Take ike uaknoien quatiiili/, and perform the $ame 
operaiioiu on it, thai ii wovtd be necestaiy to perform on 
ike atuwer to see if it wot right. tVhea this is done Ike 
question u ia equation. 

1. A and B, being at play, severally cut packs of 
cards so as 1« take off more than they IcfL Now it 
happened that A cut off twice as many as B left, and 
4* 
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B eut off sereo times as many as A left. How were 
the cards cut ? 

Let X = the number B ]ert. 

Then 3x = the number A cut off. 

52 — X ss the number B cut off. 

53 — 2x = the number A left. 

By (be conditions,? times 53 — 2x are equal to 53 — x. 
364— I4a!=:52 — ar. 
Ant. A cut off 48, and B 38. 

Take the numbers 46 and 38 and endearour to prove 
that they are right, and you will see that you take the 
same course as above. 

3. A man, at a card parly, belted Ss. to 3 on every 
deal. After twenty deals lie had won 5 shillings. At 
how many deals did he wiit ? 

Let X =s the number of deals he won. 

Then 30 — x = ibe number of deals he lost. 

Every time he won, he won 3 shillings ; that wilt be 
3 X shillings. 

Ev£ry loss was 3 shillings ; that will he 3 times 
20 ~^x, or 60 — 3 x. 

The loss must be taken from the gain, and be will 
have 5 shillings left. 

2« — 60 + 3« = 6. 

Ana. 13 deals. 

3. What two numbers are to each other as S to 3 ; 
to each of which, if 4 be added, the sums will be as 
5 to 7. 

Let X = the Grst number. 

Then -3- = the second. 
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Adding 4 to eacb, tbey become x + 4, and — + 4. 

The first is now f of the second, or the second is {■ 
or tbe first. 

7 X + as _ 3i . J 
5 ~ 2 ''" 

^nt. 16 and 24. 

4. A sum of money was divided between two per- 
sons, A and B, so tbal Ihe share of A was to that of B 
as 5 to 3. Now A's share exceeded | of the whole sum 
bj- $50. What was the share of each person ? 

Let X = A's share. 

Then — = B's share. 

X + — =: whole sum. 

- , . 3aT . 5x , 153: 5r * 

.„f,+_ „ -5- + -i5-. «r^+_. 

By the conditions, 

Am. A's share $450, B's $270. 

5. The joint stock of iwo partners, whose particular 
shares diSered by 48 dollars, was to the lesser as 14 to 
6, Required the shares. 

Aiu. Greater $10B, lesser $60. 
€. Four men bought an ox for $43, and agreed that 
those, who bad the bind quarters, should pay ^ cent per 
pound more than those, who had the fore quarters. A 
and B had the hind quarters, C and D the fore quar- 
ters. A's quarter weighed 138 lbs., B*5 163 tbs., C's 
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167 lbs., and D's 1 65 lbs. What wu each per lb., and , 
what did each niaa pay 7 

Am. The bind quarters were $0,06839 per lb., th« 
fore quarters S0J}6339. A paid $10,806. B $11,147, 
C $10,646, D $10,859. 

7. A certaio person has two silver cups, aai ooly 
oue cover for both- The first cup weighs 12 oz. If the 
first cup be covered it weighs twice as much as the 
other cup, but if the second be covered it weighs three 
dmes as much as the first. What is the weight of the 
cover and of \he second cup ? 

Let X = weight of the cover. 

Then 12 4-a; = weight of first cup covered. 
And 6 -f- -^ = weight of second cup, &c 

Ans. Cover 20 oz., second cup 16 ot. 

8. Some persons agreed to give 6d. each to a water- 
maa for carrying ihem from Ijoudon to Gravesend ; but 
vith this condition, thui for every otber person taken ia 
by the way, three pence should be abated in their joint 
fare. Now the waterman took in three more than a 
fourth part of the number of the first passengers, ia 
consideration of which be took of them but 6d. each. 
How many persons were there at first I 

Let x = the number of passengers at first. 

Then + 3 = the number taken in. Sic. 

Arts. 36 passengers. 

0. Four places are situated in ihe order of the four 

letters A, B, C, D. The disuuce from A to P is 134 
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miles, tbe distsDce from A to B is to the distance from 
C to D Bs 3 to 2, and one foitrtli of the distance frooi 
A to B, added to half the distance from C to D, is 
three times tbe distance from B to C. What are the 
respective distances? 

Atu. A to B = 72 miles, B to C = 14, C to D = 48. 

10. A field of wheat and oats, which contained 30 
aci'es, was put out to a labourer to reap for $30 ; tbe 
wheat at$1.20 and the oais $0.95 per acre. Now tfa« 
labourer falling ill reaped only ttie wheat. How much 
money ought he to receive according to the bargain 7 

dm. $i.e(k 

11. Three men, A, B, and C, entered into partner-, 
ship ; A paid in as much as B and one tliird erf" C ; B 
paid as much as C and one third of A ; tuid C paid in 
$10 and one third of A. What did each pay in ? 
Let X =1 the sum A contributed. 

Then — + 10= " C « 

and ^ + 10 + ^ = « B " kc. 

Atu. $C0, $50, and $30, respectively, 

12. A gentleman gave in charity £46; a part of it 
in equal portions to 5 poor men, and the rest in equal 
portions to 7 poor women. Now the share of a man and 
a women together amounted to £6, What was given 
to tbe men, and what to the women f 

Let X =3 the sum a man received. 

Then 8 — x = the sum a woman received, &c. 
4iu. The men received £25, and l£e women £21. 
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13. Suppose that for every fO sheep a farmer kepi 
be should plough an acre of land, and should be allow- 
ed an acre of pasture for every 4 sheep. How many 
sheep may that person keep who farms 700 acres ? 

Let X = the whole number of sheep. 

Tbe number of acres ploughed will be -j'^ of (he 

number of sheep ; and the number ^f acres of the 

pasture will be \ of the number of sheep; both these 

added together must be the whole number of acres, ix. 

Ant. 2000 sheep. 

14. A, B, and C make a joint stock ; A puts in $70 
more than B, and $90 less than C ; and the sum of the 
shares of A and B is ^ of llie sum of the shares of 
B and C. What did each put in ? 

Let X = the sam that B put in, &c. 

Ana. A put in $215, B $145, and C $305. 

15. Divide the number 85 into two such parts that 
if the greater be increased by 7 and the less be dimin~ 
ished by 8, they will be to each other in the proportion 
of 5 to 2. Am. 53 and 32. 

16. It is required to divide the number 67 into two 
such parts that the difference between the greater and 
75 may be to the excess of the less over 13 in the pro- 
portion of 8 to 3. Aus. 43 and 34. 

17. A man bought 12 lemons and a pound of sugar 
for 56 cents, afterwards he bought 18 lemons and a 
pound of sugar at the same rate for 74 cents. What 
was the price of the sugar, and of a lemon ? 

Let X = the price of the sugar. 
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Then 56 — it = the price of 12 lemons. 
And — — — = the price of 1 lemoD. 
Id the ssme manner, 

— — — = the price of a lemon. 
„ 56 — a; 74 — x , 

^ns. Sugar 20 cents, lemons 3 cents apiece. 

18. A man bouglit 5 orsnges and 7 lemons for 58 
cents ; afterwards he bought 13 oranges and 6 lemons 
at the same rate for 102 cents.- What was the price of 
an orange and of a lemon f 

Let X = the price of an orange. 

Then 

condition, kc. 

Ans. Oranges 6 cents, and lemons 4 cents apiece. 

19. A footman, who contracted for $72 a year and a 
livery suit, was turned away at the end of 7 months, 
and received only ||32 and the livery. What was the 
value of the livery ? Aat, 24. 

20. A landlordlet hi^ farm far£10 a y^r in money 
and a ceriain numiier of bushels of corn. When corn 
sold at lOs. a bushel, he received at the rate of IDs. an 
acre for his land ; but when it stAi for 13s. 6d. a bush- 
el, he received ISs. an acre. How many bushels of 
com did be receive 1 

Let X =: the number of bushels. 

Then 10 x + 200 =. the year's rent in shillings ; 
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IOT+200 nn l up 

: = X + 20 = the number of acres. 

37 X -I- 400 = ihe year's rent at ihe second rate id 
sixpences. 

— i^^ s the number of acres, whicb must be 

equal to die other, tie. Am, 1 30 bushels. 

31. A man commenced trade with a certain sum of 
money^, which he improved so well) that at the year's 
end he found be had doubled bis Grsl stock wanting 
|1000 ; and so he went on ereiy year doubling the last 
year's stock wBntiog $1000; at the end of the third 
year he found that he had just three times as much 
money as he oonunenced with. Wbst was bis Srst 
Stock? Ant. S14O0. 

33. A mbn, having a certain sum of money, weut to 
a tavern, where he borrowed as much money as be 
then had, and then spent a sbiHiog; with the remain' 
der he went to another tavern, where he borrowed as 
nuich as be then had, and then spent a shilling, and so 
be'went to a third and a fourth tavern, borrowing and 
q)ending as before ; after which he bad dotbing lelt* 
How much money bad he at first? Ans. 11 j pence. 

33. It is required to divide the number 60 into two 
fttcb parts, that mie seventh of the one may he equal to 
(Hie eighth d* the other. 

Aju. The parts are 38 and 33. 

34. It is required to divide the number 50 into two 
such parts that ^ of the one added to { of the other 
may make 40. Aru. The parts are 30 and 30. 

S5. Iti£ required to divide the number 100 into two 
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sucb parts, that if one third of one part be subtracted 
from one fourth of the other, the remaioder may be 11. 

^ni. The parts are 24 and 76. 
36. It is required to divide the number 48 ioto two 
Euch parts, that one pait may be three tidies aa much 
above 30, as the other wants of 20. 

Ans. The parts are 33 and 16. 

27. A man distributes 20 shillings among 20 people, 
giviog 6 pence apiece to some, and 16 pence apiece to 
the resL What number of persons were there of each 
kmd? 

Aas, 8 received 6 pence apiece, and 12 received 
16 pence each. 

28. A man paid £100 with 208 pieces of money, a 
part guineas at 21s. each, and a part crowns at 5s. 
each. How many pieces were there of each sort 1 

Am. 60 guineas and 148 crowns. 

29. A countrjman bad two flocks of sheep, the 
smaller consisting entirely of ewes, each of which 
brought him 2 lambs. On counting them he found that 
the number of lambs was equal to the difierence be- 
tween the two flocks. If all bis sheep bad been ewes, 
and brought forth three lambs apiece, his stock would 
hare been 432. Required the number in each flock. 

Let X = the number in the less. 

Then 3« = the number of lambs. 

3x = the number in ibe larger. 

4 X = the number in both, &ic. 
jiru. 37 in the less and St in the grenler. 
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. 30. When the price of a bushel of barley wanted 
but 3d. to be to the price of a bushel of oats as 8 to Si, 
four bushels of barley and 7s. 6d. ia money were girea 
for nine bushels of oats. What was the price of a 
hushel of each ? 
Let X = the price of a bushel of oats in penoe. 

Then -^ — S= the price of a bushel of barley, 8ic. 

^ru. Barley 45d., oats 30d. per bushel. 
31. A market-noman bought a certain number of eggs 
at the rate of 2 for a cent, and as many at 3 for a ceu^ 
and sold them out at the rate of 5 for two cents ; afier 
which she observed, that she had lost four cents by 
them. How many eggs of each sort had she f 
Let X = the number of each sort. 

Then -^ s= the price of ce eggs at 3 for a cent. 

And -^ = the price of x eggs at 3 for a cent. 

These added together make what the eggs cost. 
The whole number 'a2x; these at 5 for two cefts 



By the conditions, -j- + „ = -^ + 4. 

Ansj 120 of each sort. 

33. A cistern hat two fountains to fill it ; the first 
will fill it alone in 7 hours, and the seco^ in 5 hours. 
In what time will the cistern be filled, if both run to- 
gether 2 

Let X = the number of hours required to fill it. 
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Tbe first would fill \ of it in an hour, and th* 
second would fill } of it in an hour. 

Both together then would fill 4 + ■} in an hour ; and 

in X hours both would fill — 4- — of tt. But bv ths 
7 ' 5 ' 

conditions it was to be filled in x hours. 
Therefore, — + — = 1 cistern. 

^m. Z\\ hours* 

33. A gentlemaD, having a piece of work to do, hir- 
ed two men and a boy 10 do it ; one man could do it 
alone in 5 days, the other could do it alone in 6 days, 
and tbe boy could do it alone in 10 days. How long 
wotild it take tbe three together to do it ? 

Ant. 2,*ydayf. 

34. A cistern, into wbidi the water runs by two 
cocks, A and B, will be filled by them both running 
together in 12 hours; and by tbe cock A alone in 20 
hours. In what lime will it be filled by the cock B 
alone ? 

Let X = the time in which B will fill it alone. Both 
wit] fill y', of it in an hour, A alone ^V °^ '^ ^"<^ ^ 
will fill -^ — ^ of it in an hour, &c. Am. 30 hours. 

35. A man and his wife usually drank out a vessel of 
beer in 13 days: but when the man was from home 
it would usually last the wife alone 30 days. lo how 
many day's wvuld the roan alone drink it out f 

Ant. 30 days. 

36. The hold of a ship contained 443 gallons of 
water. This was emptied out by two buckets, the 
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greater of which, holding twice as much as the other, 
was emptied twice iu three minutfts, but the less three 
times in two minutes ; and the whole time of emptying 
was 12 minutes. Required the size of each. 

The greater was emptied 8 times in the 13 minutes, 
be. Am. The less 13, and the greater 36 gallons. 

37. Two persons, A and B, have the same income. 
A saves j pf his ; but B, by spending £80 a year mare 
than A, at the end of 4 years finds himself £220 in 
debt. What did each receive and, expend annually 1 

Am. Their annual income is£12d ; Aspends £100, 
and B£]eO. 

3S. After paying one J of my money, and } of the 
remainder, I had 72 guineas left. How much had 1 
at first i Ana. 120 guineas. 

39. A bill of £120 was paid in guineas and moidores, 
the guineas at 21s., and the moidores at 27s. each ; the 
number of pieces of both sorts was just 100. How 
many were there of each ? * An$. 50 of eac^. 

40. It is required to divide the number 26 into three 
such parts, that if the first be multiplied by 2, the sec- 
ond by 3, and third by 4, the products shall all be 
equal. Am. The parts are 12, 8, and 6> 

Let X = the first part. The second part must be 

-^, and the third part — or — . 

41. It is required to divide the number 54 into three 
such parts, that J the first, -J of the second, and J of 
the third, may be all equal to each other. 
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Let 3 X = the first part. 

Then 3z = the second part, &c. 

^nt. The parts are IS, 18, and 34. 

43. A person has two hones and a saddle, which of 
itself is worth £25. Now if the saddle be put upon the 
back of the first horse, it will make his ralue double 
that of the second ; but if it be put upon the back of 
the second, it will make bis value triple tbat of the first 
What is the value of each horse i 

Jiiu. £15, and £30, respectively. 

43. A man has two horses and a chaise, which is 
worth $183. Now if the firsthorse be harnessed to the 
chaise, the horse and chaise together will be worth 
oace and two sevenths the value of the other ; but the 
other horse being bunesied, the horse and. chaise to- 
gether will be worth once and five eighths the value of 
the first. Re(|uired the value of each horse. 

Am. $384, and g441, respectively. 



Eqaatioat with two Vr^own Quantities. 

VTll. Many examples involve two or more unknown 
quantities. In fact, many of the examples already given 
involve several unknown quanlities, hut tbey were such, 
that they could all be deoved from one. When it is 
necessary to use two unknown quantities in the solu- 
tion, the question roust always contain two conditions, 
from which two equations may be derived. When tbis 
is not the case the question cannot be solved. 

1. A boy bought 2 apples and 3 oranges for 13 cents? 
5* 
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he aRerwards bought, at the same rate, 3 apples and 5 
oranges for 21 cents. How much were the apples and 
oranges apiece ? 

Let X = the price of an orange, 

and y = the price of an apple. 
1. 3x + 3y = 13, 

3. Sx + 3y = 21. 

Multiply the first equation by 3, and the second by 3, 

3. 9,* + 6 y = 39 

4. 10* + 6y = 42. 

Subtract the 6rst from the second, because the y's 
being alike in each, the difference between the numbers 
3d and 42 must depend upon the x's. 
&. X = 3 cents, the price of an orange. 

Putting this value of x into the first equation, 

6. 9 + 2y=;13 

7, y = 3 cents, the price of an apple. 
JVofe. In this example I observed, that the coeffi- 
cient of y in the first equation is 2, and in the second, 
the coefficient of y is 3. I multiplied the whole of the 
first equation by 3, and the whole of the second by 2 ; 
this formed two new equations in which the coefficients 
of y are alike. If the first equation had been multiplied 
by 5 and the second by 3,ibe coefficients of x would have 
been alike, and x instead of y would have been made 
to disappear by subtraction, and the same result would 
have been finally obtained. It is evident, that the coeffi- 
ciente of either of the uokoown quantities may always 
be rendered alike in the two equations, by multiplying 
the first equation by the coefficient which the quantity 
that you wish to make disappear has in the second 
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equation ; and the second equation bj the coefficient 
which the same quantity has to the first equation. Tbey 
may be rendered alike more easily, when they hare a 
common multiple less than their product. 

2. A person ha^ two horses, and a saddle which of 
itself is worth £10 ; if the first horse be saddled, he 
will be worth 4 as much as the other, but if the second 
horse be saddled he will be worth { as much as the first. 
What is the value of each horse ? 

A question similar to this has already been solved 
with one unknown quantity, but it will be more easily 
solved by using two of them. 

Let X •= the value of the first horse, - 

and • y = the value of Uie second horse. 

1 . By the conditions, -^ = i + 10 

2. ■• ^ = !/ + 10 

3. By transposition, -^ — x = 10 

4. " ¥-» = '" 

' Multiply the 3d by 7, and the 4tb by 5, to freo theu 
from denominators ; 

5. — 7a; + 6y = 70 

6. 8»— 5y = 50 
Multiply the 6th by 5 and the 6ih by 6, in order to 

make the coefficients of y alike in the two ; 

7. — 35i + 80y = 350 

8. 48x — 30y =:S00 
Add together 7tb and 8th, 

9. 48a! — 36a! + 30y — 30yss3^ + 300 
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10. Unitiog terms, 13 c =& 650 

11. ' x= SO 
Putting &Q, the Ttlue of x, ioto the &tb, 

13, 6y — 360 ss 70 

13. 6y = 4aO 

14. - y= 70 

^tw. The 6rst is worth £60, and the secood £70. 
Aote. la this example the 30 y in the 7th equttioa 
had the sign +, and the 8th the sign — before it, hence 
it was necessary to add the two equations together in 
order to make the y disappear, or as it is sometimes 
called, to eliminate y. 

3. A market-woman sells to one person, 3 quinces 
and 4 melons for 35 cents, and to another, 4 quinces 
and 2 melons, at the same rate, far 30 cents. How 
ihuch are the quinces and melons apiece ? 

Ana. Quinces 3 cents, and melons 4 cents apiece. 

4. In the market I find I can buy 5 bushels of barley 
and 6 bushels of oats for 37s., and of the same graio 4 
bushels of barley and 8 bushels of oats for 16s. What 
is the price of each per bushel ? 

Am. Barley 3s., and oats 3s. per bushel. 

5. My shoemaker sends me a bill of $13 for 1 pair 
of boots and 3 pair of shoes. Some months afterwards 
h^ sends me a bill of $20 for 3 pair of boots and I pair 
of shoes. What are the boots and shoes a pair f 

Am. Shoes $3, and boots j6. 

6. Three yards of broadcloth and 4 yards of taffeta 
cost 57s., and at the same rate 5 yards of broadcloth 
and, 3 yards of tafieta cost 81s. What is the price of • 
yard of each 1 Am, Broadcloth 15s., and taSeta 3s. 
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7. A man employs 4 men and 8 boys to labour one 
day, and pays them 40s. ; the next day he hires, at the 
same wages, 7 mea and 6 boys, and pays them SOSk 
What are the daily wages of each ? 

^M. Men Ss^ and hoys Sjs. 

8. A vintner sold at one time 20 dozen of port wine 
and 30 doz. of sherry, and for the whole received £1 20 ; 
and at another time, sold 30 doz. of port and 35 doz. of 
sherry at the same prices as before, and for the whole 
received £140. What was the price of a dozen of 
each sort of wine ! 

Am. The port' Was £3, and the sherry £2 per doz. 

9. A gentleman has two horses and one chaise. The 
first horse is worth $180. If the first horse be harness- 
ed to the chaise, they will together be worth twice as 
much as the second horse ; but if the second be har- 
nessed, the horse and chaise will be worth twice and 
one half the value of the first. Whet is the value of 
the second horse, and of the chaise ? 

Jtu. Horse $210, and chaise $240. 

10. Two men, driving their sheep to market, A 
says toB, give me one of your sheep and I shall have 
as many as you ; B says (o A, give me one of your 
sheep and I shall have twice as many as you. How 
many had each 7 Am. A had 5, and B 7. 

Let X = the number A had. 

And y = the number B had. 

If B gives A one, their numbers will be 

X + I and y — 1. 
If A gives B one, their numbers will be 
* — 1 and y + I, 8ic,. 

- t;«,gic 



98 Algehra. VIU. 

11. If A gives B (5 Af bis money, B will hare 
twice aa much as A has left ; but if B gives A $5 of 
bis money, A will have three times as much as B has 
left How [Ducb has each P 

Atu. A has $13, and B $11. 

IS. 'A man bought a quantity of rye and wheat for 
£6, the rye at 43. and the wheat at Ss. per bushel. He 
aflerwards sold ^ of his rye and | of bis wbeat at the 
sane rate for £3. 17s. How many bushels were there 
of each? - 

Am, 15 bushels of rye, and 13 bushels of wheat. 

13. A man bought a cask of wine, and aootlier of gin 
for $310; tbe wine at $1.50 a gallon, and the gio at 
}0,60 a gallcw. He afterwards sold { of his wine, and 
4 of his gin for $150, which was $15 more than it cost 
Itim. How many gallons were there in each cask 1 

Ana. ISC gallons of wine, and 42 of gin. 

14. A counUyman, driving a flock of geese and tup- 
keys to market, in order to distinguish his own from any 
be might meet with on the road, pulled tliree feath- 
ers out of the tail of each turkey, and one out of 
the tail of each goose, and found that the number 
of turkey's feathers exceeded twice those of the 
geese by 15 Having bought ]0 geese and sold IS 
turkeys by the way, he was surprised to find that tbe 
number of geese exceeded the number of turkeys in 
the proportion of 7 to 3. Required the number of 
each at first. 

Let X = the number of turkeys, 

and y = the number of geese. 
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1 3x = Sy + 15 

2. . ' ,+,o, = li^ 

3. Freeing tfae 3d from fractions, 3y-f-30s7x — lOS 
Instead of ibe method emfdoyed above for elininat- 

iug 0D« of the unknown quantities, we may find the 
Talue of one of them in one equation, ^s If the other 
were known ; and then this value may be substituted in 
the other, and an equation will be obtained, containing 
only one unknown qnantity, which may be solved the 
usual way. 

4. Divide ibe Ist by 3, x = '^ j"^^ 

5. Multiply the 4th by 7, 7 j = '** " + "*^ 
Substitute this value of 7 x in the 3d, 

7. Multiply by 3, 9y + 90 = 14y + 105 — 315 

8. Transposing U uniting, 300 = 5 y 

y = 60. 
The value of x may be found by subEtiluting 60 for 
y in tbe 4th, 

3 
Jim. 45 turkeys, and 60 geese. 
Let the learner go back and solve, in this manner, 
the preceding examples in this Art. Sometimes one 
method is preferable and sometimes the Other. 

15. A person expends $1 in apples end pears, buy- 
ing his apples at 3 for a cent, and his pears at 2 cents 
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•piece; afterwards be accommodales his neighbour ffith ' 
J of hii apples and ^ of his pears for 30 cents. How 
maDy of each did be buy ? 

^ns. 40 pears, and 60 applra- 

Let X = the number of apples. 

And . J/ = the number of pears. 

Then — = the price of the apples. 

And 3 y = the price of the pears, Gic. 

16. A market-woman bought eggs, some at the rait 
of 2 for a cent, and some at the rate of 3 for two cents, 
to the amount cf 65 cents ; she afterwards sold ^ of 
each kind for bO cents, which was 11 cents more than 
they cost ber. How many of each kind did she boy ? 

^ns. 50 of the first and 60 of the second. 

17. It is required to find two numbers such, thai if J 
of the first be added to the second, the sum will he 30, 
«nd if ^ of the second he added to the first, the sum will 
be 30. ^na. The numbers 24 and 18. 

18. It is required to find two numbers such, that j of 
the first and ^ of the second added, together will make 
12, and if the first be divided by 2 and the second be 
multiplied by 3, j of their sum will be 26. 

Ans. The numbers are 15 and 10}. 

19. Two persons, A and B, talking of their ages, 
says A to B, 8 years ago I was three times as old as 
you were, and 4 years hence 1 shall be only twice as 
old as you. Required their present ages. 

^tu. A was 44, and B 30. 

30. There is a certain fishing rod, consisting of two 

parts, the upper of which is to the lower as 5 to 7 ; 
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aod 9 times tfae upper part, together wjth 13 limes tfa« 
lover part, is equal to 1 1 limea the nbole rod and 8 
feet over. Required the leogtb of the two parts. 

Ans. The upper part 10 feet, and lower 14. 

21. A TiDtDer has two kinds of wiae, ooe at 6s. a gal- 
lon, and the other at 123. of which he wishes to make 
a mixture of 20 gallons, that shall be worth Si. a gailoB. 
How many gallons of each sort must he use ? 

Aaa, 8f gallons of the better, and 1 14 of the worsv. 

3S. A viotner has 3 casks of wine, from each of which 
he draws 8 gallons ; and finds that the number of gallons 
TemeiDiag in tlie less, is to that in the greater as 2 to 5. 
Me then puts 1 gallon of water into tfae less, rad 5 gaU 
Ions into the greater, and then the quantities tre in the 
propttflion of 5 to 13. What quantity did each coniain 
at first i Ans. Smaller 32 galls., larger 68 galb. 

23. A farmer, afl^ selling 13 sheep and 5 cows, 
found that the number of sheep he had remaining, was 
to that of his cows in the proportion of 4 to 3. After 
^r«e years he found that he had 57 more sheep, and 
10 more cows than he had at first ; and that the propor- 
tions were then as 3 to 1. What numberof each had 
he at first ? Aw. 33 sheep, and 20 cows. 

34. When wheat was 8 shillings a bushel, and rye 
5 shillings, & man wished to fill his sack with a mixture 
of wheat and rye, for the money he bad ia his purse. 
If he bought 15 bushels of wheat, and laid out the rest 
of bis money in rye, be would want 3 bushels to fill 
his sack ; but if be bought 15 bushels of rye, and then 
filled bis sack with wheat, he would have 15 shillings left. 
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How rouch of each mual b« purchase in order to lay out 
bis money and fill bis sacks ? An$. 10 bushels of each. 
25. A grocer bad 3 casks of wine, the smaller at 7s. 
per galloD, the larger at 10s. The whole was worth 
}il2. WbeD be bad drawn 18 gals, from each, he 
mixed the remainder together and added 3| gals, of 
water, and the mixture was worth 8s. per gal. How 
many gallons of each sort were there at first i 

An$. 36 gals, at 7s. and 42 at 10s. 

Equatiotu, Generalization. 

HE, In the examples bitherlo proposed a numerical 
result has always been obtained. The solution with 
numbers has been performed at tbe same time with the 
reasoning ; and when the work was finished, no traces of 
tbe operations remained in tbe result. But algebra has 
a more important purpose. Pure algebra nerer gives a 
numerical result, but is used to trace general principles 
and to form rviet. In order to preserve tbe work so 
that the operations may appear in the result, it will be 
aecessaiy to introduce a few more signs. 

1. It is required to divide $500 between two men, so 
that one of them may have three times as much aa the 
•ther. 
Let a: = the less part 
The equation will be a^ + 3x ^ 500 
4j! = 600 
«=126 
3 x = 375 
Am. One part is $125, and tbe other $375. 
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This question is to divide 500 into two siicb parts,' 
that one part may be three tiroes us ibuch as the other. 
it is evident that the process will be the same for any 
other number, as for 600. 

Let the number to he divided be represented by the 
letter a. This will stand for any number. 

Then the question will be, to divide any number, a, 
into two such parts, that one part may he three times 
as much as the other. 
The equstion will be x + Sx= a 



The work is now, preserved in the result, and it if- 
pears tbat one part will be ^ of the number to be di- 
vided ; sod the 6ther, | of it. Thb is a rule that will 
apply to any number. 

Suppose a = 500 as in the example. 

Then -|- = 125 ; and ^ = 375. 

Ant. One part is $135, and the other $375; the 
same as above. 

Suppose it is required to divide $7532 in the same 
proportions. 

Then a = 7532 ; 4" = 1 883 ; and 5^ = 5649. 

'4 '4 

Ans. One part is $1883, and the other is $6649. 

2. A man sold some apples, some pears, and some 

oranges for a number a of cents, the apples at two 
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cents apiece, the pears at three cents apiec«, and the 
oranges at five cents apiece. There were mice at 
many pears as oranges, and three times as raaiiy apples 
as pears. How many were there of each ? 

Let x=: the Dumber of oranges. 

Then 2x = the number of pears. 

And 6 > =: the number of apples. 
Bythecondi->,2^_j^g^^5^^ « 



« := -gg = No. of orangW. 

6 iF = — = " of applei. 

Suppose a = 184 cents, then ^^ of 184 = 8 = the 
number of oranges; 3x8 = 16=: the number of 
pears ; end 6 x 8 = 48 = the number of apples. This 
IS easily proved. 8 oranges, at 5 cents apiece, come to 
40 cents; 16 pears, at Scentsapiece, come to 48 cents; 
and 48 apples, at 2 cents apiece, come to 96 cents; 
40 + 48 + 96 = 184. 

The learner may be curious to know, how it is 
possible to make the examples in such a manner, that 
the answer may always cotne out a whole number when 
it is wished ; for if the numbers were taken at random, 
there would frequently be fraciioDs in the result. The 
method is to solve it first with a letter, as has been 
done in the two preceding examples. If any number, 
which is divisible by 4, be put in the place of o, in the 
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first example, ibe answer will be ia whole nprobers. 
And if any number, which is divisible by 23, be put in 
the place of a, in the second examplej the answer will 
be in whole numbers. 

Let the learner now generalize the examples in Art. 
I., by substituting a tetter instead of the number ; and 
after the result is obtained, put in the numbers again, 
and see if the answers agree. Let him also try other 
numbers. 

The examples in Art. U. may be generalized in the 
same manner. 

3.. A man being asked his age, answered, that if its 
half and its third were added to it, the sum would be 
86. Required his age. 

Inilead of 88 put a, and letj: = ibe number required. 

» + -!-+ ■!-= " 



II 

Any number that is divisible by 11, being put in the 
place of ff, will give an answer in whole numbers. Let 
=: 88, then -/j of it is 48, agreeing with the answer 
ia AtlII. 

In the course of the solution it appears, that a is 
equal to Y ^^ ^ i '^^^ ^^ result shows, that x ig equal 
to -^j of a. That is, the value of x is found by mul- 
tipljriog a by the fraction V inverted. 
6« 
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4. Id an orchard of fruit-trees, 4 of ibem bear ap- 
ices, ^ of them cherries, and the remainder, which is 
a, bear peaches. How manj trees are there in the 
orchard l 

Let « = tbe whole number of trees. 

Then x = ~+~ + a 

12x_ 4* 3* 

19 19 "" 1i» T" 



bx=\2a 

12a 
» = _. 

Ad; number that is divisible by 5, may be put in the 
place of a. If a = 15, the answer is 36. 

Proof. ^ + ^ + 16 = 36. 

S. Th£ 8th example of Art. 11. is solved as follows : 
Instead of 100 put a, and let a: = the whole number 
of geeSe. 

Then x + x + -|-+S| = o 

Multiplying byS, 6x4-5 = 2a 

By O^nsposition, 5x = 2a — 5 

ia — h 
X = — - — J or 

2a 5 20 

Let a = 100. 

Then « = lii^b=i=l|i = 39; 

- ^^«>yl- 
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Ijet a = 13S, aod find the answer in tbe same waj. 

The answer will be 53> 
Proof 53 + 53,+ 26^ + 2J = 135. 

The learner maj now geoeralize the examples is 
Art. U. 

Tbe preceding examples admit of being generalized 
still more, but tbe process would be too difficult for 
tbe learner at present. Tbe following question admits 
it more easily. 

6. (Art. HI. Exam. 1.) Two men, A and B, hired a 
pasture for $55, and A was to pay $13 more thao B. 
How much did each pay i 

This question is, to divide tbe number 55 into two 
such parts, that one may exceed the other by 13. 

*Let us represent 55 by a, and 13 by b, Tbe ques- 
tion now is to diride the number a, into two such 
parts, that one may exceed the other by the number b : 
a and b being any two numbers, of which a is the 
lai^er. 

Let X £= the less part. - 

Then x +b = tiie greater part. 

And X + x +h = a 

2x+b = a 
By transposition, 2x = a — b 

Diriding by 3, * = "I T = "7 

* Wbenever tba leantar fiads lay difficnltj' in comprehBDding (he 
opermtions in the general loIotlODi, let him first Mtve tke qaeatioos 
with the numbets. 
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Wben t number, consisting of iwo or more parts, as' 
a — A, is to be divided, it is evident that all the terms; 

must be divided, as -3- — -^- But the fractions -^ 
and -^ having a common denominator, one numera- 
tor ma7 be subtracted from the other. Hence -^ — 

is the same as — ^ — . This is easily seen in numbers. 

See below, where 65 and 13 are substituted for a and h. \ 
Heoce it appears, that ike leu fart u found by tub- ' 

tracting half of the excas of the greaier above the lest 1 
from half the nunU/er to be divided; or hy taking half 

the difference between tke number to be divided and the I 

exceti. 
The greater part is equal lox + b; hence if & be 

added to -3 ^ it will give the greater part : 

or x+b = -' 5+-3-; I 



x + b = - 



h _n+6 



Tke greater it found by oddity kalftlie excett to ha^ 
the number lo he divided ; or by taking half the turn of 
the number to be divided and the exatt. 

In the above example, 

A'spart = — +-^, or — ^ = 34. 

- ^^«>8l- 
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i 

^, ^ 55 13 66— IS _, 
B'spart =— -, or ~ = 21. 

Z^t the learner generalize thia queslion b^ making 
. X ^ the greater part. The same results will be ob- 
tained. 

I This is a general rule, and will apply to all questions 
' like it, and should be remembered, for it is frcgaenil/ 
useful. 

Let the learner find the answers to the 2d, Sd, and 
7th examples of Art. III. by this rule. That is, by 
; putting the numbers of those examples in the place 
of a uid b in the formulas. 

It is easy to see the propriety of the rule. For the 

formula "T -- or = -r-, shows, that if the 

$13 that A pays more than B, be taken out, the remain- 
der is to be paid in equal parts by them. Also the for- 

I . a + b 65 + 13 68 . i. •* d 

Bmla ~— or — ~ — =s — , shows, that if B were 

to pay $13 more, he would pay as mnch as A, and the 
rent would be paid in equal parts by them. 

7. A father, who has three sons (An. III. exam. 4), 
leaves tbem 16000 crowns. The will speci&es, that the 
eldest shall have 2000 crowns more than the second, 
and that the second shall have 1000 crowns more than 
tbe third. What is the share of each ? 

Let a represent the whole number of crowns, b 
nhat the elder son's share exceeds that of the second, 
and c what the share of the second son, exceeds that 
of the third. 
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Tbis question may be expressed in general terms; 
thus : To divide a given number a, into three such 
parts, that the greatest may exceed the mean by a gives 
number b, and the meao may exceed the least by % 
given number •. 

Let X = the greatest 

Then sc — is the mean. 

And X — 6 — c =s Xhe least. 
By the conditions, 

» + «— & + !F — J — c = » 
3» — 2ft— C=:ffl 
By transposition, 3« = a+3ft>fc 

Dividing by 3, «=^ + ^+|, 

Or because the fractions have a common denomiDator, 

3 
This is the formula for the greatest part The mean 
is « — 6, or 6 subtracted from -|- + — + -|-, thus ; 



-i = 5--r + T = 



The least part is x^b ^ c, or c, subtracted from 



3 
a + Sb + c 


3 


. 3 
o — 6 + c 




3 
o — 6 — 2 
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,_J_c = -|-_i- + -i-_e, 
,_6_, = ___ + ___, 

. a 6 2c a — 6 — 2c 

The greatest part is 
The mean do. 
The least do. 
The eldest son's share, by the first formula, is 

16000 + a X 2000 + 1000 ^ 7000 crowns. 
3 
The other shares may be found by ihe other iwj 
formulas. 

Let the learner solve this question by making x 
equal lo the less part, and also by making it equal 
to the mean. 

Exam. 5th, Art. III. may be solved by this formula. 
Lei the learner generalize the questions in ArU III. as 
^r as to Exam. l6th. 

The examples in Art. I. may be generalized still 
farther. 

8. A man bought com at 4s. (a) per bushel, rye at 
Os. (6) per bushel, and wheat at 8s. (c) per bushel, 
there was an equal quantity of each sort. The whole 
came to 90s. (d). How many bushels were there of 
esch ? 
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It will readily be perceived that it is impossible actuallir 
to perform the operations of addition, subtraction, Sec. od 
letters; but it is easy to represent these operations. We 
bovever frequently speak of adding, subtracting, ranlti- 
pyiiig, and dividing algebraic quantities, by which we 
mean, representing these operalioos. We have seen that 
to express 3 time* « or 3 times a we write 3x, 3 a, that 
is, a; or a multiplied by 3. la the same mnnaer, if we 
wish to express a times x, that is, x multiplied by a, 
we write a xi and if we wish farther to express that 
ax (that is, a times x') is to be multiplied by b, we 
write abx. 

*Let a; = the number ot bushels of each. 

Then ax = the price of the corn. 
bx = the price of the rye. 

And G X = the price of the wheat. 
ax + bx -i-ex = d. 

Here x is taken a times, and b times, and c time^ 
that is, (a + b +c) times. This may be expressed 
thus, (a + b + c) X, enclosing the three coefficients in 
« parenthesis. 

This will be plain if we put it in numbers. 

4« + 6x+8xis the same as (4 -f- € +6)a?, that Is, 18 x. 

(a + b + c)x = d 

If we had lQx = d 

we should divide by 18, x = — 

' 18 

* Let Ihe leiraer perform this eiaoiple Ersl by the numbeH. 
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' In thsaame minoer divide hj (a+b-i-c). 



- + 6 + C 
Ptartictdar Ana. 5 bushels. 
This general fonnuls is expreised in words br fol- 
lows : Divide the price of the whole by the price of 
t bustiel of each sort added together, and it will giro 
the aumber of bushels of each sort. 

9. A father dyiag left $35000 (or a) to be divided be- 
tween his wifef son, and daughter ; his son was to have 
3 (or6) times as much as the daughter, aad the wife 3 
(or c) times as much as the son. What was the share of 
each? 

Let X = the share of the daughter. 

Then 3 x or bx= the share of the god. 
And 6 xotbex s= ihe share of the wife. 
x + 3x + 6x = S6000 
X 4-ix + 6cx = a 
(1 + 3 + 6)3!= 10jb = 35000 
(1 +i + ic)r = a 

a 

In this e^tample observe that x is taken 1 time, and 
6 ttnies, and b c times. When a letter is written with- 
out a co^ciant, it is always uoderstood to have 1 for 
its coefficient ; thus X is the same as 1 x. 

Having found the share of the daughter, it is easy 
to find the shares of the other two. 
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The son's share is 3 x s= 7500, or J x = —r~ j— 

1 + 6-4- Ac 

The wife's do. is 6*= 15000,ortej= ■■ °, ^ ^ . 

The learoer may now generalize some of the exam* 
pies la Art. 1. in this manner. 

10. A gentleman, distributing some money among 
some beggars, found, that in order to give them 8 (or a) 
cents apiece, he should want 5 (or h) cents ; he therefore 
gave them 7 (or c) cents, and he had 4 ^or d) cents left. 
How many heggars were there ? 

Let X = the number of heggars. 

Then 8x— 5 =7x + 4 

or ax — h =cx + d 

8x — 7a; =: 5 +4 = 9 
ax — cx^ b +d 
(8—7)1=9 
(a — c) ic ss 6 + d 

Parttadar Am. 9 heggars. 



6eneral Ant, 



b + d 



11. There is a cistern which is supplied by two pipes; 
the 6rst will fill it alone in 7 (or a) hours, the second will 
fill it alone in 5 (or b) hours. In what time will it be fill- 
ed if both run togetlier J 

Let X = the number of hours in which both together 
will 6U it. 



C3.ifKi:,CiOOt^le 



IX. Equationt, Qeruralixation. 75 

The first ivill fill ^ or — of it in one hour, aad the 

second will fill ^ or -r- of it in one hour ; both together 

will fill 4- + 4 °' f" ~i~ ''^ '' i" °^^ hour. Iq a: hours 

dMf -wiU fill X times as much, that is, 

But X hours is the whole time, therefore, the cistern 
being 1, 

~ + — =J or — + — =1. 

Clearing of fractions, 

5a; + 7a; = 35 bx + ax = ab 

UniliDg coefficients, 13 x = 35 (b + a)x = ab 

ab 

Particular Atu, 2^| hours. 

General ^na. j- 

Suppose one pipe would fill the cistern in 8| hours, 
and the other in 4| hours, and find the answer by the 
general formula. Am. 3^$^ hours. 

13. Suppose it were required to make a rule for Fel- 
lowship. First take a particular case. 

Three men, comniencing trade together, furnished 
money in the following proportions ; A jS8 as often as' 
B $5, and as often as C $3. They gained $800. 
What is each man's share of the gain ? 
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It is evident that they must receive in the propostioa 

of the capital, that thej respectively furnished. 
Let X = A'b share of the gain. 



Then 


^ = B'!>bu«. 


And 


^ = C-..h.„.. 




^. + ^+¥ = ««' 




6» + 6.+ 3« = 6400 




16« = 6400 




<E= 400 = A'>shue. 




if= 260 = B's slmre. 



^= 150 = C's share. 

- Now, instead of 8, 5, and 3, Buppose they furoitbed 
in the proportion of in, n, and p ; aod let the whole 
gain be a. ^ 

Let - se = A's share of the gain. 

Then — = B's share, 

And ^— = C's share. 

Then ve have 

x + — + ^ = a 
mm 

tax + nx + px = ma 
(m 4- ft +p )x = ma 

ma »i L 

m + n + p 

• S«e Art. U. Eiun. 34 tpd Sfi, 

- C""sk 
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B's share is — , or the part of : — . 

m m "^ m + n+p 

Since » fraction is divided by dividing its aumbera 

tor, ihe — part of : — , will be found by divid- 

m ^ OT + n+p' ^ 

ing the numerator m a by m. a multiplied by m is 

m a, therefore, m a divided by m is a. Hence the 

part of — ^ — ; — is — r^—, — , and the — part 

is » times as much, that is — : : — , which is B's 

»i+n + p' 

share. 

C's share is ^—, or the ^ part of — —^, — , which 
m m ' m + n + p' 

i« E^ 



and C's do. — 7^ — : — . 
m + fc +p 

Hence to find the share of either, multiply the whole 
sum to be divided, &y the pri^ortion of the tlock tohick 
hejumithed, and divide the product by the juqi of their 
proportiona. 

The propriety of this rule is easily seen. For, put- 
ting in the numbers instead of the letters, A's share is 

-8+T+T " ■•'' "'»*"• ^'' *"' '" 8 + 5+3 " 
^f of it, and C's share is - ^j t -a - or j'j of it. That 
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is, the sum of all tbeir proportioos is 16, and of these 
A rurnisbed 8 ; B, 5 ; and C, 3. 

13. Let it be required to find what aum, put at inter- 
est it a givea rate, will amount to a giren sum ia 8 giv- 
en time ; that is, to find a rule, fay which the principal 
may be found, when the rate, time, and amount are 
given. 

First take a particular case. 

A man lent some money for 3 years, interest at € per 
cent, and received for interest and principal $473. 
What was the sum lent i 

Let ' X = the «um lent. 

Then -r^ = the interest for 1 year. 

'8* 



100 



= do. for 3 years. 

= the amount for 3 years. 



Hence we have * + —^ = 473 

lOOx + 18 X= 47300 
118 a; = 47300 

X = {400 = The sum )ent. 
It is a custom established among maibematicians to 
use the first letters of the alphabet for known quantities, 
and some of the last letters for unknown quantities. It 
is, however, frequently convenient to choose letters, that 
are the initials of the words for which they stand, 
wfaelber the quantities be known or unknown. 
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To gen«raliE« die above example, 
I^t p = ibe principal, or sum lent. 

r = the rate per annum, which in the tbora 
»se is ylr or J)6. 
and ' s: the time fur which it was lent, 

and a = the amounL 

Then rp = the interest for one jear, 
and ir^ = do. for t years, 
and p +trp = the amounL 
Hence we hare p + trp = a 



That is, mvltipli/ the rate by the time, add I to the 
product, and divide the amount by thit, and it will give 
the principal. 

Id the above example the rate is .06, which, miihi- 
pli^d by 3 (the time], gives .18, and one added to (his 
makes 1.18 ; 472 divided by I.IB gives'400, as before* 

Apply this rule to the following example. 

A man owes $375, due two years and three monihs 
hence, without interest. What ought he to pay now, 
supposing moifey to be worth 4j per cent, per annum J 

N. B. 2 years and 3 months ia 2 j years. 

Jtnt. $349^\'j?j\\. 

See Arithmetic, page 84. 

The learner may now make rules for the following 
porposes : 

14. The ioterest, time, and rate being ^ven to find 
the principal. ^n.. p s= — . ^ 

C 3.1 IK i:, CoOt^k 
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Porti^Uar Aiu. 17 unbnien, and 3 broken. 

General Am, Unbroken —7—; • 

b + e 

Putting numbers into iha general answer, 
100+ 18 X go _ ,- 
8 + 18 
The propriety of this answer may be thown as fol- 
Vtws: If he had broken the whole 30 (or a) he'aiust have 
paid 12 X 20 = 240 (or a c) cents ; but instead of pay* 
ingthis, he received 100 (or d) cents. Now the difier- 
ence to him between paying 340 and receiving 100 it 
evidfflitly 340, {ord + ac) cents. The difference fbt 
each vessel between paying 12 and reeeumg B it 
30 (or i + c) eenta ; 340 divided by 30 gives 17, the 
answer. 

The tboYS is a good iHustntion of poiUivt and nag- 
(titve <joaoliUet, or quantities affBoted with the signs + 
and — . The sign + is placed before the quantitiei^ 
which he is to receive, uid the sign — hefwe his losses. 
We observed that the di&reoce between receiving lOQ 
ud losing S40 is 340, that is, (be difference between 
+ 100 and — 340 is 340, or their sum. Also the dif- 
ference between +d and — bc is d + oc. So the 
difference between +8 and — 13 is 20, or between 
+ h and — c is J + c. 

Hence it follows, that to tabiract a quantity wMeh 
W the sign —, tee mutt give it th* vpfOtite tign, that m* 
it nutt be added. 
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X. The leanirr, b^ this time, must have some idea of 
tlie use of letters, or general symbols, in algebraic 
reasoning. It has been already observed that, strictly- 
speaking, ne cannot act^ually perform the four funda- 
mental operations on these quantities, as we do in arith- 
melicj yet in expressing these operations, it is frequent- 
ly necessary to perform operations so analogous to 
them, that they may with propriety be called by tbe 
lame names. Most of these have already been ex- 
plained ; but in order to impress them more firmly on 
the mind of the learner, they will be briefly recapitu- 
lated, and some others explained which could not be 
introduced before. , 

Aole. Algebraic quantities, which consist of only 
one term, are called limph qwmliliei, as + 3 a, — Sab, 
be ; quantities which consist of two terms are called 
Unomialifaaa + b, a — b, SA+Sc, be; those which 
consist of three terms are called trinomials ; and in 
general those which consist of many terms are called 
polynomialt. 

Simple ^antitiei, 

Tbe addition of simple quanUties is performed by 
writing them after each other with the sign + be- 
tween them. To express that a is added to b, we 
write a +b. To express that a, b, c, d, and e arc 
added together, we write a + b + e + d + t. It is evi- 
dently unimportant which term is written first, for 
3 -f S + 8 is the same as 5 + 3 + 8, or as 8 + 5+3. 
So a + 6 + c has the same value as i + a + c. 
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It has been remarked (Art I.) that x +X+ x naj 
be written 3 a:. This is muttipltcitiion ; and it aris- 
es, as was observed in Arilfametic Art. III., from the 
successire addiiion of the same quaDtity. 3 x, it ap- 
pears, sigQi6es 3 times the quaotiiy X, that is, x multi- 
plied by 3. So b + b -i-li + h+b may be writteo 5 b. 
Id the same manner, if x is to be repeated, soy num- 
ber of times, for instance as many times as there are 
units ID a, we write ax, which signifies a times a', orac 
multiplied by a. 

N. B. The learner should constantly bear in miod 
that the letters a, b, c, &«. may be used to represent . 
any known number ; or ibey may be used indefinitely, 
and any number may afterwards be substituted in tbeir 
place. 

Again, ab +ab +ab may be written Sab, that is, 
3 times the product ab ; abo e times the the product ab 
may be written c a }. 

It may he remarked that a times b is the same as b 
times a; for a times I is a, and a limes b must be b 
fimes as much, that is, b times a. Hence the product 
of a and b may be written either ab or ba. In the 
same manner it may be shown that the product cab is 
the same as ai c. Suppose a = 3, & = 5, and c = 3, 
then a&e = 3x 5 x% andcafi =3x3x&. In bet 
it has been shown, in Aritb. Art. IV., that when a pro* 
duct is to consist of several factors, it is not important 
in what order those factors are multiplied together. 
The product of a, b, c, d, e, and /is written a b edej. 
They may be written ia any other order, as acdbef. 
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or fbeie a, but it if generally more conveDient to 
write them in the order they stand in the alphabet. 

Lflt it be required to multiply HabbjZed. The 
product is Qabed; ((ad limes 5 ah is Hah d, but 
eiJ times 3a& is c times as much, or 3 abed, and 
3cd times 3 o i must be twice as much as the latter, 
that is, 6 d A e if. 

Hence, the product of any two or more timple quan- 
titieM mait cttuvt of all the ietttn of tadi quantity, and 
the prodwt of the coefficients of the quantities, 

N. B. Though the product of literal quantities is 
expressed by writing them together without the sign of 
multiplioalioD, the same cannot be done with figures, 
because their value depends upon the place in which 
they stand. Sab multiplied by 2cd, for instance, can- 
not be written SHabed. If it is required to express 
the muItiplicatioQ of the figures as well as of the letters, 
they must be written 3 a £ 3 d c, or 3x 2abcd, or 
Z. 2 abed. That is, the figures must either be sepa- 
rated by the letters or by the sign of rauhiplication. 

Examples tn Muitiptieation. 



MuUipljr 


Soi 


by 


ieif. Am.linhcdJ. 




ibcd 


by 


abc Ant. iahbecd. 




9 eg It 


by 


8. 




13 ac 


by 


Tunes. 




Siahc 


by 


laabbi. 


MulUply 


133 


by 


iacd. 




25 X 


by 


lla(x. 



43ayy by ISxxy. 
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It frequently bappens, ts in some of the shore ex- 
amples, that a quantity is multiplied eeveral times by 
ilsetr, or enters several times ai a factor ioto a product; 
asSaaabb, iato which a enters three times and b twice 
as a Tactor. In cases like this the expression may be 
Tery much abridged by writing it thus, 3 o* A*. That 
is, by placing a figure a little above the letter, and 
a little to the right of it, to show how many times 
lliat letter is a factor in tlie product. The figure 3 
over the a shows, that a enters three times as a factor ; 
and the 3 over the b, that A enters twice as a factor, 
and the expression is to be understood the same as 
Saaabb. The figure written over the letter in this man- 
ner is called the index or exponeat ofthat letter. The ex- 
ponent afTecis no letter except the one over which it is 
written. 

Care must be taken not to confound exponents with 
coefficients. The quantities 3 a and n' have very 
different values. Suppose a — 4, then 3o= 13; 
whereas o* = 4 x 4 x 4 =64. In the product 3 a* i' 
suppose a = 4 and b = b, then 

3 a» 6' = 3x4x4x4x5x5 = 4800. ' 

The expression (1* is called the second power of a, a^ is 
oslied the ihirdpower, a* ihe fourth power, 8ic. To pre- 
serve a uniformity, n, without an esponeul, is considered 
■he same as o', which is called the first powpr of a.* 

' Id mott trealiK) on algebra a* is called the iqwtre of a, and os 
Ibe ctibt of a. Tbe terms ifuarc and cube were borrowed from ge- 
ometry, but as Ihey are not only iiiappropriale, but cnnvey ideu 
''cry foreign to the present lahject, It bas been thougbl best to dii- 
MTd tben entirely. 
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Figures as w«ll as letters may have exponents. 
The first power of 3 is written 
3> =3 
the second poner 3* = 3 x 3 = 9 
the third power 3" = 3x3x3 = 27 

the fourth power 3* = 3x3x3x3 = 81 
the fifth power 3* = 3x3x3x3x3= 243. 

The multiplication of quantities in which some of 
the factors are above the first power, is performed in 
the same manner as in other cases, hy writing the let- 
ters of both quantities together, taking care to give them 
their proper exponents. 2 a m* x 3 c* d* is the same 
as 2amm X 3cc dd, which gives 

6 ammcedd =z 6am* c* d*. 
a' multiplied by a* gives a* a* ; but a* = aaa and 
a'= a a ; hence a* a' == a aaaa = a*. In all cases 
the product consists of all the factors of the multipli- 
cand and muhiplier. In the last example a is three times 
a factor in the one quantity, and twice in the other ; 
.hence it will be five times a factor in the product. The 
exponents show how many times a letter is a factor in 
any quantity ; hence if any letter is contained ai a factor 
one or more times in both multiplier and multiplicand, 
ike exponents being added together will give the e po'- 
nmt of that letter in the product. 

(iXa = a^Xa' = 0'+' = n». a* x a* =a'+*=a*. 

a' X a* =a'+'=a', 8ic. 
Multiply a' b' by ab'. Ans. a* 6*. 

ab* c by a* b c'. 

6 (I* c d* by ab' c'. 
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Multiply a' c' by a'' b* c. 

7 a* X' y by 5a* 6 ex* y>. 
n b' d^ e by 4bb cdee, 
23o»a,» by 2aabxae. 
\8aayi/ by Ga^j/yx. 

It has already been remarked toat the addition of 
two or more quantities is performed by writing tbe 
quantities after eacb other with the sign + between 
Uiem. The sum of Sot, 2a cd, 5 a* b, 4ab, 
and 3a*b, is fia'b-i-2acd+5a'b + 1ab + 3a*b. 
But a reduclioa may be made in this expression, for 
3(i&>f4'i&is tbe same as 7 a 6 ; and 5 a" ft + 3 o* 6 
is the same as 8 a* fr ; hence the expression becooies 
Tab+2acd + 8a'b. 
Reductions of this kind may always be made when 
Iwo or more of the terms are timUar. When two or 
more terms are composed of the same letters, the letters 
being severally of the same powers, tbey are said to be 
■ nmilar. The numerical coefficients are not regarded, 
Tbe quantities 4 a & and Sab are similar, and so are 
ba* b and 3 a* 6 ; but 4 a & and 5 a* 6 are not similar 
quantities, and cannot be united. 

The subtraction of algebraic quantities is performed 
by writing those, which are lo be subtracted, afier those 
from which they are to be taken, with the sign — be- 
tween thetn. If A is to be subtracted from a it is writ- 
ten a — b. 5 a I* to be subiiacled from 8 a 6*, is 
written 8ab* ^ dab*. This last expression may be 
reduced to 3 a b*. la all cases when the quemilies are 
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nmt7ar, the subtraction may be performed iinmediateljr 
upon the coefficients. 

Compound Quantities. 

XI. The addition nnd snblractioii of simple quanti- 
ties, produce quantities consisting of two or more terms 
which are called compound quaniilies. 2a + e d— 36 
is a compound quantity; 

Addition of Compound ^aantiiiet. 

The addition of two or more compound quantities, 
wbeil all the terms are affected with the sign + will 
evidently be the snme, as if it were required to add to- 
gether all the simple quantities of wbich they are com- 
posed ; that is, they must be written one after the other 
with the sign + before all the terms except the first 
The sum of the quantities 3a + 2c ioi b + 2d is 
3a+2c+6+2rf. 

If the quantities 3 a & + 5d and i — e be added, in 

which some of the terms have the sign — , the sum will 

'be3ab + 5d-t-b — c; for 6~cis less b, therefore^ 

if 6 be added the sum will be too large by the quan- 

' tity c. Hence c must be subtracted from the result. 

This may be illustrated by figures. Add together 
I7 + 10and20 — 0. Now20 — 6isI4 
and 17 + 10 + 20 — G Is equal to 17 + 10 + 14. 

From the above observations we derive the following 
rule for the addition of compound quantities. 
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IVrite the quantities after each other wilhovt changing 
their signs, observing that terms which have no sign be- 
Jbre them are understood to have the sign +, 

^ A sigD affects do term except the one iminediately 
before which it 13 placed; hence it is untmportaDt in 
what order the terms are written, for 14 — 5 + 21ias 
the same value as 14 + 2 — 5 or as — 5-f3-f 14. 
Those which have the sign + are to be added together, 
and those which have the sign — are to be subtracled 
from their sum. If the first term has the sign +, the 
sign may be omitted before this term, but the sign — 
must always be expsessed. Great care is requisite in 
the use of the signs, for an error in the sign makes aa 
error in the result of twice the quantity before which it 
is written. 

Add together Sa + 2bc* — 3 c* 
and 5a — 36c* -f-Zc* 

and T ab+4bc* —8e* 

and — a+Hc* —2be*. 

Tbe sum is 
&a+2bc* — 3c*+5a~fibc*+2c*+Tah 
+ 4 6c* — 8e* — fl +3c* — 2 6 c*. 
But this expression may be reduced. 

3 a + 5 o — o = 8 a— a ?= 7 (I, 
and 
S6c»— 3ftc» +4 6c»— 26c» = 6 6c*— 56c»=ic*, 

and 
—3c* +2c* — 8c* + 3c*=— tlc* + 5c*=— 6c*j 
heace the above quantity becomes 

7a+6 c» +7a6 — 6c* 
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To reduce an algebraic expressino to tbe least num- 
ber of terms, eoUtet together all the nmtlar terma affect- 
ed with the tign + and alio those affected with the *ign 
— , and add the coefficienu of each leparately ; take the 
difference of the tioo ikrm and put it into the generfd 
reitUt, giving it the tign of the /arg»r qnanfiti/. 

Example! in Addition. 

1. Add together the rollowing quaotiiies. 

bab—-2a»m 
and Qab — bam + 2an. 

3. ^dd together the following quantities. 
^ ISnn* — 6m + x*, 

and Tbm — 3x' — 8y, 

and 4 o n' + 5 o «' — 4 y. 

3. A.dd together the following quantities. 

7mo6— 16 — 43my, 
and IQaeb — 13 a m i + 37 tn a y + 48, 
and I4my — l9may + nb — nx, 
and 4»a: — 3bn + 25amy — ni. 

4. Add together the following quantities. 

xy — ax — ay + axy, 
and —2xif~2ay+Zax+l5, 

and Ibarx — 73 -f 13a a; y — am, 

and — \baxy — l3aiii + 43-f-l8arir, 

and ar« — 18 +ay — Saxjr-fSam. 
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5. Add logetlier liie following quamities. 

ISda; — 2ftj — 7, 
and 15 6 * — il b x y + IG, 

and 41 acd — x, 

and 37 — bx — 2a + 43byx, 

and acd + byx — 13a. 

Subtraction of Compound ^uantitia. 

X1L The BubtractJoa of sirnj le quanlities, as has a)^ 
vciidy been observed, is performed by giving ibe sign — 
tn the quantity to be subtracted, aad writing it be^re or 
after the quantity, from which it is to be taken. If it 
is required to subtract c + d from a+b'ttii plain, that 
the restdt will bea + 6 — c— tf, for the compound 
quantity c + d \a made up of the simple quantities 
c and d, which being subtracted separately would give 
the above result. 

From 23 subtrai t 13 — 7. ^ 
13 — 7=6. 
aud 22-^6 = 16. 

The result then must be 16. But to perform the 
operation on the numbers as tliey stand, first subtract 
13, which gives 22 — 13 = 9. Tliis is too small by 7 
because lite number 13 is larger by 7 than the number to 
be subiTiit^ied, thsrefDre in order to obtain a correct re- 
sult (he 7 4HU»t be added ; thus 2i — 19- -f 7 = 16, as 
required. 
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From a subtract b- — c. 

First subtract 6, which gives a — b. 

This quantity is too small by e because h is larger 
than b — c by the quantity c. Hence to obtaia a cor- 
rect result c must be added, (bus a — b + c. 

This reasoning will auply to all cases, for the terms 
affected with the sign ^> in the quantity to be sub- 
tracted diminish that quantity; hence if all the terras 
affected with + be subtracted, the result will be too 
small by the quantities affected with — , these quaotitiea 
must therefore be added. The reductions may be 
mad^ in the result, in the same manner as in addition. 
Hence the general 

Rule. Change all the signs in the number to be aub- 
tracted, the tign$ ■+ to — , and the tignt — to +, and then 
proceed at in addition. 

Example* in Subtraction. 

I. From a*x+3by — 5ac' — 16 

Subtract 3a«a: + iy — 2ac' — 22 



Operation. 

a' x + 2by — 6a c* — 16 
— 3 n* a- — i y + 2 a c* + 22 

— 2a*«; + 26y — 3Be»+6 
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2. From 3 1 .i* — 7 tiar» + 13 
Subtract 12bc—Zax* —8. 

Aat. 3 A X* — 13 & c — 4 a f* + 31. 

3. From I7a»y+I3ay» — a — 3 
Sublract 2 a* y — b — Jl a + 5. 

4. From 42(iir y-^j^ax 
Subtract 17 a X — ^S y — 5. 

5. From 143— 17 y 
Subtract 33 -f- 4 y — 16 a i. 

6. From a + 3n4e— 1 
Sublract l+3a&e — a. 

7. From Sabx + 2ab~Tx 
Subtract 2ab — 7z — 2abz. 



MuUipUcation of Compound %utntitie$, 

XIII. MullipIicatioD of compound quantities is some- 
times expressed niihout being iierformed. To express tbat 
a + d is to be multiplied by c — d, it may be written 
a + b X c — d with a viaodum over each quantity, and 
the sign of multiplication between ibem ; or tbey 
inay be eacb enclosed in a parenthesis and written to- 
gether, with or without the si^n of multiplication; 
thus {a +b) X (c — d) or (a +6)(c — d). In the ex- 
pre3siona-f-fc(c — d),h only is to be mnllijilied bye — d. 

Multiply « + 1 by c. 
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It is evident that the whole product must coDsist' of 
the product of each of the parts by c. 

a + b 20 + 4 = 24 



ac+be0 60+12 =72 

m 

^Tamplet. 

J. Multiply 3ab+2cdhj ef. 

Jinx. 3ab ef+ 2cdeJ. 

S. Multiply 5 n c +'6 e + 3 c rf by 2 e. 

Am. lOace + ^ce + 6 cde. 
8. Multiply 6a* b + b' c' by 3a6 ». 

4. Multiply bc'el' + 62 a* b* + 13 6» c* d 

by 7 a' J' c. 

5. Multiply 2abd + Sabx* +abx* 

by 3abx* 

6. Multiply ax' + ^abx' by ]3ni"a:*. 

When some of the terms of the multiplicand have 
the sign — they must retain the same sign in the pro- 
duct. 

7. 8. Multiply a — b by c, also 23— 6 by 4, 

a — b 23 — 5 = 18 

c 4 4 

ac~bc 92 — 20 = 7;i 
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Since ibe quantity a — i is smaller than a by the 
guantily b, the product a c will be too large by tbe 
qtiaQlity be. Tbis quantity must therefore be sub- 
tracted from a c. 

9. Multiply 3 a 6* — c by 2 d. 

10. " 2ad + b d— te by 5 a &. 

11. Sbed — ^ft^^ c by Sac 
J3. 2a»6e — s™E6« by 4a*i». 

13. " Hacd— 1+5 a* a; — 06* « 

by a' td. 

WheD both muhiplicaDd aod multiplier consist of 
several terms, each term of the muliiplicand must be 
multiplied by each term of tbe multiplier. 

14. Multiply 12+5 by 7+4. 

12 + 5 = 17 
7 + 4=11 



84 + 35 
+ 48+20 

84 + 35 + 48+20 = 187 
16. Multiply a +6 1>y c + d. 

a + A 
c +rf 



a c + 6 £ + a d + i d 
It is evident that if a + 2) be taken c times and then 
d tiuies, and Ae products added together, the result 
will be c + d times a + A. 
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16. Multiply ax— Say+jcy by Say + ax 
ax — 3ay+xy 
3 ay +ax 



3a« jy — 9a*y» 


1.3oa:y' 


a' x* — 3a* xy + 


a.', 


«• X' — 9^^ + 3 a 


ly'+m'y 


In adding these ^Mroducts, the quantity 3 a* Jr y 


occurs twice, with dRrent signs ; they therefore de- 


stroy each other and do uut appear in tlie result. 


17. Multiply bad + 3acd 


-5o'c 


by 


2o'c + 2o<I. 


18. Multiply ISo'ry— SoS 


y-+3cy' 


hy 


5cy' + 7a4y» +3. 


19. Multiply lloc'+3o'c- 


-4a' 


by 


ia'c + aC. 


20. Multiply «•— 2<ic+c' 


by a + c. 


21. " 3 o« — 3 J« 


by 2o"+2S>. 


32. Multiply 3i + 2c 


by 2o— 3S. 


3 4+2C 




2« — 34 




6ab + iac 




— 9 (,» _ 6 S c 





Q ai> + 4a c--~9 b* — 6 he. 

lOb +2che multiplied by 2 a only, the product 

tritl be too ]m^e by 36 limes 3^4>3c; beace tills 

quantity must be multiplied by 3 6, and tlie product 

subtracted from 6 a 6 -f 4 a c> 
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This result may be prored by multiplying the mul:- 
tiplier by the multiplicand, for the product must be the 
same in both cases. 

S3. Multiply 2ad + Sbc+2 by 4ab — 2e. 

24. " 6a*b+2ab'' by 2a*b — b*—l. 

3&. Multiply 19 — 5 by 9 — 4. 

19 — 5 =14 . 

9 — 4 = 5 

171 —45 70. 

— 76+20 



171 — 45 — 76+20= 191 —.121 =: 70. 

26. Multiply a— b by c — d. 
a — b 
c — d 

ac^bc 
— ad + bd 



ac — be — ad-i- hd. 



This operation is sufficiently manifest in the figures. 
Id the letters, I first multiply a — b by e, which gives 
ac — he; but the multiplier is not so large as c by the 
quantity d, therefore the product ac — 6c is too large 
by d times a — b; this then must be multiplied by d 
and the product subtracted, a — 6 mulliplied by d 
gires ad — bd; and this subtracted from ae — he 
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givesac — be — ad-^bS, H«nce it appears diftt if 
wo terms having the sign — be multiplied together, 
theproduct.must have the sign +. 

From ihe preceding examples and observations, we 
derive the jbllowinf general rule for mullipljing com- 
pound quantities. 

1. Multiply all tkt terms of the nmltiplicand by each 
term of the Tnultiplier, observing the same rules for the co- 
tfficUnts and letters as in simple quantities. 

2. With respect to the signs observe, 

I St, 7^1 if both the terms which are TitultipKed together, 
have the s^ +, the sign of the product must be +. 

2d, If one term be ejected with +, and the other with — , 
the product must have the sign — . 

3d, If both terms be affected with the sign — , the pro;- 
duct must have the sigtt +. 

Or in more general terms, If both terms have the same 
sign, whether + or — , ike product must have the sign +, 
and if they have different signs, the product must have the 

sign 

27. Multiply So'fe— 2ac + 5 
by 7a6— 2flc — 1 



31a 


6" 


— 14<.' 


b 


+ 35<i» 


— 6o' 


6c 


+ ia'c 


- 


-lOoc 




3o 


'b + 2a 


'- 


-5 



Product 

21a»fr*— 14n'frc+35«fe— 6a'6c+4a*c" — 8ac—SaH — 5. 
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28. Multiply 7 m + 5 n by 4m — 3 n. 

29. " a' +ay — y' by « — y. 

30. " n* + Ji I +x* by n — x. 

31. " a* +ab + b' hy a* — ab + b*^ 

32. " 2x* — 3xy + 4y* 

by 5 JT — 6 « y — 2 y*. 

33. MuUiply 3 a" c — 5 o c* + 2 c» 

by 2a»c — 4«*t« _7(ic'. 

34. Multiply 2a^~-a'x + i by 3a — x — 3. 

35. " T a'b + 2b' — l by 3a»— 26»— I. 
Il is generally much easier to trace the effect pro- 
duced by each of several quantities in forming the result, 
when the operaiions are performed upon letters, than 
wheo performed upon figures. The following are re- 
markable instances of this. They ought to be remem- 
bered by the learner, as frequent use is made of them 
in all analytical operations. 

Let a and 6 represent any two numbers; a 4-6 will 
be ilieir sum and a — b their difference. 

Multiply a + b by a — b. 

a+b 

'" a — b 

a' +ab 
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That is, if the mm and the difference of two numbert 
be multiplied together, the product wilt be the difference 
of the second powers of these two numiberi. 





Particular Examph. 


tet 


o = 12 md i = 7. 




+ 6 = 19, and o — 1, = 6, 




0" = 144, b' = 49. 


and 


(o + t)X(o_S)=19x6 = 95, 
o' — 6" = 144 — 49 = 9i. 


Muliiply 


1 + b by a + 6. 
a + b 
a + b 

a-+ab 

ab + b' 



a* +2 ab +b*. 

That is, the product of the sum of two numben,by itself 
or the second power of the sum of two numbers, it equal to 
ike sum of the second powers of (he two numbert, added tt 
twice the product of the two numbers. 

Multiply — 6 by a — 6. 

The answer is a* — 2 ab + b', which is the ''same 
as the lasl, except the sign before 2ab. 

Muliiply a* +2ab + b* by a + b, that is find th» 
third power of a + ^> 

Ans. a« + 3 a« 6 + 3ab' +4'- 
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This is expressed in words thus : (Ae third power of 
the first, plus three times the second power of the fint into 
the second, plus three times the first into the second power 
fj the second, plus the third power of the second. 

Multiply a' — 2ah + b* by a — 6. 

dm. a» — 3 a» 6 + 3 a 6» — 6^ 

Which is the same as the last, except the signs before 
the second aod last terras. 

Instances of the use of the above formulas will fre- 
quently occur in this treatise. 

Division of Algebraic Quantities. 

XIV. The division of algebraic quaolities will b* 
easily )ierformed, if we bear in mind that it is the re- 
verse of multiplication, and that the divisor and quotient 
multiplied together must reproduce the dividend. 

The quotient of a 6 divided by a is b, for a and b 
multiplied together produce ab. So a 6 divided by i 
gives a for a quotient, for the same reason. 

If 6 a 6 c be divided by 2 a the quotient is 3 6 c. 

If by 2 1, the quotient is 3 a c. 

If by 2 c, the quotient is 3 ab. 

If by 3 b, the quoiient is 2 a c. 

If by 3 o b, the quotient is 2 c. 

If by 6 a the quotient is h c. 

For in all these instances the quotient multiplied by 
thedirisor, produces the dividend 6 a 6 c. 
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Exampla. 

I Hdw many times is 3 a cootained ia 6 abcf 

.Ins. She times, because She times 3 a is 6 a frc. 

3. If 6 a fr c be divided into 2 a parts, wbat is oae of 
the parts f 

Ant. 3b c; because 3 a times 3b c isGabc 

Hence we derive the following 

Role. Divide the coegicient oftkt dividend by (&e co- 
efficient ef the diviior, and strike oat the letters of the di- 
visor from the dividend. 

3. Divide 



7. 



• 9. " *a' by a*. 

Observe that 4 a* is the same as 4 a a a and a' is the 
same as aa;4aaa divided by a a gives 4 a for the quo- 
tient. 

It was observed in nmUiplicalion, that when the same 
letter enters into both multiplier and multiplicand, the 
multiplication is performed by adding the exponents, 
thus a' multiplied by a' is <^+*=a*. In similar 
cases, division ti performed by subtracting the exponent 
of the divisor from that of the dividend, a* divided by 
a» is a'~' = «•- 
10. Divide 6a»5»c by Sab*. 

Am. 3 a 6 c. 



I6aic 


by 


4. 


13<|»C 


br 


3o. 


iOaht 


by 


10 be. 


laabcd 


hf 


iad. 


SSoic 


by 


ab. 


nad 


by 


ad. 
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11. Divide 


36 *• J' 


by 


hi. 


12. " \ 


16 «• c" 


by 


4o>e>. 


13. 


18»'y" 


by 


6y. 


14. 


48 «• »■ m 


ky 


16 a* z flt. 


15. " 


TSor'n." 


by 


12 or' 


16. 


60p>,' 


by 


60. 


17. " 


73oj)> . 


by 


Oi)'. 


18. 


120 a r« (» 


by 


i-l". 


The division 


of some compound quantities is as 


easy as that of simple quantities. 






If o + 6 + 


c Iw multiplied by d the 


product is 



Therefore ifad-f6(2<f-cdbe divided by d, the 
quotieDt is a + b + c 

Ifad+bd + cdbe divided by a -f 6 -f- c, the quo- 
tient is d. 

When a compound quantity is to be divided, let (he 
quantity if possible, be so arranged that the divisor may 
appear as one of the factors, and then that factor beiog 
struck out, the other factor will be the quotient. 
19. Divide 12 o» i — 9 a c by 3 a. 

I2a*fc — 9ac = 3a(4(»& — 3 c) 

An$. 4 a 6 — 3 c. 

Observe that n is a factor of both terms, and also 3, 

Hence the quantity 1 2 a* 6 — Sac, can be resolved 

iaio factors ; thus 3 (4 a* i — 3 a c), or a (12 a 6 — 9 c), 
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or 3 0(4 a & — 3 c). In the last form tbe divisor | 
3 a ap|>ears as oae factor, and tbe ptber bctor 4ab — 3 e I 
is tbe quotient. 

Note. Any simple qaantity, wbicb is a factor of all ' 
the terms of any compound quantity, is a factor of the ; 
whole quautity ; aod that factor being taken out of all 
the terms, the terras as tbey then stand, taken together, ' 
will form the olber factor. 
20. Divide 8 o* 6» — 16o* 6" c by 2 at — 4 a' c. 

So* A^ — lGa»b*c = 4ab* (2o6 — 4o»c,) 

jim. 4ab*. 

SI. Divide Sabc— I5ab'd + 9a''hd* by 3a&. ' 

Ans. c — 5 6 d + 3 o» rf». 

22. Divide 15 o» 6 c — 30 d • c* + 25 o» c d 

by 5 a* c. j 

23. Divide 36 tt" 6» c — 28 a> > ft* c» + 40 a* b' c» ' 

by 9 a' —7a*b'c + l0a*b*cK ' 

24. Divide 42 a' — 84 a" 6» c by 1 — 2a^b* e. 

AlgAraie Inactions. 

XV. When tbe dividend does not contain tbe same 
letters as (he divisor, or but part of those of tbe divisor, 
tbe division cannot be performed io ibis way. It can 
then only be expressed, Tbe usual way of expressing 
division, as has already been explained, is by writing 
tbe divisor under the dividend in the form of a fraction. 

Thus a divided by b is expressed -v-. This gives rise 
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to fractions in the same manner as in arithmetic It was 
shown in anihmetlc, that a fraction pr»perly expresses 
1 quotient. Algebraic fractions are subject lo precisely 
thesamerulesas fractions in arithmetic. Many of the ope- 
rations are more easily performed on algebraic fractions. 

Id these, as in arithmetic, it must be kept in mind, 
that the denominator shows into how many parts a unit 
is divided ; and the numerator shows how many of those 
parts are used ; or the denominator shows into bow 
many parts the numerator is divided. 

I shall here briefly recapitulate the rules for the ope- 
rations on fractions, referring the learner to the arithme- 
tic for a more full developement of their principles. 
c- 3 6 

a ia 

3 times -r = —r—. 

c times -r- =-T— 

$ of 7 is V ; fo"" i of 7 is ^, and | is 3 times as 
much. I of a is V; for ^ of a is ^, and ^ is 2 timee 
as much. The -J part of c is -^ ; for ■^ of e is -y, 
and -2- is a times es much. 

Hence, lo multiply ajraction by a whole nuttier, or a 
uhde number by a fraction, multiply the numerator of 
the fraction and the whole number together, and dtvidt 
iy the denominator. Arith. Jlrtielet XV. b XVI. 
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Examples. 

1. MuHiply i±i by 2. ^m. ^^±H. 

2. Multiply 



3. Multiply 



4. Multiply 



ac 


by 6i. 


.^ns 


3ai</ + 2fr»rf 




ac 


36c — So 
6a — 13c 


by 46". 


^ns. 


lat'c- eat" 
6a — 13 c 


iab~bc 


bv 5ae + 3c'. 



2a + 7x*' 
i>tt>uio» o/" fVae(»otu. 

1. Divide ^ by 2, or fiod 4 of 

4a . Sa 

■—. Ant. --. 

7 7 

2. Divide — by a, or fiod - of 

il ^„. 1. 

c c 
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3. Divide — r- by da, or find — 

of i^. ^™. 5f,'. 

ca G(i 

4. Divide 7 byt 2, or fiad J of t- 

This cannot be done like tbs others, but it may be 
lone by multiplying ihe denominator t.% in Aritli. Art. 
IVIl. For the fraction J denotes, that one is divided 
■1(0 as many equal parts as there are uiits in b, and ihat 

many of these parts are used as there are units in a; 

that a is divided into as many equal parts as there 
IK units in b ; hence if it be divided into twice as many- 
parts, the parts will be only one half as large, and the 
hcdon will have only one half the value. 

Hence ~ divided by 2, is ^. 
So — divided by d, is —^ 

5. Divide y by 4 d. Am. - -■ 

Hence, to divide ajractiott by a tehole nunt&er, divuk 
<*< numerator ; or when that cannot be done, multiply 
^ denominator by ihe divitor. 

6. Divide — j- by 3 a. 
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XVI. 


». Divide 


3dm 


by 




3 a' c. 


9. Divide 


3f 
Sac 


by 




i' ' 


10. Divide 


76t 


b, 




3. 


11. Divide 


4ac 


by 




5. 


13. Divide 


nncd 


by 




2 6m. 


13. Divide 


13o4 
bed- 


by 




3c>d. 


14. Divide 


21 mr 


by 




Sa'cb. 


IS. Divide 


3a-ib 
Sic 


by 




Sad, 


16. Divide 


lain— 136 


i 


by 


3ab, 


2oJ— 5fc* 




17. Divide 


12acii 




by 


7»»'. 


18. Divide 


17c — 33P» 
J«'»-7»> 




by 


4 «■ + 3 ». 


19. Divide 


37od 
46 + 3:e 


by ib — a'n. 


20. Divide 


J« — i 


— b. 


r 7 


a + icd—l. 
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21. WlMtis|of^; lof— is ^ and 4 is 

twice as [nuch, that is — . 

32. What is ihe - part of -j- ? -^ of — is — , 

and -^ is a times as much, that is ^, 
ft bd 

Tha, i=, -^ X I = H- 

Hence, to multiply one fraction hy another, multiply 
ike numerators together for a new numerator, and the 
denominators together for a new denominator. 

AHth. Art. XVII 



2D. Multiply 




by 


^- ^- 


». Hultiplr 


4*7 


by 


3am 
Bc»n' 


S5. MuWply 


ISanx 
i34rj 


by 


3ai» 


26. Wbal is 


2o»m 
bed 


of 


3/»i 


SJ. Wbal is 


9ox' 


or 




28. Mulliply 


9a 
36 + . 
Id 


by 


8ac — St 
5(i6 
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Atg^a. 



iae + 3 



^- ^"'''P'y 6tHS '•y J7 



.Ly- 



We have seen ihat a fraction may be divided by 
tauliiplying its denominator, because the parts are made 
smaller ; on the contrary, a fraction may be multiplied 
by dividing its denominator, because the parts are mada 
larger. Aritb. Art. XVIII. If the denominator be di- 
vided by 3, the unit is divided into only one half as 
many parts ; consequently the parts must be twice as 
large as before. If the denominator be divided by 9, 
■the ofiit is divided into only one fifth as many parts ; 
hence the parts must be five limes as large as before, 
and if the same number of parts be used as at first, ifae 
falue of the fraction will be five times as great, and 



32. Multiply IJ- by 9. An*. ^^. 
$3. Multiply ^ by i. 

If we divide the deBomlnator by b, the fract'iDn be- 
comes -I in which a is divided Into ^ pirt as many 

parts ; heace the parts, and consequendy the frac- 
^«a u h times as laq^ u before. 
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34. Huhiplf 


3a 

ST. 


br 


2e. 




35. Multiply 


no* 

32c»rf 


by 


Sc'i. 




36. Multiply 


16 


by 


Tom". 




31. MulUply 


ah 


by 


6mJ. 




38. Multiply 


3 

5<1 


by 


i. 




39. Multiply 


7 
8a6 


by 


at. 




40. MulUply 


3.t 
4<.6.-46 




by 


4 6. 


41. Multiply 


17 — 
16<»> — 12 


■ ibe 


7^ V 


41H. 


43. Multiply 




23 »n- 


-13 




^in^cd- 


-7 m' 
by 


'c + 42»' 


■tmf,. 



43. Multiply j by 5. 

Pividing tbe deaominator by 5 it becomes {, or 3, 
Multiply ^ by 8. 

Dividing th? denominator by h it becomes ?, or it. 
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44. Multiply 1^ by 5 6 d. Am. ^ = 3ae. 

In fact r muUiplied by A is t = 1, and r being a 

times as much as -, must give a product a times as 

large, or a times 1, which is a. 

Hence, if a fraction he multiplied by tit denominatofg 
the product wiU be the numerator. 

45. Multiply ''"'J' by 56 A 

46. Multiply JL by 36 c. 

47. Multiply -^^ by 4 6m». 

48. Multiply '""'y' by 6dn«». 

49. Multiply '^''^~"' by 17 a». 

50. Multiply ^IqI"^^^' by 10 a 6 — 2 e. 



Two ways bare been shown to multiply fractions, 
«nd two wuys to divide them. 
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To mvitiply a fraction,} i*:«7„ ( (Ae ««»nera<or. 
To divide a fraction, J '^^^P*y [ ike denominator. 
To dimde a fraction, > j:~^g S '^* numerator. 
To muUiply a fraction, ) \ the denominator. 

Arith. Art. XVIII. 

Reducing Fractions to Lower Terms. 

XVII. If both numerator and denominator be mttlti' 
ptiedby the fame nwnber, the talae of the fraction wUl not 
be aitered. Arith. Art. XlX. 

For, multiplying the Duniflrator multiplies the frac- 
tion, and multiplying [he denominator divides it ; hence 
it will be multiplied and the product divided hy tb« 
multiplier, wliich reproduces the multiplicand. 

In other words, t signi6e3 that a contains b a cer- 
tain numher of times, if a is as large or krger than b ; 
or a part of one time, Mb is larger than a. Now it ia 
evident that 2 a will contain 3 b just as oAen, since 
both numbers are twice es large as before. 

So dividing both numerator and denominator, bolk 
divides aod multiplies by the same number. 

- _ g X 3 _ 6 „1_X_5__ ^ _ 3 Xi _3 h 
*~8x6~10~7X6~35~6xt 6*' 

a_ia^f>a_ae_iaed 
%~~Th~ bb~be~%bed' 
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Hence, if a fraction cootain the same factor both in 
(he numerator and denominator, it may be rejected in 
both, tfaai is, both may be divided by tL This is called 
reducing fractions lo lower terms. 



to its lowest terms, ^nt. 



4. Reduce " ^ to its lowest terms, 
lo its lowest terms. 



13o»6»3 



-85 



6. Reduce ^ , , , ' ^^ - ^ -t to its lowest terma. 

—J to its lowest 



87 ms I — 64 1 



8. Divide 35 a* 6 m* » ' by 7 a» n m* x. 

fVrite the divisor under the dividend in the form of 
a fraction, and reduce it lo its lowest terms. 
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9. Divide 27 6»my» by 2lb*m'tf. 

Jim. 



9y' 



-lO. Divide 56ftr*y by Ib'ny*. 

11. Divide 54m»ttr*y by 366iny*. 

15. Divide IQc^dmx* by GScm'rx*. 

13. Divide llbrsy' by I5rfy. 

14. Divide J28o*c*ra» by 48 a* mr^x*. 

16. Divide 17aca; by ISoc'**. 

16. Divide 28o»cy by 14a«y». 

17. Divide 36a*t»'y by 54o*my', 

18. Divide 75 a» 6 y* by 36 a» «• y* ir. 

19. Divide o + 6 by 2c — d. 

20. Divide 2a*c — 7a'6c + l5a*cd 

by 13 a» c rf. 

21. Divide 18a» m* — 54a* m» +42a» m* 

by 30 a* m' d — 12«* cm*. 

23. Divide (a+ft) (13ae+6c) by (m* — c) (a+ft). 

23. Divide 3 c* (a — 2 e)» by 2 ft c» (a — 2 e)«. 

24. Divide 36i»c« (2« + rf)* (7ft — rf)» 

by 12i'(3o + (r)»(7 6— iO'C*— ^• 
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Jidt^Hon end SMbiraeti<in ofFraetiotu* 
XVIII. Add togetber j snd ~ aad j. 

This addition may be expressed by wriiiog the 
fractions one alter tbe other with the sign of addi- 
tion between them ; thus t + j + f 

N. B. When fractions are connected by the signs -f* 
and — , the sign should stand direcdy in a line with tbe 
line of tbe fraction. 

It is frequently necessary to add the numerators to- - 
gflther, Id which case, the fractions, if they are not of 
tbe same deaominatioo, must first be reduced lo acotn- 
mon deoominator, as in Arithmetic, Art. XIX. 

1. Add together - and - Am, — — = -. 

3. Add together ^ and | 4ns. - jf . 

3. Add together — j and —j. 



3a + 2a Bm 



Am. 

4. Add together —^ and ^^ Am. -^-j-, 

5. Add togetber \ and \. 

L ;..: i:, C00t^l>J 
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These must be reduced to a common denominator. 
It has been shown above that if both numerator and de- 
DOminator be multiplied by the same number, the value 
of the fraction will not be altered. If both tbe nume- 
lator and denominator of the 6rst fraction be multiplied 
by 7, aud those of tlie second by 5, the fractions be- 
come IJ and ^J. Tliey are now both of the same de- 
aomination, and their numerators may be added. The 
iQswer is ^^. 

6. Add together ^ and -. 

Multiply both terms of the first by d, and of thv 
Hoond by 6, they become t^ and -jA- The denomi- 
nators are now alike and the numerators may be added. 
The answer is ~ — X- — -. 



7. Add together ~, 1 y, and |. 

In all cases ike denominators wiK be alike ij both 
ttms of ea^h fraction be multiplied by the denominators 
of all the others. For then they will ail consist of the 
same factors. 

Applying'this rule to the above example, the frac- 
«... b».„,e f^A il«, '^J. .„d 54^. 

6 dfli' bdj/i b dfh b dfk 



Il» AlgtrU. XVIIl 
8. Add togelher jj^ »d -^ ^„.__IL^ 

It was shown in arithmetic, Art. XXIt, tbat a com- 
mon denominator may frequently be found much small- 
er than thai produced by the above rule. This is niucit 
more easily done in algebra than in acitbmetic. 



9. Add (OKether t^, , — , and J-. 

"^ be* be eg 



Here the denominators will be alike, if each fae muN 
tiplied by all the factors in the others not common to 
itself. If the first be multiplied by &g, the second by 
e*g, and the third by bee, each becomes be* eg. 
Then each numerator must be multiplied by the same 
quantity by which its denominator was multiplied, that 
ibe value of the fractious may not be altered. The 

Iraciions then become j"'^ -- l^ . ■ ■ ^- , and ' , - . ■■ 
be'eg bc'eg eb*t_g 

10. Add together ~°- - ud iif . 
bt idg 

•11. Add together ^, '' ,„d £J. 
Zr 3 t^ 

12. Add together .1^ nod -ji^. 

13 Add together Jt^, ~, and ~-. 
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14. Add together *" 

15. Add tcgethei 
I 16. Add togethei 

17. Add togethej 

18. Add togetbei 

19. Add togethei 

30. Add logeiber 

91. Subtract t— ; from j-r-. 

This subtractjoo may be expressed iba^ . 



llf. ..J 13 


c<<. 




'/", .od 1 


ae — 


-5J. . 




>od 


lloe — 5 


16fl»m<; — 2o 


i .. 


I«»c 


T.m'i' 


" Sim- 


13a>4 — Je 


uid 


7ofc + 8« 


4«4 • 


il+i6a» 



Bat if they are reduced to a common denominator, the 
I may be subtracted. 
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32. Subtimet -^-^^ from ^-^ . 



T t» irt> * 



Srar 



24. Subtract =-= from r. 



25. SubOact - ■ J *; - from 
■ from 



5 «.» 6»' 



37. Subtract ■■ "^ ^ from ■ J^*^ . 
S8. From 13 a c + i c subtract 

29. From ■ ■- subtract 

„ Had . 9o5 — : 

SO. From -^-f-f subtract — -^ 



Solution. . 

ilad 2o6d — 3m'c _ (g7ff(fi4&'e' 

ibc'(iabd — 3m'e) _ 108 o 6' e' ^ 

2 6c»(4fc» c*) 8 6' c« 

4ff6ac'tt — 6 6e'm* _ l0eot*t'd--4aA'cM+6ftc*ii>V 

~ a6Sc* 46^'ca 

which ia the answer. 

- ...Xoi.sic 
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4ah» r* d — 6be'm '. 
j.,1 — , was sub- 

i traded, the sign — was changed to +. See Art. VI, 
example 6th. 



31. From 



Subtract 



bnx^ — lOadx 



XIX. Divition of whole numhert by Fradiom, and 
IVactioTu by FracXiona, 

1. How-manjr times is 4 contained in 7 ? 

Jru. 4 >s contained in 7, 35 times, and | is contained 
4 as many times ; that is, y or 1 14 times. 

3. How many times b { contained in a ? 

Ant. 4 is contained in a, 8 a times, and 4 is contained 
4 as many times ; that is, y 
II 
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3. How many times is -r cootaioed in c ? 

Ant. , is conieiDed ( e times ic c. and ^ is contaiD- 
6 6 

,1 . . fcc 

«d - as maoy times : ibat is, — . 

a ' 'a 

Arith, Art. XXIII. 

4. Of what Dumber is c the j- part? 

^M. If c is the T part of some number, -will be- part 

•f the same number, and - is ■; part of — . 
a b' a 

Arith. Art. XXIV. 

Hence to divide a whole number by afractum, mvlti- 
fly it by the denominator of thefiaction, aitd divide the 
product by the numerofcr. 

How many limes is 4 contained in -}. 

Solution. Reducing them to a common denominator, 
I is ^£, and ^ is j}. 1$ is contained in ^ as many 
times as 34 is contained in 35 ; that is, |4 or 1^^. 

Am. lj|. 

6. How many times is 7 contained in -^ f 
ShliUion. Reducing them to a conimoD denominator, 
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many limes as a if is conlained in be ; that is, — -=. 

7. Of what Dumber is -5 the j part ? 
Solution. If Tj is the T part of some number, part 
of 5 is J part of that number; -part of ^ is — ^au^ 

e . 1 , be « be 

— i IS r part of —, Am. — . 

ad b '^ ^d ad 

Hence, to divide a fraction by ajraction, multiply the 
numerator of the. dividend by the denominator of the di- 
visor, and the denominator of the dividend hy the nume- 
rator of the divisor. 

Or more geoerally, wAen the divitw is a Jraction, 
mtdiiply the dividend (whether whole number or fraction) 
by the divisor inverted. Arith. Arts. XXIU. and XXIV. 



8. Divide 


Sah 


by 


9. Diiride 


13 a 


by 


10. Divide 


17 am 


by 


11. Divide 


act 


by 



„., Google 
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12. Diride Sax bv ^"**" 

13. Divide 2ac — bc by — . 

14. Divide nax*—2bx + cx by ^3a6^— a»^ 
J5, Divide 11 B4'» — ar by if___. 

16. Divide -^ by ^. 



IT. Divide 


3^ 


by 


1^- 


18. Divida 


17 a* m 

6.. J. 


br 


3o«n* 


19. Divide 


35i>m.- 


by 


46a'n»» 

91 AS,„e„- 



21 65 ,„e y- 
SO. Divide li^ilif by '^"^-^"^^ +'^ . 

2J. Divide ... '"" -..■. ^ — by ?.*"? ?-. 
2am + Soar ' 2a + 3<:d 

- t;«'8i': 
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XX. Dimsion of Compound ^uaniUtes. 

Sometimes division may actually be performed when 
botti divisor and dividend are compoiiad quantities. 
Since division is the reverse of nuiti plication, the pro- 
per method to discover how to perform it, is to observe 
bow a produa is formed by aiuliiplication. 

Multiply So* i— 3o»6'c+a6»c» 
by 4a' b' +9abc 

Observe that ea^h term of the multiplier is multiplied 
separately imo rtcfa term of the multiplicand. The 
product lhereC)re must coosisi of as many terms, as 
there are in iiotb the multipHcaod and multiplier.' If 
the product be divided by the multiplicand, the multi- 
plier murt be reproduced, and if by the multiplier, the 
multiplicand must be reproduced. 

Tie three terras 8 a' b' — 12 a* b*c + 4 o» b* c* of 
the product were produced by multiplying the three 
terms of the multiplicaod by the 6rst terra of the multi- 
plier, 4 a* 6'. Therefore, if these three terms be di- 
vided by 4 a* b', the quotient will be the multiplicand. 

Agaio, the three terms 

4a*b* c— 6a»6'c» +2a'b*c' 
of the product were formed by multiplying each term 
of the multiplicand by 2 a 6 c. Therefore, if these three 
terms be divided by 2 a 6 c, the quotient will be th« 
multiplicand. 

11* 
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Hence we sec that the whole divisioD might be per- 
formed by aoy one term of the divisor, if all the terms 
of the dividend wVich depend on that term and the 
quoiieot could be aicerlaioed. This cannot often be 
done by inspection ; fi>r in many products, though at 
first there are as many t^rms as there are in the multi- 
plicand and mulliplier logyher, some of the terms ate 
united together by addition or subtraction, and some 
disappear entirely. Even f. all tlie terms did re- 
main entire, they could not be e^ily distinguished. 

However, one term may always be distinguished, and 
from it one term of the quotient ma^ be obtained. 

Divide 4a*--9a* b* +Oab^ — b* 

hy 3fl» — 3a6-f6». 

First, it is evident that the highest pow«r of eiiiier 
letter in the dividend, must have been proiuced by 
multiplying the highest power of that letter in fie divi- 
sor by the highest p6wer of the same letter in tbt quo- 
tient i for in order to produce the dividend, each t^nn 
of the divisor must be multiplied by every term of tfie 
quotient Therefore, if 4 a* be divided by 2 a* it must 
^ivea termof the quotient. Or, if — b* be divided by 
i* it must give a term of the quotient. Let the quantities 
be arranged according lo the powers of the letter a. 
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Dividend. 
4a« — 9a»6«+6o6' 



Dividon of Compound Quantitiet. 

r- 



6a«6— lla»t»+6«6* — 6* 



— 9a«i» + 3a6' 

— 2a*b* +3ab^ — b* 



I divide 4 a* by 2 a*, which gives 2 «• for the first 
term of the quotient. Now in forming the dividend, 
every tercn of the divisor was multiplied by this term 
of tbe quotient, therefore I raultiplji the divisor by this 
terra, by which means I find all the terms of the divi- 
dend, which depend on tbb term. Tbey are 

4a* — 6a»6 + 2<i»6». 

Here is a term 6 a' b which is not in the dividend, this 
must have disappeared in tbe product. Tbe term 
2 a' b* is not found alone, but it is like 9 a* b* and 
must have disappeared by uniting with some other 
term to form tbaL I subtract these three terms from 
the dividend, and there remains 

6 a* ft —11 o' i' +6a6* — J*, 

which does not depend at all on the term 2 a* of the 
quotient, but which was formed by multiplying each 
renaining term of the quotient by all tbe terms of the 
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divisor. This then is a new dividend, and to find ihe 
nesi term of the qnoiiem we must proceed exacily as 
before; that is, divide the lermofthe dividend containing 
the highest power of a, which is6n' b, by 2 a' of the di- 
visor, because iliismust have been formed by muhiplyiog 
3 a* by the highest remaining power of a in the quotient. 
This gives for the quotient + 3ab. I multiply each term 
of the divisor by this, and subtract the product as before, 
and for the same reason. The remainder is 

— 2a'6 + 3a6« — 6*, 

which depends only on the remaining part of the quo- 
tient. The highest power of a, viz. 2 a' b*, must have 
been produced by muliiplying some term of the quo- 
tient by 2 a" of the divisor ; therefore I divide hy this 
again, and obtain — b* for the quotient 1 multiply by 
this and subtract as before, and there is no remainder, 
which shows that the division is completed. 

By the above process I have been enabled to disco- 
ver all the terms of the divideud produced by mulii- 
plying the first term of the divisor by each term of the 
quotient. If both be arranged according to the powers 
of tiie letter b, and the same course pursued, the same 
quotient will be obtained, but in a reversed order. 

In the division the term, — 2a' 6» hasthesign — . 
Here we must observe that the divisor and quolieat 
multiplied together must reproduce the dividend. 

If -f-a6 he divided by +a, the quotient must be -f i, 
because -(- a X + 6 gives -f- a 5. 
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If — a & be divided by + a, the quotient must be — 5, 
icause +a X — b gives ^06. 
If +ai be divided by — a, the quotient must be 
— b, because — aX — b gives +ab. 

If — a & be divided by — a; the quotieat must be 
+ b, because — ax +b gives — ab. 

The rule for signs therefore is the same as in multi- 
plication. 

When the signa are alike, that is, both + or both — , 
the sign of the quotient must be + ; but token the lignt 
ore unlike, that is, one + and the other — , ike lign of 
the quotient must be — . 

By the reasoning above we derive the following rule 
for divisioD of compound numbers. 

Arrange the dividend and divisor according to the 
powers of some letter. Divide the first term of the divi- 
dend by the first term of the divUor, and write the result 
ia the quotient. Multiply all the terms of the divisor by 
the term of the quotient thus found, andsvbtract the prO' 
duct from the dividend. The remainder will be a neu> 
dividend, and in order to find the next term of the quo- 
tient, proceed exactly as before ; and so on until there ts 
no remainder. 

Sometimes, however, tliere vrill be a remainder, such 
that the 6rst term of the divisor, will not divide either 
term of it; in which case the division can be continued 
no farther, and the remainder must be written over the 
divisor in the form of a fraction, and annexed to the 
quotient as ia arithmetic. 



C3.ifKi:,CiOOt^le 



130 Alge&ra. 

DivideSa* — Ila*i+Ila'6» + I3a»6« by 2a- 



8o» 


— a*b 


a*—b 




+8J 




— 10a*6+lla*6»+13fl«6* 




6B»i»+13a»6» 




16a*ft» 






8o6' 
6oJ«— «J< 



46'. 

In this example, the division may be continued uDlil 
the remainder is 4 6', which CBBDot be divided by a, 
therefore it must be written overthe divisor 2 a — 6 as a 
fraciioD and added to the quotient. 

Examples. 

I.Divide ii'+ZoJj+a' by a + x* 
a. Divide a* — 6" by a+b. 

3. Divide b* +2b*x + x* by 6* + x. 

* Let the Icanier prove hii results b; mallipUcation. 

- t;«,gic 



Equation. ISt 

Divide «* — jr» by x* +a;y + y*. 

'f. Divide x^ — y' by x+y. 

Divide 15o»+2a6 — 86» by 3a— 26. 

Divide ^^ — 3xy' +y' by x — y. 

B.Divide a*— 9a»+27 by 9 — 6a+o». 

S. Divide 4a*— 3 — 9a"+6o 

by 3x—l +2a*. 

0. Divide a*—x* by a' — o* a: +aa;* — «'. 

11. Divide Gx* — 96 by 3a;.u-6. 

12. Divide 4a» — aS by So — i. 

13. Divide 6o* + 9a' — 15a by 3a«— 3a. 

XXI. Equation. 

T The above rules are sufficieat to solve all equations 
|«f the first degree. 

; I. Find the value of z in the equation. 



3a — b 



abx - 



First, clear it of fractions by multiplying by the de- 
BDmiflators. 

Expressing the multiplication, we have 
(o b»x — 2 c) (3 a— i) (3) — (2 ? c) (5 a) (3) 
= (a 6 0.) (5 a) (3 o - J) (3) - (6» «) (5 a) (3 a — A). 
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Performing the mulliplication it becomes 

I 
9a*b* x—iBac* — 3ab' x + Qbe—ZO a* c 
= 45o*4 x — 13 a' 6';!: — 15 a* b' x + bab^ x. 

Transposing all the terms which contain x into th« 
first member, and those which do not contaio it into 
the second member, it becomes 

9ii»J'x — 3a(i*cr — 45a'te+15ffl'6*i+l5a»J*j^ — bah^x 
= 18 o c» ~ 6 i c + 30 a» c. 

Uniting the terms which are alike j 

39a«6»ir~8«6»a: — 45a'ba'= 18bc«— 66c+30o«c. 

Separating the first member into factors 
(39a'4»— 8a6"— 45a«6)a:= ISoe'— 66c+80a»c, 

. . . . 18ac»— 66c + 30<i>c 

Tvhich gives X = 39^,i»_8«i»_45a'6 - 

2. Find the value of x in the following equatioa ; 



13a — 5- = 2ca: + rf. ^ns. x=- 



4<:»+6 

3. What is the value of x in the following equation f 

2o , ., , , of — 2o — 4fr»c 

r — 3— + 46c = ae. Aiu.x=. — .;— j — -— j — -. 
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4. Wfaat is the value ofx in the foliowiog etjuation? 

5. 'What is the value of ;r id the foliowiog equation? 
7abx _, a — 3tt 



XXll. Miscellaneout Examplet produdng SimpU 
£gualions. 

1. Amerchantsentarenture to sea and lost one fourth 
of it by 3hipnreck ; he then added {2350 to what re- 
tnaioed, and sent again. Xbis lime he Lost one third 
of wbathesenL He then added $1000 to what re^ 
maioed, and sent a third lime, and gained a sum equal 
to twice the third venture ; his whole return was equal 
to three times his first venture. What was tbe value of 
tbe first venture f 

2. A man let out a certain sum of money at 6 per 
cent, simple interest, which interest in 10 years wanted 
but jC12 to be equal to the principal. What was the 
principal f 

3. A man let out £98 in two difierent parcels, one at 
5, and the other at 6 per cent, simple interest ; and the 
interest of the whole, in 15 years, amouoted to £8\. 
Wfaat were the two parcels 7 

12 
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4. A 8beph«rd driving a flock of sheep in time of 
war, met a company of soldiers, who plundered him of 
<me half the sheep be had and half a sheep over ; the 
same treatment be received from a second, a third, and 
a fourth company, each succeeding company plundei^ 
iDg; him of one half the sheep he had left and one half 
a sheep over. At last be had only 7 sheep \e(t. Hotr 
many had be at first? 

5. A man being asked how many teeth he had re- 
maining, answered, three times as many as be had kut; 
and being asked how many he had lost, answered, as 
many as, being multiplied into j- part of the number be 
had left, would give the number be had at first. How 
many bad he remaining, and how many bad he lost ? '■ 

Afier this question is pat into equation ewerj term 
may be divided by x. 

6. There is a rectangular field whose length is to its 
breadth as 3 to 2, and the number of square rods in the 
field is equal to G times the number of rods round it 
Required the length and breadth of the field. 

7. What two numbers are those, whose difference, 
sum, and product, are to each other, as the numbers % 
3, and 5 respectively 7 

8. Generalize the above by putting a, b, and c in- 
stead of 2, 3, and 5 respectively. 

Let X = the greater 
and y = the less. 
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Theo 




L 


* — >=?(* + ») 


2. 


v-y=^ xy 


3. by the first 


6i— 037 fi — a 


4. " " M 


»=.,+. 


h. b; 3d and 4lh 


«« + . 6 + a* 


ft. dividing by x 





7. clearing of fractions &c4-(ro = ota; — a'x+bc— 

8. by iransposition abx — a' x = 2ac 

9. from the 8ih (6 — a) a: = 2 c 

10. « = T^ 



6_.a 6+o" 

Solve the 7tb Ex. by these formulas; also try other 
numbers. 

9. When a company at a tavern came to pay tbetr 
r«9l(ouing, tl)ey found ib^t if there had been three per- 
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sons more, Uiey would have had a sbiUiag apiece less 
to pay ; and if there had been two less, they would have 
liad to pay a shilling apiece more. How many persons 
were there, and how rouch had each to pay l 

10. A sum of money is to be divided equally among 
a certain number of persons. Now if there were 3 
claimants less, each would receive 150 dollars more; 
and if there were 6 more, each would receive 130 dol- 
lars less. How many persons are there, and bow much 
is each to receive ? 

Jlns. There are 9 persons, and they receive 300 

dollars each. 

1 1. What fraction is that, to the numerator of which 
if I be added, its value will be ^i but if 1 be added to 
its denominator its value will be \. Am, •^j. 

13. What fraction is that, to (be numerator of which 
if a be added, its value will be —, but if a be added to 

its denominator its value will be '' f 
1 

Ans. Numerator '*P("' + ''\ 

Denomioator fJ^lLiii. 

mq — Hp 

Solve the lltb example by these formulas. 



C3.ifKi:,CiOOt^le 



XJtit; Miscellaneous Examples. 137 

13. What fractioD is thai, from ihe numerator of 

which ir o be subtracted, its value will be — , but if a 

be subtracted from its denominator, its ralue will be 



N. B. The answers to the ISib and 13ib differ 
oaly io the sigos of tbe denominators. Tbe learner 
will 6ad by endeavoring to solve particular examples 
from these formulas, that he will not always succeed. 
If in making examples for the 12th, he selects his num- 
bers, so that n^ is greater than ntj, tbe formula will 
isil; but if he takes the same numbers, and applies 
ibem according to the conditions of Ihe I3lh, tbey will 
answer those eondiiions. When m 5 is greater than np 
tbe numbers will not suit the conditions of the 13ih, 
but tbey will answer to (hose of ihe 12lh. Tbe num- 
bers in example 11th will not form an example ac< 
cording to the 13lh. Tbe following numbers will form 
an example for the 13th but not for the 12t)i. 

14. Wbal fraction is that, from the numerator of 
which if 3 be subtracted, its value wifl be ^, but if 3 
be subtracted from its denominator its ralue will 
be,',; 

The reason wliy numbers cboeeo indiscriminalaly 
will not satisfy the conditions of the above formulfts 
win be explained bereafter. 
13* 
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Equations teilh several unknown (Quantities. 

XXIII. ^uestiont inwlviag more than tuo unkaounf 
Quonlitte*. 

Sometimes it Is necessary to employ, ia ibe solution 
of a questioa, more than two unknowa quantities. la 
this case, the question must furaish conditions enough 
to form as many distinct equations as there are uDkuoira 
quantities. 

1. A market woman sold to one man, 7 apples, 10 
pears, and 1 2 peaches, for 63 cents ; and to another, 13 
apples, 6 pears, and 2 peaches, for 31 cents ; and to t 
third, 11 apples, 14 pears, and 8 peaches for 63 cents. 
She sold them each time at the same rate. What was 
the price of each 1 



et « = the 


price of aa apple, 






> = 


" a pear, 






z = 


^ a peach. 






Then we 


shaU hare 






1. 


7a;+10y + 


liz 


= 63 


S. 


13«+ 6y + 


3« 


= 31 


3. 


llx+14j,+ 


8«^ 


= 63. 



The second being multiplied by 6, the z will have 
the same coefficient as in the first. 
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4. 78i + 36y + 12a:=186 
J. 7x ■■- lOy 4- \2z ^ 6S 

5. 7iT+26y * =li3. 

If the senond ht; multiplied by 4, the 2 will have th« 
same coefficient as the 3d. 

6. 62x + 24y + 82:=124 
3. lliTJ 14y-»-8a:= 63 

7. 41a!+10y * = 61. 

We have now the two equatioas 7 1 « -f. 36 y = 133 
and 41a:-f.l0j(= 61 

which contain only two unknown quantities. These may 
now be reduced in the same manner as othera with two 
unknown quaniiiies. 

Multiplying the Sth by 5, and the 7th by 13, the CO* 
efficient of y will be the same in bcth. 

8. 355;r + 130y = 615 

9. 533j + 130y:=793 
10. 178 a; * =178. 

We have now found an equation containing only one 
unkuowu quantity. 

178 a^ = 178 
x= 1. 

Putliog the value of x into the 7ih, it become 
41 + 10yss6I 
lOysSO 

y= a. 
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Patttog the raluea of x ind y into the 3d, it becomes 
13 -f 12 -f. 3 z = 31 

9x= 6 

2=3. 

An*. The apples 1, ihe pears 3, aad the peaches 3 
ceo IS each. 

lo ifae same wi a niitf, tftwstioin, tart^iDg four un- 
knowa quantities, may be solved. First combine tbem 
two by two till one of ibe unknown qusntiiies is elimio' 
ated from the whole, and there will be three equatii»s 
with three unknown quantities. Then combine these 
three two by two, until one of the unkaown quantities 
is eliminated, and then there will he two equations widi j 
two unknown quanlllies, and so on. 

Either of Hie methods of eliminatbn may he ased as 
is most couvenient. 

It is not necessary that all the uoknown quantitiea 
ahould enter into every equation. 

3. A market woman sold at one time 7 eggs, 13 ap- 
{des, and a pie for 36 cents i at another time 13 eggs, 
16 pears, and 3 pies, for 69 cents ; at a third lime 20 
pears, 10 apples, and ITeggsfor 69cents;andat afourtb 
time, 7 pies, 18 apples, and 10 pears for 66 cents. 
Each article was sold, at every sale, at the same price 
as at first. What was the price of each artide I 

liet u = the price of an egg, 
« = ** ** an apple, 

y _ <1 II a pig^ 

a = " " a pear. 
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1. TU+12X+ y = 36 

2. Iiu+I8z+ 3ys=69 

3. 17a + 20« + 10a! = 69 

4. 10«+18a!+ 7y = 66. 

5. In Ihe 1st, y = 26 — 7 u — 12 «. 

Pulling this value of y into tlie 2d and 4Ui, tbe^ be- 
oome 

6. ]2u+18« + 78 — 2I« — 36a: = 69 

7. 10«+I6a! + I82 — 4911 — 84 a; = 66. 
Uniting and transposing terms 

8. 182— 9u— 36a;=— 9 

9. 10 z — 49 u — 66* = — i 16 
3. 202 + I7tt + lOa;- 69. 

If the 9tb be multiplied by 2, (be coefficient of z will 
be the same as in the 3d } 

10. 302 — 98u — 133« = — 332. 
Subtracting lOtb from Sd 

3. SO 2 + 17 « + 10 X = 69 

10. 20 2 — 98«— 133j; = — 232 



11.* * I15«+ 143x = 30l. 

If the 8th be multiplied by 5, and the 9lh by 9, tbB 
coefficients of z will be alike. 

12. . 902 — 45«— 180« = — 45 

13, 902 — 441 u — 594a; = — 1044. 

Sublracliog )3th from 12tb 

* If Uie tearoer is at a loss bow to aulitrsct — 933 fran A9. let hin 
tnntpose both into the fint member, or bodib terug from (be fini 10 
tbe Kcond. 
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14 396 tt + 414* = 999. 

Deducing the ralue of a; from lllb,and also from 14lh 

301— 115 m 
15. x= — 



16. x^- 



414 

Makii^ these Y^ftes of x equal, we have an equation 
coniaiBiDg only one uokoown quantity. 
9 99 — 396 m _ 301— 116m 
' 414 " 142 ' 

This equation solved in the usual way gives 

« = S. 
Ptttting this Tklue of « iato the Ifith or Iddi, we 
■haUfiod 



Putting these values of a: and u into the 1st, 2d, or 
4th, and we shall find 

, = e. 

PuttJDg the Yalues of « and « into the 3d, and we 
abiUfind 

JSm. Egga, 3 cents each, applea, i cent, pears, U 
cent, and pies, 6 cents. 

In this example, three different methods of eliinina- 
«on »»te employed. This »as not necessary i oiihei 
method might have heen used for the who)?. h« 
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sometiRies cODvmieat to use one, and sometimes the 
other. 

3. There are three persons, A, B, and C, whose 
ages are as follows ; if B's age be subtracted from ^.'s, 
the diSerence will be C's age ; if five times B's age 
gnd twice C's age be added togetber, asd from their 
sum A's age be subtracied, the remaiader will be H7 } 
the sum of all their ages is 96. What are their ages ! 

4. Three men A, B, C, driviag their sheep to mar- 
ket, says A to B and C, if each of jroj will give me 5 
of your sheep, 1 shall have just half as many as both of 
you will have left. Says B to A aud C, if each of you 
will give me 5 of yours, l)halt hare just as raauy as 
both of you will have left. Says C to A ao^ B, if each 
of you will give me 5 of yours, I shall have just twice 
as many as both of you will have left. How many had 
each ? 

5. It is required to divide the number 73 into four 
such parts, thai if the first part he increased by 6, the 
second part diminished by 5, the third part multiplied 
by 5, and the fuurih part divided by 5, the sura, differ- 
ence, product, and quotient shall all be equal. 

An*. The parts are 5, X5, 2, and 50. 

6. A grocer bad four kinds of wine, marked A, B^ 
C, and D. He mixed together 7 gallons of A, 5 gal- 
lons of B, and 8 gallons of C, and sold the mixture at 
{i.3l per gallon. He also mixed together 3 gallons of 
A, 10 of C, and b of D, and sold the mixture at $1.50 
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per gallon. At uioiher time he mixed 8 gsllons of A, 
10 of B, 10 of C.aad 7 ofD, and sold the whole for 
}48. At another lime be mixed together 16 gallons of 
A, and 15 of D, and sold the mixture for $48. What . 
nas the value of each kind of wine ? 

7. Find the values of u, x, y, and z, in the fcdiowing 
equations. 

«_3y43z = 5» 
3*— 10 — B=4y — 766 ' 
3u+ z — y = 80 
y + 12 — 3x + liu = 756. 

8. Three persous, A, B, and C, talking of their mo- 
ney, says A to B and C, give me half of your money 
and 1 shall have a sum d; says B to A and C, give me 
one third of your money and I shall have d ; says C to 
A and B, give me one fourth of your money, and I shall 
have d. How much had each ? 

^nt. As money — , Us , and Cs — -. 

■'11 17 n 

XXIV. Negative Exponents, 

It sometimes happens in the course of a calculation, 
through some misconception of ihe coodilions of the 
question, that a quantity is added that ought to baye 
been subtracted, or a quantity subtracted which ought 
to have been added. In this case, algebra will delect 
the error and show how to correct it. 
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The length of b certa'm field is a, and its breadth J ; 
how much must be added to its length, that its content 
may be c ? 

Let X = the quantity to be added to the length. 

Then a -f- x = (he length after adding x. 

ai +bx = c 

bx = c — ab 



Suppose the length to be 8 rods, and the breadth 5 ; 
bow much must be added to the length, that the field 
may contain 60 square rods ? 

Here = 8, J = 5, and c = 60 



Ans. 4 rods, and the whole length will be 13 rods. 

Suppose the length 8 rods, and the breadth 5 ; how 
much must be added to the length, that the field may 
contain 30 square rods t 



The answer is — 2 rods. What shall we understand 
by this negative sign 1 
13 
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[jet us returo to the original equatioo. 

8xS + 5«s30 
or 40 -f. 5 X s 30. 

Here app«ara an absurdity in supposing sometbii^ to 
be added to 40 to make 30. The result shovrs ibat we 
must add — S rods, that is, subtract S rods, wbich is 
in fact tbe case ; for 

40 — 5 X 3 = 30. 

Let the question be proposed as follows. There is 
a field 8 rods long and b wide; how much must be 
subtracted from the length, that tbe field may eontaik 
30 square rods f 

40 — SxsSO 

xsi S 

The value of x is now positive, which shows that tbe 
question is correctly expressed. 

There is a field 8 rods long and 5 rods wide, bow 
much must be subtracted from the length, that the field 
may contain 50 square rods f 

40— 5x= 50 



Here again tbe value of « is negative, wbich show^ 
some ioconsbtency in the question. 
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The inconsistency consists in supposing that someUiing 
must be subtracted from 40 lo make 60, In order to 
correct it, suppose something added. That is, put into 
the equation + bx instead of— 6x. 

Hitherto we have treated of negative quantities only 
iu connexion with positive. They arise from the ne- 
cessity of expressing subtraction by a sign, because it 
cannot actually be performed on dissimilar quantities. 
They are only positive quantities subtracted, and in 
their nature they differ in nothing from positive quanti* 
ties. In Ihat connexion we discovered rules for operat- 
ing upoD the quantities affected with the sign — . 

It may sometimes happen as we have just seen, that 
by some wrong supposition in the conditions of the 
question, the quantities to be subtracted may beconit 
greater than those from which they are to be subtract- 
ed, in which case the whole expression taken together, 
or which is the same thing, the result after subtraction, 
will be negative. This is what is properly called a 
negative quaatUy. 

A negative quantity cannot in reality be ■ quantity 
less than nothing, hut it implies some contradiction. 
It answers lo a figure of speech frequently used. If it 
is asked, bow much a man is worth who owes five thou- 
sand dollars more than he can pay, we sometimes say 
be is worth five thousand dollars less than nothing, in- 
stead of changing the form of expression and saying, 
he owes five thousand dollars more than he can pay. 

If any thing is added to a number, properly speaking 
it must increase the number ; if we add nothing, it is not 
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altered. It is impossible to add less than nothing ; but 
hy a figure of speech we may use the expression, add 
a quantity leit than nothing, to signify subtraction. 

As these negative quantities may frequently occur, it 
is necessary to find rules for using them. 

Id the first place, let us observe, that all negativa 
quantities are derived from endeavoring to subtract a j 
larger quantity from a smaller one. The lai^est oura- 
bef that can actually be subtracted from any number, \s 
the number itself. Thus (he largest Dumber that caa 
be subtracted from 5 is o ; the largest number that can 
be subtracted from a is a itself. If it be required to 
subtract 8 from 5, it becomes S — 5 — 3 = — 3; th« 
5 only can be subtracted, the 3 remains with the sign 
— , which shows that it could not be subtracted. If 5 
be subtracted from 8, the remainder is 3, the same as 
in the other case except llie sign. 

In the same manner, if it be required to subtract h 
from a, b being the larger, the remainder will have the 
sign — , that is, a — b nill be a negative quantity. 

Suppose b — a = m ; then a — A = — m. That is, 
whether a be subtracted from i or i from a, the nu- 
merical value of the lemaiuder is ibe same, diSeriug 
only with respect to the signt 

It is required to add, the quantity a — t to c. 

The answer is evidently c + a — b. 

Now if a is greater than b, the quantity e + a — i, 
is greater than c, by the difference between a and 6> 
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' but if A is greater than a, the quantity is smaller than c, 
by the difference between a and b. That is, if 
6 — a = R), 
ihea a — 6 = — m 

and e + a — 4 = c — m. 

Hence, adding a negative quantity, is equiralent to 
subtracting an equal positire quantity. 

In the above example of the Geld, ,in which the 
length was 8 rods and breadth 5, it was asked, how 
much must be added to the length, that it might contaia 
30 square rods. The answer was — 2 ; which wag 
equivalent to saying, you must subtract S rods. 

It is required to subtract a — b from c. 

The answer is evidently e — a +i. 

Now if a is greater than b, the quantity e — a+h a 
less than c by the difference between a and b, but if b 
Is greater than a, the quantity is latter than c, by the 
same quantity. 

Let a — b^ — m wliiefa gives — • + b = » 

then c — u+b=e +m. 

Hence, subtracting a negative quantity, il equivalent 
to adding an equal positive quantity. 

In the example of the field, in which the length was 
8 rods and the breadth 5, it was asked, how much must 
be subtracted from the length, that the field night eon- 
tain 50 square rods. 

The answer was — 3 rods, which w«a equivalent to 
saying that 2 rods must be added to the length. 
13« 



..^sk 



150 AlgOra. XXIV. 

A is worth a number a of dollart, B ia Dot worth so 
much as A by a number b of dollars, and C is worth e 
times Bs much as B. How much is C wonh f 

B'b property = a — A. 

C's property = o c — be. 

Now if a is greater than b, the quantity ac — be 
will be positive ; but if b is greater than a, then a — b 
is negative, and also ac — bcis negative. 

Let b — a = m. 

then be — ac = cm. 

lind ac — be = — cm. 

or c (fl — A) = — cm. 

That is, if B is io debt, C is c times as much in debt. 
Hence if a negative quantity be multiplied by a posi- 
tive, the product is' negative. 

A gentleman owned a number a of farms, and each 
farm was worth a number c of dollars, which was bis 
whole property. He hired money and fitted out a num- 
ber b of vessels, and each vessel was worth as much as 
one of his farms. All the vessels were lost at sea. 
'Bow much was he then wonh. 

He was worth a — b times e dollars. That is, ac — be 
dollars. 

Now if the number of farms exceeded the number of 
vessels, he still had some property, but if the number 
of vessels exceeded the number of farms, (that is, if b 
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b larger tbao a,) the quantity a c — 6 c is negative, and 
he owed more than he could pay. 

Hence if a positive quantity be multiplied by a ne- 
^tive the product will be negative. 
Multiply o — b by o — d. 



Product ac — bc — ad -^bi. 

This product may be put ia this form. 

(a— fc)c + (6 — a)rf. 
Let it be remembered that a — h has the same nu- 
merical value a»b — a, they differ only iu the sign. 
Suppose a~-h ::: — m 

by changing all the signs h — a = +m 
Hence (o — 6)c+(6 — a)d= — cm +dm = m{d — c). 
Now if d is greater than c, (which is the case when 
c — d is negauve,) the quantity m{d — c) is positive. 

Hence if a negative quantity be multiplied by a ne- 
gative, tbe product will be positive. 

Another demonstration. Suppose both a-~-h and 
c — d to be negative, as before ; then h^a and d—-c 
will both be positive, and their product will be positive. 
6 — a 
d — e 



bd — he — ffld+ ac* 
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This product is precisely the same as that produced 
by mtilliplying a — b by e — rf. Therefore if two ne- 
gative quantilies be multiplied together, the product 
will be the same as that of two positive quaotilies of 
the same numerical value, and will have the positive 
sign. 

It is required to find the second power of a — b, and 
also of J — a. 

The second power of each is a' + 6* — Sab. 
Now if a — b is positive, then b — a is negative ; or 
if a — b is negative, then b — a is positive. 

Suppose a — h = m 

Iben 6 — a = — m 

we hare (« — 6)* = (6 — a)' = m'. 

That is, the second power of any quantity, whether 
positive or negalive, is necessarily positive. 

The rules for division will necessarily follow from 
those of multiplication. 

Hence the rules which apply to terms affected with 
the sign — in compound quantities, extend to isolated 
negative quantities. 

We might also derive the same rules in the r<dlowing 
manner. It has been siiown that a negative quantity is 
derived from some contradiction in ibe conditions of 
question, by which that quantity entered into Ibe equa- 
tion with the wrongsjgn. Now, in order to make it right, 
the sign of that quantity must be changed in all places 
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where it is used. That is, if it was before added, it 
must now be subtracted ; and if it was subtracted be- 
fore, it fDugt now be added, and that whetbec multiQlied . 
hy another quantity or not. 

Suppose we have the equation 

a X — 2x* — 2abx=ic — d. 
Now suppose that we have x = — m. 

This shows that x was used in alt cases with tlie 
wrong sign, therefore to insert — m in place of x we 
jnust change tbe sign in each term where x is found. 

Take the quantity first without x, ihus, 

First insert — m in the second term and it becomes 

a + 3m — 2a 6. 

Now insert — m into all the terms, and it becomes 

— am — 2 m* +2abm=e-^d. 

If — m be inserted by the rules found above, the 
same result will be produced. 

When a negative value has been found for the un- 
known quaotity, we have observed It shows that there 
was some inconsistency in the question. If then ihg 
unknown quantity be put again into the same equation, 
with the contrary sign, as we introduced — m above, 
that is, if the unknown quantity be taken with the ne- 
gative sign, and introduced by the above rules into alt 
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tbe lernis where it was found before, a new equation 
will be produced, differing from the former only io 
some of the signs. Then iftfae conditloDs of the question 
be altered so as to correspoad with the new equation, 
it will be coDsisIeot, and a positive value will be obtain- 
ed for tbe unknown quantity. The new value of the 
unknown quantity however will be tbe same as the for- 
mer, with the eiception of the sign. Therefore, when 
once we are accustomed to interpret this kind of re- 
sults, it will be unnecessary to go through the calculation 
a second time. 

The following examples are intended to exercise th« 
learner in interpreting these results. 

1. A father is 55 years old, and his son is 16. In 
how many years will the son be one fourth as old as 
the father ? 

Let X s= the number of years. 

64 + 4 « = 65 + a: 

3a:=55— 64=— 9 
« = — 3. 

Here x has a negative value, consequently it entered 
into the equation with the wrong sign. Pulling now 
—X instead of x into the equation, it becomes 

i6-. = 5£=f. 
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This shows thtt something must be subtracted from 
the present age ; that is, the sod was a fourih part «9 
old as the father some years before. 

This equation gires 



Therefore he was one fourth part as old 3 years be- 
fore, when the father was 52, and the sod 13. 

3. A man when he was married was 45 years old, 
and his wife 20 How many years hefore, was he twice 
as old as she I 



There is a wrong supposition in this questlOD. Pul^ 
ting — X into the equadoa it becomes 

» = ». 

This shows that she was not half as old as be when 
tbey were married, but that it was to happen 5 years 
af^rward, when the man was dO, and the wife 35. 

3. A labourer wrought for a man 15 days, and bad 
his wife and sou with him the first 9 days, and received 
f 14-25. He afterwards wrought 12 days, having his 
wife and son with him. 5 days, and received $13*50. 
How much did he reeeiVe per day himself, and how 
aiiich for his wife and son I 



C3.ifKi:,CiOOt^le 



150 Algebra. XXtV. 

4. A. labourer wrought for a man 11 days, and bad 
bis wife with bim 4 days, and received fl7-82. He 
afterwards wrought 23 days, having bis wife with him 
13 days, and received jj38-78. How much did be re- 
ceive per day for himself, and bow much did be pay 
per day for his wife ? 

5. A labourer wrought for a gentleman 7 days, hav- 
ing bis wife with him 4 days, and his sod 3 days, and 
received $7 89. At another lime he wrought 10 days, 
having bis wife with him 7 days, and his son 5 days, 
and received $L1'65. At a third time he wrought 8 
days, having his wife with bira 5 days, and his son S 
days, and received $7*54. How much did be receive 
per day himself, and bow much for bis wife and son 
severally ? 

6. What number is that, whose fourth part exceeds 
its third part by 16 f 

I = 1 + .6 . 
a; = — 192. 
The question as it was proposed involves sotne con- 
tradiction. Putting in — X it becomes * 

Changing all tbe signs 
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This shows' tbat the question should have been as 
follows ; What number is that, whose third pan exceeds 
its founh part by iOf 

7. What number is that, -^f of which exceeds 4 ^^ 
it by 18? 

8. What fraction is that, to the numerator of which if 
1 be added, its value wih be ^, but if 1 be added to its 
denominator, its value will be f ? 

9. What fraciioD is that, from the denominator of 
Tfhich, if 2 be subtracted, J ts value will be ||, but if 2 
be subtracted from its numerator, its value will be { ^ 



10. it is required to divide the number 20 into two 
such pans, that if the larger be multiplied by 3, and ibe 
smaller fay 3, the sum of the products will be 125. 

11. It is required to find two numbers, whose difier- 
ence is 25, and such that if (be larger be muhiplied by 
7, and the smaller by 5, the difference of their products 
shall be 215. 

XXV. Explanation ofJ^egatwe Exponents. 

It was observed above, tbat when the dividend 
aod the divisor were different powers of the same let- 
ter, division is iierformed by subtracti<ig the exponent 
of the divisor from that of the dividend : thus 
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Now - = 1. By ihe abore principle -=a'~*;= rf"; 
therefore a* =: 1. 

Alio ?^ = a*-» = o» = 1 ; J = 6"-^» = J* = 1 ; 

Tbtt ia, any quantity baring zero for its exponeot is 
tqua) to 1. 

-|. = a»-' =0-* ss — 

Hence it appears that a ~* has the same value as -, 
and a-* as -T. 
The quantities a', a*, a^, a*, a-*, «*", o"*i &c» 



On this principle the denominator of a fraction, or 
any factor of the denominator may be written m the 
numerator with the sign — . This mode of notation is 
often very convenient ; 1 shall therefore give a few ex- 
amples of its application. 

* EipoDGoti may be nied for conponnd qnantities as well as for 
rimple ; and ma I li plication and divis'oD maj, be jierformed on IhoH 
wbicb are Nmilar, by adding and ■abtracting Ike eiponenti. 



.Ccc.glc 



XXV. JVegiaive Exponents. 169 

2d Sah-i nil, 

1. Multiply r~i by 6* e. 

•a A 1 -*'» L> 2a6»e 2b.6» 
By t^e common ruJe — -j )( 6' c = - , ^^ = 

By the principle explaitied above, 

2. Multiply Sac-'d-'* by 3a»c*d*. 

3. Multiply 5a-»c-* by Sac", 

4. Multiply i^ by Sa'e'. 

fc. Multiply 2 « (6 + d)-' by 3a(fc + rf)*- 

6. Multiply j^^l^^^ by 8 c' (3 «-*'*)'• 

7. Divide — j by c'. 

By the coinmoQ method -^ -^ c* = — j. 

By the above method'Sac""* -*- c* = 3a«~'~* 
3a 

- 't;«'8i'^ 



= 3iIt-" = - 
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Or thus, to divide 3 a c~* liy r*, is the same as to 
multiply it by -j- or c~*, wliich gives the same re- 
sult. 

S.Divide ^^||_" by a*(2 6 — c)». 

9. Multiply 5^ by ^ 

— -j = 3ac~'d~' and -y-j = 4 e c ~* d ~* 

Mat 
Sac-'d-* X 4«c-*d-' = 12t(C-* d-*e = — T-jj. 



10. Divide -^-1 by -^i^ 






In this example the exponents to be subtracted bad 
the sign — , which id subtracting was changed to +. 



11. Multiply 



"■ M"'"* ' Soi-^,y •>? 



3(6c — rf)i 
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,3. Divide "-J";-'" by '"Z'-'^' . 
14. Divid. '•<"" + ■'/>' by 5i<'^m'. 

XXVI. £xaminah'on of Genernl FormuJat^ 

When a question has been resolved generally, that is, 
by representing the known quantities by letters, we 
sometimes propose to determine what values the uq- 
known quantities nil) take, for particular suppositions 
made upon the known quantities. 

Xbe two following questions offer nearly all the cir- 
cumstances that can ever occur in equations of the first 
degree. 

A C B 

Two couqers set out at the same time from the 
points A and B, distant from each other a number m of 
miles, and travel towards each other until they meet. 
The courier who sets out from the point A, travels at 
the rate of a miles per hour ; the other travels at the 
rate of £ miles per hour. At what <iistfU)C4 from the 
points A and B will they meet 1 

Suppose C to be the point, and 
Ijet X = tbe distance A C 
»nd y = " '* B C. 
For tbe first equation we bave 

« + y seAB hm. 
14* 
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Since the first courier travels x miles, at ibe rate of 

a miles per hour, be will be - hours upon the road. 

The secood courier will be % hours upon the rosd. 
But they travel equal ^mes ; therefore, 

Putting this value of X into the first equation, it be- 
comes 

y = 



*=-T- =tX; 



+ 6 

6m a 



+ 6 - 6 (a + 6) a + b- 



Since neither of the quantities io these values of x 
and y has the sign — , it is impossible for either value 
to become negative. Therefore whatever numbers 
iDHy be put in place of a, b, and m, they will give so 
answer according to the conditions of the question. Id 
fact, since they travel towards each other, whatever be 
the distance of the places, and at whatever rate they 
■travel, they must necessarily meet. 
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Suppose now that the two couriers setting out from 
the points A and B situated as before, both travel in the 
same direcUon toward D, at the same rates as before. 
At what distances from the points A and B will tbe 
place of their meeting, C, be f 

A B C D 



Let X = the distance from A to C, 

aiidy= " " " BtoC. 

a!— y = AC — BC = AB = m. 

Tbe second equation expressing only the equality of 
the time will not be altered. 

* _ y 
o - S* 

Solving the two equations as before, 

ay — 5y = 6m 
_ fcm 

« =^ X y = J • ^^^j = J ^^ _ 6j = -^^ZTb 

- ^;^>^>8l- 
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Hera the valaBS of rand y will not be positive an- 
lesi ■ is greater than b ; that is, uDless llie courier^ that 
seti out froiu A, travels faster ihaa the other. 

Suppose d = S and i s: 4* 
"^ 8 — 4 4 

y 8—4*4 

In this case the point C, where they come together, 
is distant from A twice the distance A B. 

Suppose a smaller than b, for example 

a =s 4 and 6 = 8. 



Here the values of x and y are hoth negative ; hence 
there is some absurdity in the enunciation of the ques- 
tion for these numbers. In fact, it is impossible that 
the courier setting out from A, and travelUng slower 
than the other sbouUI ever overtake him. 
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Lei us put X snd y negative in the two equatioDs, 
that h, cbaoge their signs. 

Tliey become — j; 4- y = m 



and - = |, 

The second equation is DOt affected hj changing the 
sign ; and it ought not to be so, since it expresses only 
the equality of the times, 

The first equation becomes y — x = in, instead of 
x-~~y T= m, which shows that the'poiut where they are 
together is nearer to A than to B, by the distance from 
A lo B. It must therefore be on the other side of A, 
as at E. 

E A B C D 



The enunciation of the question may be changed in 
two ways so as to answer the conditions of this 
equation. 

First, we may suppose, that the couriers, setting out 
from A and B, instead of going towards D, go in tho 
opposite direction, the one from A at 4 miles per hour, 
and the one from B at 8 miles per hour ; at what dis- 
tance fmm tlie points A and B is the point C, where 
tbey come together ? 



C3.ifKi:,CiOOt^le 



166 Algi^a. XX VL 

Or vrt maf suppose that two couriera settmg oul 
from the same place E, nne travelling at the rale of 4 
miles, and the other 8 per hour, have arrived at tba 
same time at the points A and Bj which are in miles 
uunder. What distance are the points A and B 
from E ? 



How is this resiih lo be intefpreted 7 

Ohsorve that in ihia case a and b heing equal, the 
two couriers travel equally fast, it is therefore impossi' 
ble that one should ever ovenake the other, however 
far thej" may travel in either direction, and no chinge 
in the condilions can make it possible. Zero being 
divisor, then, is a sign of impoanbUUyt ' 

We may observe that when there is-any difference, 
however small, between a and h, the values of x and y 
will be real, and the couriers will come together in one 
direction or the other; and the smaller the difference, 
the greater will be the distance travelled before they 
come together ; that is, the greater will be the values 
of X and y. 

Suppose a == 5 and & = 4> a — &=I, 

then «=— =6i» y^-— = Am. 

[; :„i IK c, C00t^l>J 
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Agaia, Suppose a = 5, aod 6 = 4-5, a — 6 = *6, 

then » = — -=10in y= = 9 m. 

■o " ■ b 

Again, Suppose a = 5, and 6 = 4 • 98, « — 6 = • 02, 
then X = -— = 250 m, and y = —r-^ = 249 m. 
Again, Suppose 0=5 and i = 4'998, a — A = -0O3, 

'■002' 
and y = — - — = 2499 m. 

Here observe, that as the difference between a and b 
becomes very sniiill, the values ot '« aod y become very 
large, and the difference between them is always m. 
Hence, since the smaller the divisor the larger I lie <]uo- 
tieof, we may conclude, that when (he divisor is actu- 
ally zero, the .quotient must be infinite. From (hia 
consideration, mathematicians have called the expres- 

sion -, that is, a quantity divided by zero, a symbol ofvu- 

fimiy. They therefore say, that, both couriers travelling 
equally fast, the distance travelled before (hey oome 
together, is infinite. Bui as infinity is an impossible 
quantity, 1 prefer the term impottible, as being a 
term more easily comprehended. 1 shall therefore call 

~ a symbol of im^ouibiHtg. 
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If a quaotity be divided by an inBoite or impossible 
quantity, the (jnolicnt will be zero. Ifi be divided b; 

-, it becomes-. Multiply both oumerator and denotnina- 



torbyO, it becomes =0. Infact, since the larger 

tbe divisor tlie smaller the quoiiejit, ibe dividend remain- 
ing tbe same, it follows that if the divisor surpasses any 
assignable qiiaiiilty, the quotient must be smaller thm 
any assignable quaniiiy, or nothing. 

One case more deserves our notice, it is when 
a — b and m =: ; in which case we have 



' a~b 

If we return to the equations themselves, they be- 
come 

X — y = 



From the first wo have 
Substituting this value in the second 
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This last equation has both its members alike, and is 
sometimes called an tdenticai equation. The values of 
the unknown quantities cannot be deiermined from it. 
In fact, since m is zero, both couriers set out from the 
same point. And since they both travel at the same 
rate, they are always together. Therefore there is no 
point where they can be said to come together. The 
expression - is here an expression of an tndetermtnale 

quBDtity. 

There are some cases where an expression of this 
kind is not a sign of an indeterminate quantity, but io 
these cases it arises from a factor being common to the 
numerator and denominator, which by some supposi- 
tions becomes zero, and renders the fraction of the 
form of - } but being freed from that factor, it has 

a determinate value. 
The following expression is an example of it. 

6(a-i). 
When a = ft, this expression becomes -. But both 

numerator and denominator contain the factor a^b, 
which becomes zero when a and b are equal. 
Dividing by a — by the expressiou becomes 

-(■'+»■ 

r which is equal to 3 a when a = (• 
! 15 
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It is Qflceaetry tben, when we find ao exfH-esuon of 

the form -, before pronouacing it aa iDdeierminate 

quaniity, to see if there is not a factor, common to the 
numerator and denomiDator, which, becoming zero, 
renders the expression of this form. 

The example of the couriers fumishes some other 
curious cases, for which we must refer the learner to 
Lacroil*s or Bourdon's Algebra. 

Let (he learner examine the following examples m K 
ktttilar nuaner. 

Ifi Art IX. examples IS and 16, the following for- 
nmlas, relating to interest, were obtained. How are r 
and i to be interpreted when p is greater than a ; and 
bow when a iaAp are equd ? 

tp rp 

In Art. XXII. examples ISth and ISA, the following 
formulas were obtained. In what cases will the results 
become negative, and Miow are the negative results to 
be interpreted i 

12th. Numerator * P (** + *? 

i»q — np 



Denominator 



""0' + ?) 
mq — np* 



13th, Numerator "P ("* + "? 

np — mq 

Penominator - „ ■ • 

»]> — Mf 
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It is required to divide a giveo number a into two 
such parts, that it r times one part be added to i timos 
ihe other part, tbe sum will be a given number b. 

Ana, The part to be multiplied by r is -^ — , 



In what cases will one ot both of these results ba 
negative f Can both he negative at the same time? 
How are the negative results to be interpreted T Id 
what cases will either of them become sero ? Can 
both become zero at the taroe time ^ What ia to W 
onderatood whea on* or both bec«De zero 1 lo what 
cases will one or bolb become infiaite or impoiiiUa f 

Cao either of ibem erer be of ifae form -X 

XXVII. £j«aft'0iM o/tAc Stttmi Jhgt^. 

1. A boy being asked how many chickens he had, 
answered, that if the number were multiplied by four 
times itself, the product would be 256. How many 
had he 7 

Let « = tbe number, 

then 4 « = four times the number. 

4a; X « =4 at* 

By tbe conditions 4 2*= 356 
fe<=64 

That is XX = 64. 
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This equation is es^nlially difierent frona aoy which 
we have hiiheno seeu. 

ll is call'-d an equation of ibe second degree, because 
it contains . I*, or the second power of the unkaowo 
quantity. Is order to find the value nf.r, it is necessary 
to find nhat number, multiplied by itself, will produce 
64. We know iinmedialely by the table of Pytbagoras 
that 8 X 8 = 64. Therefore 



3. A boy being asked his age, answered, that if it were 
multiplied by itself, and from the product 37 were sub- 
tracted, and the remainder multiplied by his age, the 
product would be 12 limes bis age. What was his 
■ge? 

X Xx = x* (i' — 37) x = x' — 37 *. 

By the conditions 

x»-~3^x= 12 a-. 

Dividing by x, 

a;» — 37 = 12 



lC z= 7. Atu. 7 years. 

3. There are two numbers in the proportion of 5 to 4, 
and the difference of whose second powers is 9. What 
are the numbers i 
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Let n = tbe lai^er nambeT, 
th«a -z- = tbe smaller. 
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4. There are two numbers whose sum it to the greater 
iQ the proportion of 15 to 4, and whose sunt multiplied 
by tbe greater produces 135, What are the niHoberB i 

Itet X = the greater, and y = the less. 



and « (x + y) = 135. 



Putting this value of y into tbe lirst, it becomes 

3! + = -_ &C. 

Hence ii appears, that when an example involves the 
second power of the unknown quantity, tbe value of the 
second power must first be found in the same mannet 
8s the unknown quantity is found in simple equations ; 
and from the value of the second power, the value of 
the first power is derived. 

It is easy to find the second power of any quantity, 
when the first power is known, because it is done by 
multiplication ; but it is not so easy to find tbe first 
15* 

- ^'-'ai^ 
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poiver rrom the second. It oannot be done by division, 
because there is no divisor given. When the number 
is the second power of a small Dumber, the first pow- 
er is easily found by trial, as in the above examples. 
When the number is large, it is still found by trial ; but a 
rale may be very easily found, by which the number of 
trials will be reduced to very few. The first power \a 
called the root of the second power, and when it is re* 
quired to find the first power from (he second, the pro- 
cess is called extraetii^ the root. 

It has been shown. Art XXIV. that the second pow- 
er of every quanti^, whether positive or negative, is 
necessarily positive ; thus 3 X 3 = -f 9, aad also 
— 3x— 3=-f.9. Soax<i=a*,andalso — a)(— a=a*. 
Hence every second power, properly speaking, has two 
roots, the one positive and the other negative. The 
conditions of the question will generally show which if 
the true answer. 



XXVIII. Extraction of the Second Root. 

In order to find a rule for extracting the root, or find- 
ing the first power from the second, it will be necessary, 
first, to observe bow the second power is formed f;om 
the first. 

Let a = 30 and & = 7 ; tb«n a + & = 37. 
The second power of a -f 6 is 

C« + 6) (a + i) = «» + 2 (1 1 -(. t«.- 
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a* = 30 X SO =: 400 
ab = 20x 7=140 
ab=:20x 7:sl40 
b* = 7 X 7 = 49 . 
a* +2ffl6+6»=:729. 

The product is formed in precisely the same manner 
in the usual mode of multiplication, as may be seen, if 
the products are written down as they are formed, witli- 
oui carrying. 

S7 
S7 

49 
140 
140 
400 

729 

Here we obserre, 7 times 7 is 49, 7 times 20 is 140, 
SO times 7 is 140, and lastly 20 times 20 is 400. 
These added together make 729, which is the second 
power of 27. 

We observe, 

IsU When tfae-root or first power consists of two 
figures, the second power consistA of the second poww 
of the tens, plus the product of twice the tens by the 
nnits, plus ihe second power of the units. 
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2d. The second power of 9, the largest number con- 
sisting of one figure, is 81 ; anil the second power of 
10, the smallest number consisting of two places, is 
100 ; and the second power of 100, the smallest num- 
ber coDsisiing of three places, is 10000. Hence, when 
the root consists of one figure, the second power can- 
not exceed two figures ; and when the rout consists oi 
two figures, the second power consists of not less thao 
three figures, nor more than four figures. 

From these remarks it appears, that we must first en- 
deavour to find the second power of the tens, and that 
it wilt be found among the hundreds and thousands. 

Let it be required to find the root of 729. This 
number contains hundreds, therefore lbs root will con- 
uin (ens. The second power of the tens is contained, 
in the 700. 20 x 20 is 400, and 30 x 30 is 900. 
400 is the greatest second power of tens contained in 
700. The root of 400 is 20. Subtract 400 from 729, 
and the remainder is 329. This must contain 2ah + b', 
that is, the product of twiee the tens by the units, plus 
the second power of the units. If it cootaioed exactly 
the product 3 a & of twice the tens by the nnits, the 
units of the root would be found by divitfmg 329 by 
twice 20, or 40 ; for 2 a & divided by 2 a gires b. As 
it is, if we divide by twice 20 or 40, we shall obtain » 
quotient either exact, or too large by 1 or 3. 40 is con- 
tained ia 3^9, £ times. Write 8 is the root and raise 
the whole to tbc second power, 28 x 28 = 784, which 
is hrgar 6im 72&. Next try 7 id the place of 8. 
37 X 27 = 729. Tbeiefore 7 is ri^ and 37 is to 
root required. 

■ - t;«'8i': 
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The operation may staod as follows. 

729 (20 + 7 = 27 root 
400 

329 (40 divisor 
27 X 27 = 729. 

Wbat is the root of 1849 T 

18,49 (40 + 3 = 43 root. 
16,00 

249 (80 divisor. 
43 X 43 = 1849. 

Id this example, the second power of the tens will 
befoundinthelSOO. 30 x 30 = 900; 40^40^ 1600; 
50 X 50 = 3500. The greatest second power in ISOO 
is 1600, the root of which is 40. Write 40 in the 
place of a quotient. Suhtract 1600 from 1829. The re- 
mainder is 249, which divided by twice 40, or 80, gives 
3. Add 3 to the root, and raise the whole to the Ee< 
cond power. 43 x 43 = 1849. Therefore 43 is the 
root required. 

It is evident that the result will not be af!ected, if ia- 
Btead of writing 40 in the root at first, we omit the zero, 
Bnd then subtract the second power of 4, viz. 16 from the 
18, omitting the two zeros which come under the other 
p«riod. Then to fo m the divisor, the 4 may be doubled, 
and the divisor will be 8 instead of 80, and the divi- 
4ead must be 24, the right hand figure being rejected. 
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Operation. 

18,49 (43 root. 
16 

Dividend = 24,9 (8 dirisor. 
43 X 43 = 18,49. 

Examjphi. 

U What is the root of 1444 f Ant. 38. 

a. What is the root of 7396 7 

3. What is the root of 361 f 

4. What is the root of 3249 ? 

5. What it the root of 7931 f 
0. What is the root of 8281 f 

The geeond power o(a+h+c, or [a+b+c)(a+h+c)\a 

a»+2a6 + 6*+2ac + 26c + c» = 

«» +2 fli + 6» +2 (o + J) c + c«. 

To find the second power of 726 
Let a = 700, b — 20, and c = 6. 

o» = 700 K 700 = 490000 

3afr =2 X 700x 20 = 28000 

b*= 20 X 20 = 400 

3 (a + J) e = 3 X (700 + 20) X 6 = 8640 

c> = 6x6 = 36 
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726 
726 

4366 

1452 
5082 

627076 

The first ibree terms of tbe fwinula, vii. 

a* + 2 o ft + 6», 

wn the eecood power of a +b oi of the bnndreds ind 
teat, viz. 720. The wcood power of 720 can have no 
lignificant figure below hundreds, lad the significant 
figure! of the second power of 720 and of 72 are the 
tame ; ^ former 'a 518400, the latter 5184. If from 
the whole number -527076 the two right hand figures be 
rejected, the Dumber is 5270. This contains the se- 
cond power of 72 and something more, viz. a part of 
the product 3 x (700 + 20) x 6 = 2 (a + 6) c 

The method of procedure then, is to find the largest 
root conlaiaed in 5720. The first three terms of the 
above formula, viz. a* +2a& -f-fr*, show, that thb la 
to be found by the method given above for finding a 
toot coQMting of two figures. 
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The root is 73, aod the remainder is 86. Annex to 
this the two figures rejected above, and it becomeB 
8676. This cootaios i (a + b)c + c*; that is, 

2 X 720 X c + c«. 

If 8676 be divided by 3 x 730 = 1440, the quotient 
will be eitlier c or a number lai^er by 1 or 3. The 
zero on the right of 1440, and the right hand figure in 
the dividend may be omitted without affecting the quo- 
tient. The quotient is 6. Put 6 into 'the root and 
raise the whole to the secood power. 
726 X 726 = 527076 

Operation. 

63,70,76 (736 = root. 
49 ■ 



let dividend 37,0 
72 X 73 = 51,84 



(14 = 1st divisor. 



1 dividend = 867,6 (144 s 3d divisor. 
t6 X 726 = 53,70,76 
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There is, however, a nrelhod, which will save con- 
mderable labour id multiplying. 

In the last example, for insiance, having fouod the 
second figure of the root 2, instead of raising the whole 
72 to the second power, we may attfidge it veiy much by 
observmg, that the saooad pow6r of the 70, answering 
to a* in the formula, has already been found and sub- 
tracted ; therefore it ooly r»iBaia8 to find 2ab + b', 
and subtract it ako. But the 140 is 2 a, and the figure 
8 found ibr the root answers to £ ; therefore if we add 2 
to 140, it becomes 142 = 2a + h. If this be now 
multiplied by 2 or b, it becomes 

2X H2 = 284 = 2fl6+4«. 

This completes the second power of 72, which, sub- 
tracted from 370, leaves 86 as before. 

Prepare as before, and find the third figure of the 
root. Observe that the 2d power of 720 or a' +2ab+b* 
has already been found and subtracted ; it only remains 
to find the other parts, viz. i{a + b)c + c». The di- 
visor 1440 answers to 2 (a + b). Add 0, the figure of 
the root just found, to this, and it becomes 1446, an- 
swering to 2 (a + 6) + c. If this be multiplied 
by 6, it becomes 1446 x 6 = 8676 = 2 {a + 6) c + e». 
This completes the second power of 726, which, sub- 
tracted from 8676, the Bumber remaining in the work, 
leaves Dotbiug. 

16 
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Optr^n. 




SS, 70, T6 (7S6 not. 




49 


in difidimd 


370 14 Isl diYisor. 




384 142 1st mullipliuiid. 


3d diridand 


8«76 144 3d divUor. 




8676 14(6 Sdmnltipliciud. 



The stme principle will apply when the root consists 
ef any number of figures whatever. 

What is the root of 6338377S3164 ? 

Id the first place I observe that the second power of tb« 
tens canhaTeno significsnt figure below hundreds, there- 
fore the two right hand figures mey be rejected for the 
present Also the second power of the hundreds can 
hare no Eignificanl figure below tens of thousands, there- 
fore the next two may be rejected. For a similar rea- 
son the next two may be rejected* In this manner they 
may all be rejected two by two until only one or two 
remain. Begin by finding the root of these, and pro- 
ceed as above. 
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Operation. 

53,38,37,73^1,64 (730642 
49 

43,8 (143 

42 9 

93,7 (1460 



9377,3 (14606 
3763 6 



613 73,1 (146124 
984 49 6 



29 22 564 (1461282 
29 32 564, 

After separating llie figures two by two, as explaiaed 
above, I find the greatest second power in the left hand 
division. It is 49, the root of which is 7. I subtract 
49 from 53, and bring down the next two figures, which 
makes 438. Now- considering the 7 as tens, I proceed 
as if I were fiodtng the root of 5338 ; that is, I double 
the 7, which makes 14 for a divisor, and see bow many 
times it is contained in 43, rejecting the 8 on the right. 
I find 3 times. I write 3 in the root at the right of 7, 
and also at the right of 14. I multiply 143 by 3, and 
subtract tbe product from 438. 1 then bring down the 
next two figures, which makes 937. I double 73, or, 
which is tbe same thing, I double the 3 in 143; for ihe 
7 was doubled to find 14. This gives 146 for a divisor. 
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I ae«k how many limei 146 is contained in 93, reject-j 
iDg the 7 on the right, as before. I find it Is Dot coa-l ' 
tairied at all. I write zero in the root, and also at tbej' 
right of 146. I then bring down the next two figures, 'j 
1 seek how many times 1460 is containsd in 9377, re- 
jecting the 3 on the right. Ifind6ttmea. IwriteGin tfae I 
root, and at the right of 1460, aod multiply 14606 by ■■ 
6, and subtract ihe product froin 93773. I then briog 
down the next two figures^ aud double the right hand 
figure of the last multiplicand, and proceed as before ; 
and so on, till all the figures are brought down. Tbe i 
doubting of the right hand 6gureof thelastmultiplicaaci, i 
is always equivalent to doubling the root as far as it is 1 
found. I 

From the above examples ve derive the following 
rule for extracting the root. 1 

1st. Beginning at the righty separiUe ihe number iat9 I 
parU of two jigurei each. The lejl hand part nay con,- 
tut of one or two figure*. 

2d. Find the greatett lecond power in the left hand | 
part, and terite itt root at a quotient in division. Svb- | 
tract the tecond power from the left hand part, 

3d. Bring down the two next figures at the right of 
the remainder. Double the root already Jound for a di- \ 
visor. See how many limes the divisor is contained in \ 
the dividend r^etting the right hand figure. Write the \ 
result in the root, at the right of the figure previously i 
found, and also at the right of the divisor. I 

4th. Multiply the diviior, thus augmented, by tlte last I 
figure of the root, and suUract the product from the 1 
whole dividend, ' 
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5th. Bring doum the next two JigureM (U before, I0 
form a new dividend, and double the root atreadtf found, 
for a divitor, and proceed as before. The root will be 
dottbted, ^ the right hand figure of the Itut diviior 
ie doubled. 

If it happens that the divisor is Dot contained in the 
dtvidead when the right hand figure is rejected, a zero 
must be written in the root, and also at the right of the 
divisor ; and the next figures must be brought doim, 
and then a new trial made. 

If it happens that the figure annexed to the root is 
too small, it may be discovered as follows. 

The second power ofti -|- 1 is a* 4-3a -f- 1, 

That is, if we hare the second power of any number, 
the second power of a number larger by t, is found by 
multiplying the first number by 3, increasing the product 
by 1, and adding it to the power. For example, the se- 
cond power of 10 is 100 ; the second power of 1 1 is 
100 + 2 X 10 + 1 => 131. The second power of 13 
is 131 +3 X 11 + 1 = 144 &c. 

If then the remainder, after subtraction, is equal to 
twice the root already found plus 1, or greater, the last 
6gure of the root must be increased by 1. 

In the last example, the first dividend was 43,8 and 
the divisor 14 ; the figure put in the root was 3, and 
the remainder was 9. If 3 instead of 3 bad been put 
in the root, the remainder would have been 134, which 
is considerably lai^er tlian twice 72, aad would have 
shown, that the figure should be 3 instead of 2. 
16* 
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There are manj oumbcrs, of which the root cuuioi 
be exactljr assigned in nbole, or mixed numbwe- 
Thus 2, 3, 6, 0, 7, hare no assignable roots. That is, 
no number can be found, which, multiplied into iltal^ 
shall produce either of these numbers. This is Uie 
case with all whole numbers, which have not an exact 
root ID whole numbers. 

This may be proved, but the demonstration is so 
difficult, that few learners would comprehend it at this 
stage of their progress. The proof may be found in 
Lacroix's Algebra. The learner, however, may easily 
satisfy himself by trial. We shall soon find a roethod 
of approximating the roots of these numbers, sufficientlv 
near for all purposes. 

XXIX. Extraction of the Second Root of Fractions. 

Fractions are miihiplied together by muiliplyiog their 
numerators together, and their denominators together. 
Hence the second power of a fraction is found by mul- 
tiplying the numerator into itself, and the denominator 
into itself; thus the second power of | is 4 X ^ ^ xV' 
The second power of r is r X r = r=* Hence the 

root of a fraction is found by extracting the root of the 
numerator, and of the denominator ; thus the root of j| 
iaf 

If either the numerator or denominator have no ex- 
act root, the root of the fraction cannot be found ex- 
actly. Thus the root of \^ is between \ and -J or >• 
It is nearest to 4. 
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The denominator'af & fraction may always be reo* 
dered a perfect second power, so that its root may be 
found ; and for the numerator, the number which is 
nearest to the root must be uken. Suppose it is re- 
quired to find the root of f . If both terms of the fraction 
be multiplied by &, the value of the fraction will aot b« 
altered, and the denominator will be a perfect second 
power, 



The root is nearest f. Tbia is exact, within less 
than ^. 

If it is necessary to hare the root more exactly ; aAer 
he fraction has been prepared by multiplying both its 
terms by the denominator, we may again multiply both 
its terms by some number that is a perfect second pow- 
er. The larger this number, the more exact the result 
will generally be. 

} = H 

If both terms be multipHed by 144, which is the 

second power of 12, it becomes 5tSo> ^^e root of which 

is nearest to ^. This is the true root within less than y'^. 

We may approximate in this way the roots of whole 

numbers, whose roots cannot be exactly assigned. 

If it is required to find the root of 2, we may change 
it to B fraction, whose denominator is a perfect second 
ftower. 

Tbe root of m is nearest to 4i = l-^'i^. This (Uf- 
feis from the true root by a quantity less than ■^. If 
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greater ezoetaess is required, a number larger thaa L44 
any be used. 

What u Ihe root of^VT ■ Ant, ■^. 

What is the root of |^ j f 

What is the root of I3}f J = VA* ' 

What is the root of 28^^^ ! 

What is the approximate root of f T 

What is the approximate root of ^^ } 

What is the approximate root of 3| f 

What IB the approximate root of IT-^V f 

What is the approximate root of 3 ! . 

What is the approximate root of 7 f 

What is the approximate root of 4171 

The Aogt coDvenieot numbers to multiply hj, in or- 
der to approximate the root more oearly , are the second 
powers of 10, 100, 1000, Sic, which are 100, 10000, 
1000000, &c. By this meaos, the results will be in 
decimals. 

To find the root of 2 for instance, first reduce it to 
bondredtlis. 

S = ^a, the approximate root of which is \^ = 1.4. 

Again 3 = 4SSSS> ^^ approximate root of which is 
iU = lAl. 

Again, 2 = ^°§J^^, the approximate root of which 
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Id this way we may approximate Ihe root with 8tiffi< 
cient accuracy for every purpose. But we may ob- 
serve, that at every approximation, two more zeros are 
aDoexed to the number. In fact, if one zero is annex- 
ed to the root, there must be two annexed to its pow- 
er ; for the second power of 10 is 100, that of 100 is 
lOOOO, &c. 

This enables us to approximate tbe root by decimals, 
and we may annex the zeros as we proceed in tbe work, 
always annexing two zeros for each new figure to be 
found in the root, in tbe same manner as two figures 
are brought down in whole numbers. 

Tbe root of 3 then may be found as follows. 

3 (1.41421 &c. rooU 



10,0 (34 
06 



40,0 (281 



11 90,0 (2824 
1129 6 



6040,0 (28283 
56 664 



3 83 60,0 (283841 
382 841 
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What is tbe approximate root of 38 ? 
What is the approximate root of 243 f 
What is tbe approximate root of 27068 ? 
What is ihfl approximate root of 343J ? 

243j = 24aAv. = 'nnv = 'iiuni^» ^■ 

The approximate root of which is WtV* = 15.6,&c. 

But it is plain that this may be performed in ihe 
£Ame maimer as the abore. For if tbe number 
243375000 be prepared in the usual way, it stands (bus ; 
3,43,37,50,00. Now «4»»Jj«J« = 243 . 375000. 

If we take this Dumber and begin at the units and 
point towards the left, and then towards tbe right in the 
same manner, tbe Dumber will be separated into the 
same parts, viz. 2,43.37,50,00. The root of this num- 
ber may be extracted in the usual way, and continued 
to any number of decimal places by annexing zeros. 

N. B. The decimal point must be placed in tbe root, 
before the first two decimals are used. Or the root 
must contain ooe half as many decimal places as (be 
power, counting the zeros which are annexed. 

What is tbe approximate root of 213.53? 
What is the approximate root of TS&I ? 
What is the approximate root of 17.^^ J 
What is tbe approximate root of S\\ ? 
What is tbe approximate root of f f 
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What is the approximate root ot^i 
What is-tbe approximate root of j^f ? 
What is the approximate root of -^tj^ f 

XXX. Question$ prodnetng ptire EqutOioni of the 
Second Degree. 

1. A mercer bought a piece of silk for £16. 4s.; aod 
the Dumher of shillings which he paid per yard, was to 
the number of yards, as 4 to 9. How foany yards did 
lie buy, aod what was the price of a yard i 

Let X = the number of shillings be paid per yard. 

Then -^ = the number of yards. 

The price of the whole will be — — = 324 shillings. 

a:S^144 
X = 13 

'-f = - 

Ant. 37 yards, at 13s. per yard. 

3. A detachment of an army was marching in regu- 
lar column, with 5 men more in depth than in front } 
but upon the enemy coming in sight, the front was in- 
creased by 845 men ; and by this movement the de- 
ucbment was drawn up in 5 lines. Required the num- 
~ ber of men. 
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Let « = the DuoAer is front ; 
then X -f- 6 = the aumber in depth ; 
jc* + 5 a; = the whole number of men. 
Again x -^ 845 =a the number ia front itfter the 
Bwrement ; 
And 5 c -I- 4336 s the whole number. 

X* + 5 « s 6 j; + 4225 
*• = 4225 
« = 69 

The number of men 33 5 x + 4235 = 4550. 

3. A piece of land containing 160 square rods, is 
called an acre of land. If it were square, what would 
be the length of one of its sides I 



Let X = one side. 



I 160 

: 12.649 + 



Ant. The side is 13.649 + rods. It cannot be 
found exactly, because 160 is not an exact 2d power. 

This is exact within less than ^^Vt ^^^ "x^* '^ ^'S^^ 
be carried to a greater degere of exactness if necessary. 

4. What is the side of a square field contaioiog 17 
acres? 

5. There is a field 144 rods long and 81 rods wide; 
what would be the side of a square field, wbose^ceotnt 
is the same 1 
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6. A man wishes to make a cistern tl>at shall contain 
JlOO gallons, or 33100 cubic inches, the bottom of which 
shall be square, and the height 3 feet. What must be 
the length of one side of the bottom f 

7. A certain sum of money was divided every week 
among tbe resident members of a corporation. It hap- 
peoed one week that tbe number resident was the root 
of the number of dollars to be divided. Two men how- 
ever coming into residence the week after, diminished 
the dividend of each of tbe former individuals 1^ dol- 
lars. What was the sum to be divided ? 

Let X = the number of dollars to be divided } 

than «^ = the number of men resident, and also tbe 
sum each received. 

Tbe root of j: is properly expressed by the fractiooa; 
index ^. For it has been observed, that when the 
same letter is found in two quantities which are to ha 
k multiplied together, the multiplication is preformed, as 
respects that letter, by adding the exponents. Thus 
a X a = a'+^ss a' ; x' x x* = a^'*'*= x* fijc. Ap- 
plying the same rule ; Ifsr represents a root or first 

power, the second power ot x^ x x* is: x' "^ ^ =s x* 
or «. 

Tbe second power of a letter is formed from the 
first by multiplying its exponent by 3, because that 
is tbe same as adding tbe expoaent lo itself. Thus 
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«■ X a* = «*** = «*'** = "'■ This fumiabes us 
with a simple rule to fiad the root of a literal quaotity ; 
which is, to divide its exponent hj 3. 

Thus the root of a* is a'=a*; the root of a*=a'*=a*; 
the root of a* is a* = a* &c. By the same rule, the 
toot of a* is o^ ; the root of a* is a* ; the root of a' 
is a* ; the root of a is d>, be. 

In the above eiample 
« = the number of dollars to be divided ; 

and X' = the tuimber of men reud«at ; 

and -i ss -— - = fc* = the number of dollars each 

received. 

x' -f- 2 = the number of men the succeeding 
week; 

— - — = the Bumber of dollars atch received the 
.* + * 
Utter week. 
Hence by the conditions 
I 4_ « 
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— 4 it' + 6 a;' = 8 
Sa\ -6 
a* = 4 
*^ X a;^ =5 **"*■* = * = 4 X 4 = IS. 

.Alt*. $16. 
Instead of making x = the Dumber of dollars, w« 
nigbt make, 

fE* ~ the number of dollars ; 
then « = the number of men resident, ttc. 
Then we have 

4_ it' 
* 3 3: + 2 



2jc 


= 8 






a: 


= 4 






«> 


= 16. 








Am. 


|16> 


ub.lOK. 
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6. Two men, A and B, lay out some money on 
speculation. A disposes of bis bnre;aiQ for £11, and 
gains as mucb per cent, as B lays out ; B's gaia ii 
£36, and it appears that A gains four limes as much 
per cent, as B. Required the capital of each. 

9. There is a rectangular field conlainiog 360 square 
rods, and nhose lengtii is to its breadth as 8 to 5. 
Required tlie length and breadth. 

10. There are two square fields, the larger of which 
contains 13941 square rods more than the smaller, and 
the proportion of their sides is as 15 to 8. Required 
ibe sides. 

1 l.TliereisarectaQgulartoomithesum of whose leaglli 
and breadth is to their difference as 8 to 1 ; if the room 
were a square whose side is equal to ibe length, it would 
contain 138 square feet more than it would, if it were 
only equal to the breadth. Required the length and 
breadth of the room. 

13- There is a rectangular Geld, whose length is to 
its breadth in the proportion of 6 to 5. A part of this, 
equal to J of the whole, being j)/an(ed, there remain for 
ploughing 625 square yards. What are the dimensions 
of the field ? 

13. A charitable, person distributed a certain sum 
amongst some poor men and women, the number of 
whom were ia the proportion of 4 to 5. Each man 
receired one third as many shillings as there were per- 
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SOQS relieved ; and each woman received tnice as nttn^ 
sfaillings as there were womea mora than men. The 
men received altogether 16s. more than the women- 
How many nere there of each f 

14. A man purchased a Geld whose Imgth was to 
the breadth as 8 to 5. The number of dollars paid 
per acre was equal to the number of rods In the length 
of the field } and the number of dollars given for the 
whole, was equal to 13 times the number of rods round 
the Geld. Required the length and breadth of the 
&etd. 

15. There is a stack of faaj whose length is to its 
breadth as 5 to 4, and whose height is to its breadth as 
7 to 8. It is worth as many cents per cubic foot as it 
is feet in breadth ; and the whole is worth, at that rate, 
224 times as many cents as there are square feet on the 
bottom. Required the dimensions of the stack. 

16. There is a field coataining 108 square rods, and 
the sum of the length and breadth is equ^ to twice tht 
difference. Required the length and breadth. 

17. There are two numbers whose product is 144, 
and the quotient of the greater by the less is 16. What 
«re the numbers i 

XXXI. ^uatitmi prodnting Pure Equatiani oftke 
Third Degree, 

1. A number of boys set out to rob an orchard, each 
carrying aa many bags as there were boys in all, and 

n* 
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each bag capable of containing 8 times as maDy apples 
as tbere were boys. They filled their bags, aod found 
the whole number of apples was 1000. Howmanyboys 
were there i 

Let X = the number of boys } 
then c X ' = x* = the number of bags ; 
and 8 X X 2* = 8 X* = the number of applet. 
By the conditions 

6x* = 1000 
2* = 135 

or XXX x= 126. 

In (his equation, th(> unknown quantity is raised 10 
the third power ; and on this account is called an equa- 
tion of the third d^et. 

\a order to find the ralue of a; in this equation, it is 
necessary to find what number multiplied twice by it- 
self will make 135. By a few trials we find that 5 is 
the number ; for 

S X 5 X 5 = 125 

therefore x = 5. Aaa. 5 boys. 

2, Some gentlemen made an excursion ; and every 
one took the same sum of money. Each geDtlemao 
bad as many servants attending him as tbere were gen- 
tlemen ; and the number of dollars which each had, 
was double the number of all the servants ; and the 
whole sum of money taken out was $1456. How man; 
geatlemen were tbert t Ant. 9 gentlemeii. 
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3. A poulterer bought a certain number of fowls. 
rfbe first year each fon! had a Dumber of chickens 
equal to the origioal number of fowls. He then sold 
tbe old ones. The next ;ear each of the young ones 
bad a number of chickens equal to once and one half 
the number which he first bought. Tbe whole number 
of chickens the second year was 768. What was the 
number of fowls purchased at first ? 

It appears that in equations of the third degree, 
as in those of the second degree, the power of tbe un- 
knowo quantity must first be separated from the known 
quantities, and made to stand alone in one member of the 
equation, by tbe same rules as the unknown quantity it- 
self is separated in simple equations. When (his is 
done, the first power or root must be found, and tbe 
work is fi 



Extraction of the Tliird Root. 

The third power of a quantity is easily found by 
multiplication, but to return from the power to the root, 
is not so easy. It must be done by trial, in a manner 
analogous to that employed for the root of the second 
power. 

We shall hereafter bare occasion to speak of tbe root 
of tbe fourth power, of the fifth power, 6ic. In order 
to distinguish them the more readily, we sfaall call the 
root of the second power, the second root of the quao- 
bty ; that of tbe third power, tbe third root, that of tbe 
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fourth power, the fourth root, be. To preserve lbs 
tnalogy, we shall sometiines call the root of ifae Gnt 
power, the^Jt roof. 

N. B. The first power, and the first root, are the same 
thing, aad the same as the quantity ilself. 

It always has been, and is still the practice of mathe- 
natlcians, to call the second root, the square root, and 
the third rooi the cube root, and sometimas, though doI 
-«> uoirersally, ihe fourth root, tltebi-^adrate root. Bui 
' as these terms are uaappropriate, they will not be used 
iu this treatise. 

When the root consists of but tfne figure, it must be 
tonad by trial. When the root consists of more than 
one place, it must still be found by trial, but nilei 
may be made, which will reduce the number of trials 
to very few, as has been done above for the second 
root. 

In order to find the rules for extracting the third root, 
it will he necessary to observe how the third power is 
formed from the first, when the first consists of several 
figures. 

Let a = 30 and 6 = 5 ; then a + b=s35. 

(a + 6)» =a* +3a»i + 3a6* +6'- Art XIH 

o»=30x30x30 = 27000 

3o*6= 3x30x30x5 =13500 

3a*»= 3x30x 6x5 = 2250 

6» = 5x5x5= 126 

42876 



COO;^I. 



tSXL Extraction of the Third Root. 301 

Hence it appears, that tbe third power or&Ducnbercon- 
listing of units and teos, conlaiDs the third power of the 
ens, plus three times the second power of the tens 
xiultiplied by the units, plus three limes the tens multi- 
plied by the second power of the units, plus the third 
power of the units. 

Farther, the third power of 10, which is the smallest 
number with two places, is 1000, which consists of 
four places ; and the third power of 100, is 1000000, 
'nbicb consists cf seven places. Hence ibe third power 
of tens will never be less than 1000, nor so much as 
1000000. 

If, therefore, there are teas in the root, their pow- 
er will not be found below tbe fourth place ; and if the 
root conHstsof taas-witlieirtanUSrtbeFe'WiU be bo ug- 
nificant figure below 1000. 

To trace back again the number 42875, the root of 
the tens will be found in tbe 42000, and this must bs 
found by trial. 

30 X 30 X 30 = 27000, and 40 x 40 X 40 = 64000. 

The iai^est third power in 42000 is 27000, tbe root 
of which is 30. Now I subtract 27000 from 42875, and 
the remainder is 15875, which contains the product of 
three times the second power of the tens by (he units, 
plus he. IF it contained exactly three times the second 
power of the tens multiplied by the units, the units of 
the root would be found immediately by dividing this re- 
maiader by three times ihe second power of the tens; for 
3 a* 6 divided by 3 a* gives b. As the other parts bow- 
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ergr will always be small io comparison with this, if wc 
divide the remainder b; three times the second powef* 
of the tens, we shall be able to judge very nearly what 
is the root, and the number of trials will be limited to 
very few. 

30 X 30=900, aod 000 x 3 = 2700 and 15875 divided 
by 3700 gives 5. Fnow add (he 5 to the root and it 
becomes 35. To see if this is right, I raise 35 to the 
third power, 35 x 35 x 35 = 42875, therefore 36 
is the true root. 

What is the Uiird root of 79507 ? 



Operation, 

79,507 (40 + 3 = 43 root. 
64,000 

15,507 (40 X 40 X 3 = 4800 divisor. 
43 X 43 X 43 = 79,507. 

As the number consists of five places, the power of 
the tens mnsl be sought id the 79000 

The greatest third power in 79000 is €4000, the root 
of whirb is 40- 1 subtract 64000 from 79507 and 
there remains'16507, which I divide by three times the 
second power of 40, viz. 4800, and obtain a quotient 3, 
which I add to 40. I raise 43 to the third power, and 
find that it gires 79507. If it produced a number laigei 
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K smaller, I should put a smaller or larger Dumber in 
place of 3 aod tty it agaiB. 

What is the third root of 357911 f 
What is the third root of 5S32 ? 
What is the third root of 941193? 
W^hat is she third root of 34965783 ? 
It was observed above, that the third power of 10 is 
1000; the tbird power of 100 is 1000000 1 that of 
1000 is lOOOOOOOUO, &c. That is, the third power of a 
Quniber consisting of one figure cannot exceed three 
places ; that of a oumber consisting of two places can- 
sot contain less than 4 places nor more than 6 ; that of 
3 places cannot coatain less than 7 nor more than 9 
places inc. 

Hence we may know immediately of how many 
places the tbird root of any given number will consist, 
by beginning at the right and separating the number 
into parta of 3 places each. The left hand part will 
not always contab 3 places. 

In the present instance, the number 34,965,783, thus 
divided consists of tbree parts, therefore the root will 
contain 3 places or figures. 

In the formula (a 4- &)* ==<!> -(■ 3 a* 6 + 3(i&* +&*, 
if we consider a as representing the hundreds of the 
root, and b the tens and units, we observe that the third 
power consists of the third power of the hundreds, plus 
3 times the second power of the hundreds, multiplied 
by the units and tens &c. 
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H«nce ire shall fiad the hundreds of the root by find- 
ing the highest third power conlaiaed in the 34,000,000, 
and takiog its root 

The lai^est third power is 27,000,000, the root ot 
«rhich is 300. Subtracting 37,000,000 from the whole 
sum, the remainder is 7,%5,783. If this contained ex- 
actly 3 a' h, that is, 3 tJmes the second power of the 
hundreds by the tens and units, the other two figures of 
the root might he found immediately by division. As 
it is, it is evident, that it will enable us to judge very 
nearly what the next figure, or tens, of the root must be, 
and its correctness must be proved by trial. 
300 X 300 X 3 = 270000. 

7,965,783 divided by 370000 gives for the first figure 
of the quotient 3, which being the tens is 30. This 
added to the root already fouud makes 320. 

If in the above formula, we consider a as represent- 
ing the hundred and tens instead of the hundreds ; and 
b as representing the units ; it shows us that the power 
contains the third power of the huodreHs and tens, plus 
3 times the second power of the hundreds and tens mul- 
tiplied by the units &k. Id the present instance a = 320. 
If now we subtract the third power of 320 from the 
whole sum, viz. 34,965,783, and divide the remainder 
by 3 limes the second power of 320, we shall find the 
other figure, or units, of the root. When we have 
raised 320 to the third power, we can ascertain whether 
the second figure, 2 is right. 

320 X 320 X 320 s 32768000. 
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This subtracted from 34965783 leaves 2197783. 

320 X 320 X 3 = 307200. 

2197783 being divided by 307200 gives a quotient7. 
This added to 320 gives 327 for the root. 

327 X 327 X 327 = 34,965, 783. 
Therefore the result is correcu 

IT the root consists of four or more places, the same 
mode of reasoning may be pursued by making a first 
equal to the highest figure in the root, and A equal to 
all below, until the second figure of the root Is obiained 
' aod then making a equal to the tno figures already ob- 
tained, and b equal to the rest, and so on. 

The work may be considerably abridged by omitting 
Uie zeros in the work, and also the numbers under which 
tbey fall. 

The work of the above example will stand thus. 

Root. 
34,965,783 (300 + 20 + 7 = 327. 
— 27,000,000 3d power of 300 



1st dirid. 7,965,783 (270,000 [ '^q^^'Z >,! 

— 32,768,000 3d power of 320 
2ddivid. 2,197,783 (307,200 {goSxl 

34,965,783 = 3d power of 327. 
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The same without the zeros. 

34,965.783 (327 
3ii power of 3 27 

1st dividend 7,9 (27 1st divisor = 3*x3 

$d power of 32 32 768 

Sd divideod 2 197.7 (3072 \ ^ f^^-^^L « 

34,966,783. ^ = ^^^r X 3, 

As the 3d power can have no significant figure below 
1000000, and as the third ppwer of 300 aod of S have 
the same sigciGcaiit figures, I raise 3 lo the 3d power 
and subtract it from 34, as if it stood alone. Tlieo, lo 
form the divisor, hundreds are multiplied by hundreds, 
therefore there can be no significant figure below 
10000. And it being the tens of the root that are to be 
found, it is sufficient to bring down one figure of the 
next period to form the dividend. 

Having found the second figure of the root, 1 raise 
32 to the third power, and subtract it from 34,965, 
oniitting the last period, because the third power of the 
lens can have do significaut figure below 1000. 

To form the second divisor 1 multiply the second 
power of 32 by 3. For the divideod, it is suf- 
ficient to bring down one figure of the last period to 
the right of the remainder, because the divisor, being 
tens, multiplied by tens, can have no significant figure 
below 100. 

Note. The second power of the 33 was found in 
finding its third power- 
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If it happens that the divisor is not contained in the 
dividend, a zero must be put in ibe root, and then the 
next figure must be brought down to form the divi- 
dend. 

Hence we obtain the following rule for finding the 
third root. 

Prepare the number by beginning at the right and 
sej/arating it into parts or periods of three jiguret each, 
putting a comma or point beitoeen. The left hand period 
may consist of one, two, or three Jiguret. 

Find the greatest third power in the left hand period, 
and terite the root in the place of a quotient. Subtract 
the power from the period. To the remainder bring 
down the first figure of the next period for a dividend. 
J^vltiply the second power of the root already found, by 
three to form a divisor. See how many times the divisor 
is contained in the dividend, and write the result tn the 
root. Raise the root, thus augmented, to the third power. 
If this ts greater than thefirst two periods, diminish the 
quotient by one or more, until you obtain a third power, 
which may he subtracted from the first two periods. 
Perform the subtraction, and to the right of the remain- 
der bring down the first figure of the next period to form 
a dividend, and divide it by three times the second power 
of the two figures oj the root, and write the quotient in 
the root. Then raise the whole root so Jound, to the 
third power ; and if it is not loo large, svbiract it from 
the first three periods ; tf it is too large, diminish the 
root as before. To the remainder bring down the first 
figure of the fourth period, and perform the same series 
of operations as before. 



C3.ifKi:,CiOOt^le 



203 Jilgebrti. XXXI. 

If at any time it should happen that the dividend, pre- 
pared 03 above, does not contain the divisor, a zero mtut 
he plated in the root, and the next figure brought doton 
to form the dividend. 

We explained a method in theextraciion of the second 
root, more expeditious than to raise the root to the se- 
cond power every time a new figure is obtained in (he 
root. A similar method may be found for (he third 
root, though it is rather difficult to be remembered. 

LSI a = 30 and i» = 7 ; then 
(a + by = (37)» = a» + 3 a' & + 3fl J* + 6* = 50653. 

To find the third root of 50653, find the first figure 
of the root as explained above. Then form the divisor 
as above, and find the second figure of the root. Then 
instead of raising the whole to the third power, it may- 
be completed from the work already done. The third 
power of the first figure being found and subtracted, 
the rem?ining part is 

3 a* & + 3 a J» + i» = i (3 a* + 3 a 6 + 6*). 

But the 3a* has already been found for the divisor. 

We must now find 3a& and 6*, add all together, 
and multiply the sum by b, and the third power will be 
completed. 

Opera (ton. 

3a' = 3x30x30 = 2700 50,6 53 (30 + 7 = 32. 
3aJ = 30x7x3=630 27 

i*=7x7 =49 23 6,53 (2700 = 3 o«, 

7 X 3379 = 23 0,63 
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What is the third root of 34,965,783 ? 
We have seea above, that when the root is to coosist 



of several figures, the same coi 
BS when it consists of onty two. 



! is lo be pursued 



3 a' = 270000 
&ab— iSOOO 
6* = 400 



Operation. . 

34,965,783 (300+20+7=327, 



(2700 1st diFisor. 



20= J 
5768000 



79,65 
57 68 



21 977,83 (307200 2d divisor. 
21 977 83 



3(a» + 2ai + 6»)s 
3a"+2x3o4+36» 

3 a» =270000 
2x3ab= 36000 

3 6'= 1200 

2d divisor 307200 = 3 X 320 X 320 

3 n» = 307200 

3a 6= 6720 

6»= 49 

311969 
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Examplet. 

1 . What is the third root of 1 85 1 93 P 

2. What is the third root of 6365427 ? 

3. What is the third root of 77308776 T 

4. What is the third root of 1990865512 ? 

5. What is the third root of 513,345,176,343? 

6. What is the third root of 317,135,148,004,864 f 

XXXII. The third power of a fraction is found by 
raising both numerator and denominator to the third ] 
power. Thus the third power of} is 4X7X4 = tVt' 
Hence the third root of a fractioo is found by finding 
the third root of both, numerator and denominator. The 
third of /tV = 4' 

Eaaraplea. 
1. What is the third root of IJJ ? 
3. What is the third root of -jj}^ ? 

3. What is the third root of 3f f4 = '^V ? 

4. What is the third root of 304^444 ? 

5. What is the third root of y I 

It was remarked with regard to the second root 
that, when a whole number has not an exact root in 
whole Dumbers, its root caooot be eswitly fouod, for no 
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fractional quaaiiiy multiplied by itself can produce a 
wliole number. The same is true witli regard to ai\ 
roots, and for the same reason. 

Hence the third root of y cannot be found exactly be- 
cause the numerator has no exact third root. The root of 
the denominator is 2, that of the Dumenitor is between 
2 and 3, nearest to 3. The approximate root is j 



6. What is the third root of 4 i* 

In this, neither the numerator nor the denominator is 
a perfect third power ; but the denominator may be 
rendered a perfect third power, without altering the 
value of the fraction, by multiplying both terms of the 
fraction by 49, ^e second power of the denomi- 
nator. 

3x4 9 _ 147 . 
7 j< 49 ~ 343* 

The root of this is between f and ^, nearest to the 
former. 

It is evident that the denominator of any fraction nray 
be rendered a. perfect third power, by multiplying both 
its termu by the second power of the denominator. 
The third root of a whole number which is not a perfect 
third power, may be approximated by conrertiog ^e 
number into a fraction, whose denominator is a perfect 
third power. 

What is the third rdot of 5 i 
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We may find this root exact within less than ^ of a 
Doit, by coQverting it iDto a fractioa, whose deoomiiia- 
tor is tbe third power of 12. 

(12)' = 1723 6 = ■«}. 

The root or4fxT '^ hetweea f{ aad 41 ) nearest tbe 
latter. 

The most coovenieut numbers to multiply by, are 
the third powers of 10, 100, 1000, &c. in which case, 
the fractional part of (he root .will be expressed in deci- 
ddbIs, id the same manner as was shown for the second 
root. The multiplication may be performed at each 
step of the work. For each decimal to be ob- 
tained in the root, three zeros must be aoaexed to the 
' number, because the third power of 10 is 1000, that of 
100, 1000000, &c. 

7. The third root of 5 will be found by (iiis method 
as follows. 

5.000,000,000 (1.709 + 
Sd power of 1 i 

1st dividend = 4 (3 1st divisor. 

3d powerof 1.7 4.913 

Sd dividend = 870 (867 2d do. = 3x(17)' 

3d do. 8700 (867 3d do. 

3d power 1.709=4.991,443,829 

remainder .008 656 171. 
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The 3d root of 5 is 1.709, within less than ^,Vir "f 
a unit. We might approximate much nearer if neces- 
sary. The other method explained in the last article 
may be used if preferred. 

8. What is the third root of 17^ ? 

The fractional part of this number must first bo 
changed to a decimal. 

17|= 17.75 = ViVir'' = 17.750. 

Hence it appears, that to prepare a number contaia- 
ing decimals, it is necessary that for every decimal place 
in the root, there should be three decimal places in the 
power. Therefore we must begin at the place of units, 

and separate the number both to the right and left into 
periods of three figures each. If these do not come out 
even in the decimals, ihey must be supplied by annes- 
ing zeros to the right. 

9. What is the approximate third root of 25732.75} 

10. What is the approximate third root of 23.1762? 

11. What is the approximate third root of 12| ? 

12. What is the approximate third root of 1^^ i 

13. What is the approximate third root of -J-l ? 

14. What is the approximate third root of ^V <^ 
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XXXIII. QuetiioM producing Pure Equations of At 
Third Degree. 

1. A man wishes to make a cellar, that shall contain 
SI 104 cubic feet ; and in such a form, ibat the breadth 
shall be twice the depth, and the length l\ the breadth. 
What must be the length, breadth, ttnd depth ? 

Let the depth = x, 
the the breadth = 2 a, 
and the length = — , 
The whole content will be 

xh2xx — = 31104 
l^ =31104 

16 x» = 93312 ; I 

X' = 5833 i 

x= 18 = depth 
2 a^ = 36 = breadth 
— = 48= length. I 

3. There are two men whose ages are to each other 
as 5 to 4, and the sum of the third powers of their ages 
u 137781. What are their ages ? . 

I 
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Let X = the age of the elder 
then -z- = the age of the younger. 

«• + ^' = 13V81 
I> = 91,125 
» =45 
- = M. 
Am. Elder 45 years, and youDger 36. 

3. A man wishes to make a cubical cistern that shall' 
contain 100 gallons. What must be the length of one 
of its sides ? 

4. A bushel is 21&0| cubic inches. What must be 
the size of a cubical box to bold 1 bushel f 

5. What must be the size of a cubical box to hold 
2 busheb 7 

6. What must be the size of a cubical box to bold 8 
bushels ? 

7. Find two numbers, such thai the second power of 
tbe greater multiplied by the less may be equal to 448 ; 
and the second power of the less multiplied by the 
greater, may be 392 1 

8. A man wishes to make a cistern which shall hold 
SOO gallons, in such a form that the length shall be to 
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the breadth as & to 4, aod die depth to the leogtfa as 
3 to 5. Required the leogth, breadth, and depth. 

NoTK. The wiae ^Hod is 331 cubic iaches. 

9. A niaa wishes to make a box which shall hold 40 
bushels, in such form that the teogth shall be to the 
breadth as 4 to 3, and the depth to the breadth as 2 to 
3. Required the length, breadth, and depth. 

10. A roan bought a piece of land for bouse lots, the 
breadth of which was to its length as 3 to 28 ; and he 
gave as many dollars per square rod, as there were rods 
in the length of the piece. The whole price was 
|63,604. Required the length and breadth. 

1 1> A man agreed to sell a stack of hay for 10 times 
as many dollars as there were feet in tlie length of one of 
the longer sides. On measuring it, the length was to the 
breadth aa 6 to 5, and the breadth and height were equal. 
Moreover it was found that it came to as many cents 
per cubic foot as there were feet in the breadth. Re- 
quired the dimensions of the stack. 
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When an equation of the second degree consists only 
of terms which contain the second power of the un- 
known quantity, aod of terms entirety known, they may 
be solved as above. But an equation of the second 
power, ia order to he complete must contain both the 
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irst and second potvers of ihe unknown quantity, and 
ilso one term consisting entirely of known quantities. 
Fbese are sometimes called affected equationt. 

1 . Tbere is a field in the form of a rectangular paral- 
lelogram, whose length exceeds its breadth by 16 
yards, and it contains 960 square yards. Required the 
length and breadth. 

Let X = the breadth ; 

then X + 16 = the length ; 

and o^* -f 16 X = the number of square yards. 

Hence «■ +16x= 960. 

In order to solve this equation, it is necessary to 
make the first member a perfect second power. 

Observe that the second power of the binomial 
ff -f a, is X* + 2 a a: + «•■, wbicb consists trf three 
terms. 

Now if we compare this with the first member 
X* + 16 a:, we find x* = x' 

2a« = 16 X 
which gives 2 a =: 16 

and a = 8 

a* = 64 
{x + 6) (x + 8) = I* + 16 X + 64. 

Hence, if lb a;" + 16 a; we add 64, which is the second 
power of one half of 16, the first member will be a 
perfect second power. But it will be necessary to 
19 
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add the same quantity to the second member, in order 
to preserve the equaliiy. The equation then becomes 
f • + 16 « + 64 = 960 + 64 = 1024. 
Taking the root of both members 

I + 8 = ± (1024)' = 32 
Bjr iraosposiiion x= — 8 ± 32 

II has been already remarked ibat the 3d root of 
ererj positive qnanlity, may be either positive or ne- 
fatire, because — ox — o = + a'a8 well is 
+ fl X + o = + a'- The double sign ± is read plus 
or minus* 

In the preceding examples, the conditions of the 
question have always determined which v*s to be 
But, in the present instance, the work not being 
pleted when the root is taken, we must give it 
signs, and when the values of x are found for 
signs, the conditions will finally ehow which is tO] 
used. 

a; + 8 = ± 33. 

If we use the sign +, we have 
{c = 24 

and X + 16 = 40. 

This gives the lengib 40 yards and the breadth 34. 
These numbers answer the conditions of the question. 

If we use the sign — , we have 
« = — 40 
« + 16 = — 34. 
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These numbers will not satisfy the conditions of ibe 
question, but they will answer ihe conditions of the 
equation, as will be seen by pulling them into the first 
aquation. 

— 40 X — 40 + 16 X — 40 = 960. 

2. A certain company at a tavern had a reckoning of 
143 shillings to pay ; but 4 of the company being so 
ungenerous as to slip away without paying, the rest 
were obliged to pay I shilling apiece more than they 
would have done, if all had paid, What was the whole 
number of persons ? 

Let X = the number of persons at first ; 

then x — 4 = the number after 4 have departed ; 

= the number of shillings each should have 

paid ; 

and __^ = the number of shillings actually paid by 
each. 

By the conditions 

143 _ 143 

X X — 4 

Clearing of fractions 

143a!+a:« — 572 — 4«= 143 « 
By transposition 

x* — Ax = 572. 
This equation is similar to the last, except in this, the 
second tern^ of the first member has the sign — . 
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Here we must observe that the second power of the 
binomial x —a,i9 x* — 2ax + a*, tbe same as that 
ofx + a with tlie exceptioa of the sign of the second 
term. 

In this oquBtton, as before, we find two terms of tbe 
second power of a bioomial ; if we can find tbe other 
term we can easily solve the question. 
h may be found as follows 
x' = x' 
2ax= —4x 
2(1 ta: — 4 
which gives a = ^ 3 

and a' = 4 

Adding 4 to both members of the equation it be- 
comes 

as" _ 4 « + 4 = 572 + 4 = 576. 
Since — 3 in this corresponds to a, the root of the 
6rsl member is* — 2. In fad, (i — 2)» = » — 4 a; + 4. 
The root of 576 is 24. 
Hence 

a: — 3 = ± 24 
» = 2 ± 24. 
The two values of x are 26 and — 22. Tbe for- 
mer only answers the conditions of the question. 

Proof. If the whole number, 26, had paid their 
shares, each would have paid '^^ = 5^ shillings. But 
22 only paid, consequently each paid *jy = 6J 
shillings. 



C3.ifKi:,'CiOOt^l>J 



XXXlV. Affected Equatums. 831 

3. Tbere are two Diimbers, whose difierence is 9, 
and whose sum oiultiplied by the greater produces 366> 
What are those DUmbers ? 

Let X = the greater ; 
thea X — 9 = the less, 

ftx — 9 = their sum. 
By the conditioDS 

1(3*— 9) = 266 
2 a;» — 9 iB = 366 

*»- 5^=133. 

If we use the general formula as before, we hare 

x' = X" 

9» 
9ax= 

9 



16 
CompletiDg the second power, the equation becomes 



£ +T6-*'*^"'"T8 = "IT* 

[;3,ifKi:,'C00t^l>J 



I2S .OlgebrM. XXX3V. 

Tiktng the root of both meiBlwn 



which gires « = — = 14 



also « — 9 = — 18^ 

Both nluaa wiU answer Ibe coiulkioiis of the ques- 
tion ; for 





14 + 5 = 19 


ud 


19 X 14 = 366 


also 


-9i + (-lBJ)=.- 


.nd. 


— 28 X — 9J = 266. 



In all the above examples, after the question was put 
into equation, the first thing done, was to reduce all 
the terms contaiDingO!* to one term, and those containiag 
M into anoUier, and to place tfaem in one member of the 
equation, and to collect all the terms consisting ttotirelf 
of known quantities into the other. This must always 
he done. Moreover x* must hare the sign -f- and its 
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coefficieat must be 1. The equation will then be in 
the followiDg form. 

x' +px = q. 

p and q being an; known quantities and either posi- 
tive or negative. 

Every equation, however complicated, consisting of 
terms which contain «*, and x, and known quantities 
may be reduced to this form. 

Let the equation be 

___3x _ IB — x* 
b ~ 4x — i 

Clearing of fractions it becomes ' 

140 a: — 12 «• — 70 + 6 » = 75 — 5 x*. 
Transposing and uniting terms 

146x— 7ir» = 14S 
Changing all the signs in both members 
7a;» — 146* = — 145 
Dividing by 7 (the coefficient of x*) 
, 146 (s 14S 



Here P=—— tmdq^ — V^. 

* 7 ' 7 



To solve the equation 
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We consider x* snd px »s two terms of the secoai 

power of the binomial x + a\a which ' 

Sax =p X 

2a =p 



Hence the binomial « + a is equal to z + ^ and the 
third term of the second power is ^. In fact | 

(» +f) (*+ f) =«•+?» +«|- 

Therefore the first member of the above equation 
may be rendered a complete second power, of which 

» + ^ is the root, by adding to it ^ Thesamequan- 

tity must be added to the secoud member, to preserve 
the equality. 

The equation then becomes 

Taking the toot of both members 

- ■ Cockle 
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From the above observations we derive the following 
general rule for the solutioa of equations which contain 
the 6rst and second powers of the unknown quantity. 

1st. Prepare the equation, by collecting alt the termt 
containing thefirat and second powers of the unknown 
guantityinlo the first membfr, and all the terms consist- 
ing entirety of known quantities into the other me^er. 
Unite all the terms containing the second power into one 
term, and all containing the first power into another. 
If the sign before the term containing the second power of 
the nnknown quantity be not positive, make it so by chang- 
ing all the signs of both members. If the coefficient of 
this term is not 1, make it so by dividing all the terms 
hy its coefficient. 

3d. Make the first memher a complete second power. 
T*kis is done by adding to both members the second power of 
half the coefficient of x (or of the first power of the un- 
known quantity.) 

3[\. Take the root of both members. 

The root of the first member will be a binomial, the first 
term of which will be the unknown quantity, and the second 
wilt be half the coefficient of s. as found above, Theroot 
of the second member must have the double sign dc. 

4th. Transpose the term consisting of known quantities 
from the first to the second member, and the value of x 
wilt be found. 

4. A and B sold 130 ells of silk (of which 40 ells 
were A'a and 90 B's.) for 42 crowns. Now A sold for 
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I crown one third of an ell more than B did. How 
wianj eli5 did each sell for a cronn ? 

Let X = the number of ells B sold for a crown ; 

then X ■(- -^ = the number A sold for a crown ; 

— = the price of 90 ells ; 
— — = the price of 40 ells- 



90 a; + 30 + 40 a; = 43 a;« + 14 JC " 

I16i — 42 a;* = — 30 

Changing signs 42a;* — II6a; = 30 

-,. ... . ,. , lie* 30 

Dividing by 42 * IT = 42" 

„ , . , . , 68i 5 

Keducing fractions x' oT ~ t' 

To complete the second power of the first member, 
take one half of —If, which is —54, and add its 
second power to both members. 
, mx 841_ _ 5 841 _31B ,841^ _,1156 

* ~8r+ir)*"7"*"tr)'"^) ■21)' "ai)' 
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Taking the root of both members 

SI 2t 

!1 81 

Which gi»o x = — =3 

and x = -.i. 

The 6rst value only w!ll answer the conditions. 

Am. S sold 3 ells for a crowo, and A 3|. 

The learner may obserre, that in raising |4 ^ '^^ 
second power, I multiplied the numerator into itself, 
but expressed the power of the denominator by an ex- 
ponent. Tbia saved some work in this example. It 
may always be done when the number in the right hand 
member can be reduced to a fraction with the same de- 
nominator as the number added. In this case 4 could 
be reduced to 21lhs. The f was reduced thus 

5x3 _ 15X81 _ 31B 
7 X3 ~ 21 X81 ~ ID' 

When the second member is a whole number, it can 
be reduced to a fraction with any denominator, conse- 
quently this form may be used. 



338 Algeya. XXXIV. 

5. A man bought a certsio number of sbeep for 80 
dollars ; if be had boughi 4 more for the same moDey, 
they would have come to him 1 dollar apiece cheaper. 
What was the number of sheep ? 

6. A merchant sold a quRotitj of brandy for £39 and 
gained as much pet cent, as the brandy cost him. 
How much did it cost him ? 

Let X = the cost. 

then — - = tbe rata per cenL 

and - — = the irain. 
100 * 

also 59 — x = tbe gain. 

7. Two persons, A and B, talking of their money, 
says A to B, if 1 had as many dollars as I have shillings, 
I should have as much money as you ; but if I had as 
many shillings as their aumber multiplied by itself, I 
should have three times as much money as you, and 
63 shillings over. 

8. A Colonel has a battalion of 1300 men, which he 
would draw up in a solid body of an obloog form, so 
that each rank may exceed each file by 59 men. 
What numbers must he place in rank and file ? 
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9. A grazier bougbt asmon^sheepascost him JG60; 
out of which he reserved Ift, and sold (he remainder for 
£54, gaioing 3 shillings a head by ibem. How many 
sheep did be buy, and what was tbe price of each ? 

10. A perBon bougbt two pieces of clnth of different 
sorts; of which the finer cost 48. a yard more ihaathe 
other. For the finer he paid £18 ; but forthe coarser, 
which exceeded the finer in length by 2 yards, he paid 
only £16. How many yards were there in each piece, 
and what was the price of each ? 

11. A labourer dug two trenches, one of wbicb was 
16 yards longer than the other, for $77.60; and the 
digging of each cost as many dimes per yard, as there 
were yards in length. What was the length of each t 

IS. There are two square buildings, that are paved 
with stones each a foot square. The side of one build- 
ing exceeds that of the other by 12 feet, and both their 
pavements taken together contain 3120 stones. What 
are the lengths of them separately } 

13. A man bought two sorts of linen for $13^. A 
yard of the finer cost as many shillings as there were 
yards of the finer. Also 30 yards of the coarser, (whiah 
was the whole quantity) were at such a price, diat 7 
yards cost as much as a yard of the finer. How many 
were there of the finer, and wbst was the value of each 
piece ? 

14. Two partners A and B gained £18 by trade. 
A's money was in trade 12 months, and he received 
iot his principal and gain £36. Also B's money, which 

30 
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was £30, WIS io trade 16 months. What money did 
A put into tnde ? 

15. The plate of a lookiog glass is IB inches by 13, 
and is to be framed with a frame, all parts <^ which are 
of equal width, aod the area of the frame is to he eqiul 
to that of the glass. Reqaired the width of the frame. 

16. A and B set out from two towns, which were 1 
distant S47 miles, and travelled the direct road til) 
ibey met. A went 9 miles a day ; and the number 1 
of days, at the end of which they met, was greater by 

3 dian the number of miles which B went in a day. 
How many miles did each go f 

17. A set out from C towards D, aod trareUed 7 
miles per day. After be bad gone 32 miles, B set out 
from D towards C, and went every day -^j of the whole 
journey ; and after he had travelled as many days as 
he went miles in one day, he met A. What is the dis- 
tance between the places C and D ? 

In this case both values will answer the conditions 
of the question. 

18. A man had a Geld, the length of which exceeded 
the breadth by S rods. He gave 3 dollars a rod to 
bave it fenced, which amounted to 1 dollar for every 
square rod in the field. What was the length and 
breadth, and what did he give for fencing it i 

19. A man has a field 15 rods long and 12 rods 
wide, which be wishes to enlarge so that it may contain 
just twice as much ; and that the length and breadth 
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may be in the same proportion. How much must each 
be increased ? 

la this example, the root can be obtained only by 
approsimalioD. 

20. A square court yard has a rectangular gravel 
walk round it. The side of the court wants 2 yards of 
being 6 times (he breadth of the gravel walk ; and the 
number of square yards in the walk exceeds the num- 
ber of yards in the periphery of the court by 164. Re- 
quired the area of the court. 

All equations of the second degree may be reduced 
to ode of the fijllowing forms. 

1. x'+px=:q 

% X* — px=.q 

3. X* ■\-px = ~-q 

4. X* — px = — q. 

After the equation has been brought to one of these 
formS) it may be solved by one of the following formu- 
las, which are mumbered to correspond to the equations 
. from which tbey are derived. 

1. - X — f±(j+£i)* 



t(f-,)» 



.,., l;, GOOt^le 



233 Atgthra. XXXIV. 

The first equation and the first formula are sufficient 
for the whole, ifp and q are supposed to be positive or 
nsgalive quantities. 

31. There are two numhers whose differeitce is 1 1 
and whose product is equal to 4 times the larger minus 
What are the numbers^ 

Let > s the larger ; 

tbeo a— 11} = the smaller. 

i« — ll»x = 4* — 9 



This equation is in the form of x* —p x = — ij>, to 
which 



» =1} ± CVA' -9)* = H ± CVV)' = 7-8 ± 7^. 

Or we may use the first formula, then 

78 p 78 p» G084 . 

^ 5' 2 10' 4 100' ' 

T = 45 ± CVA* - 9)^- = 44 ± (VA*)^=7.8± 7.2. 

Both values of x, being positive, will answer the con- 
liitions of the question. 

^nt. By the 6rsi value the larger number is 15 and 
the smaller 3|. By the second value of x, the larger 
is j, and the smaller — 1 1. 
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Let the learner solve some of ihe preceding quei- 
tions by the formula. 

XXXV. We shall now demonstrate that every equait<m 
of the second degree, necessarily admits of two values 
ibr the unknown quantity, aod unly two. 

Let us lake the general. equation. 
a;» + j» T = J. 

This, we have seen, may represent any equation what- 
ever of the second degree, p and q being aoy known 
quantities and either positive or negative. If p = 
the equation hecomes 



which is a pure equation or an equation with two terms. 

If we make the first member of the equation x*+px=q, 

a complete second power, by the above rules, it becomes 



Make m» = g + 1 . 

then m = (y +^ )' 

Then we have (« + g) =m* 
transposing ra* (^ + 5) — m 
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The first member of this equation is llie diBerenc* 
of tno second powers, which, Art. XUI, is the same 
SB the product of the sum and' differeoce of the num^ 
hers. 

The sum is x + ^ + m, and the difierence is ^ 

X -f- ^ — m, and their product is 

(* + 1 — m) (x + I + m) = 0. 

In this equation, the first member consists of two 
factors, aDd the second b zero. Now the first member 
of the above equation will he equal to zero, if either of 
its factors is equal to zero. For if aof number be mul- 
tiplied by zero, the product is zero. 

Making the first factor equal to zero, 



Making o^ + 1 + m = 



...Xoi.sl. 
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Eitberof these values of xmuat KOaver tb« coiuU- 
lioDS of ibe eijuaiioii. 

N. B. Though either value answers the conditions 
separaltily, they cannot be introduced together, for be- 
ing diSerent, tiieir product cannot be x*. 

Instead of m put its value, and the values of x become 

— l-Ci'+O* 

which are the values we had obtained above. (Thts 
demonstration is essentially that of M. Bourdon.) 

Z)uci»»on. 
Z^et us take again the general equation. 



(. +!'•)♦■ 



Since the expression contains a radical quantity, that 
is, a qnantity of which the root is to be found, in order 
to be able to find the value of it, we must be able to 
find the root either exactly or by approximation. Now 
there is one case in which it ia imposuble to find the 
loot. It is when q is negative and greater dian ^ . In 

which case the expression J + ^ ti aegatlve % b"' '' 
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has been Bhown above, tfaat it is impossible to 6nd the 
root of a negative quantity, lu all other cases the value 
of the equation may Le louod. 

In all cases if q is positive, the first value ivill be 
positive, and answer directly to the conditions of the 

question proposed. Fortheradicalf j -f-^ V is neces- 
sarily greater than ^, because the root of ^ alone is 
tj therefore the expression — ^ ± (? + ^ Visoe-- 

eessarily of the same sign as ihe radical. 

The second value is for the same reason essentially 

negative* for both ^ and { } + ° )' are negative. 

This value, though it ful6U the couditions of the equa- 
tion, does not answer tlie conditions of the question, front 
which the equation was derived ; but it belongs to an 
analogous question, in which the x must be put in vriih 
the sign — instead of + j thus I* — px = q, which 

gives a; = ^ ± [5 + J V, a value, which difiers 
from the first only by the sign before ^. 

If q is actually negative, the equation becomes 
X* ±: px = — g, 
and the values are 
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Iq order that it may be possible to find the root, q 

must be less than ~ . Whea this is the case, the (wo 

values are real. 

Since (t — jV is smaller than ^, it follows that 

. both values are negative if^ is positive in tbeJequation ; 
thai is, if a' -^Jpx = — 5, which gives 

»=-f*G'-')'= 

and both positive if p is negative in the equatton, that 
is, a' — px = — q, which gives , " 

•=f*G"-0'- 

When both values are negative, neither of them an- 
swers directly to the ^ndttions of the question ; but if 
— a; be put into the,original equation instead of x, the 
new equation will show what alteration ia to . be mads 
in the enunciation of the question ; and the same values 
will be found for x as before, with the exception of the 
•igns. 

„a 
If in this equation q is greater than ^ > tbe quanti^ 

(^ — 9V becomes negative, and the extraction of 

the root cannot be performed. The values are then 
said to be imaginary. 

I. Il is required to find two numbers whose sum iap, 
and whose product is q. 
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Let X = one of the numbers, 
theD j> — X = the other. 

■' a:(p — x) = q 
px — a ■ =5; 
Cbaoging signs x* — p x =1 — q. 

This example presents the case above mentioned, is 
which p and q are both negative. 
The value is 

Supposep = 16 and q = 5i. 

—15 4- ? 

~ 2 2* 

The values are 9 and 6, both positive, and both an- 
swer the conditions of the questioo. And these are the 
two numbers required, for 9 + 6 = 15, 9 x 6 = 54. 
This ought to be so, for x in the equation represents 
either of the numbers indifferently. Indeed whichso- 
ever X be put for, p — x will represent the other ; and 
P X — a;' will be their product. 

Again let|> = 16 and q = 73. 

Here ( — 8)' is an imaginary quantity, therefore 
both values are imaginary. 
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In order to discover why we obtaio this imagiparjr 
Tesult, let us first find into what two parts a number 
vnust be divided, that the product of the two pans may 
le the greatest possible quantity, 

la the above example,^ represents the sum of the 
two numbers or parts, let d represent their difference, 

^ + - = the greater, and^ — 5 = ^® **'*• 
Their product is 

Tbe expression ? — - is evidently less than 2 

so long as d is greater than zero ; but when d = 0, the 
^e expression becomes ^ which is the second power 

of |. Therefore the greatest possible product is when 
tbe two parts are equal. 

]n (he abore example f = 8, and ^ = 64. This 

is tbe greatest possible product that can be formed of 
two numbers whose sum is 16. It was therefore ab* 
surd to require the product to be 72 ; and the imagina- 
ly Talues of x arise from that absurdity. 

3. It is required to find a number such, that if to its 
second power, 9 limes itself be added, the sum will b» 
equal to three times the number )ess 5. 
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ac« + 6 a = — 5. 

This equation is id the form of x* +px^ — q, 
wfaich gives 

Putting in die values otp and q 

« = — 3 ± (9 — 5)' = — 3 ± 3. 

The values are — 1 and — 5, both negative. Con- 
sequently neither value will answer the conditioDS of 
the question. This shows also that those couditions 
cannot be answered. 

But if we change the sign of x in the equation, that iS| 
put in — X instead of x, it becomes 

X* — 9a; = — 3a; — 5. 

Changing all the signs 

This shows that the question should be expressed 
thus: 

It is required to find a number, such, that if from 9 
times itself, its second power be subtracted, the remaiS' 
der will be equal to 3 times the number plus 5, 

The values will both be positive in this, aott hoth 
answer the condilions. 
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«■ — £»!= — 3a; — 5 
«• — 6 iT = — 5 

a! = 3±(9 — 5)^=,3±2. 

The values are 5 sad 1 as before, but oov both are 
positive, and both aaswer the conditions of the ques- 
tion. 

3. There are two numbers whose sum it a, and the 
sum of whose second powers is b. it is required to 
find the numbers. 

Examine the various cases which arise from giving 
different values to a and 6. Also how the negative 
value is to be interpreted. Do the same with the fol- 
lowing examples. 

4. There are two numbers whose difference is a, 
and the sum of whose second powers is b. Required 
the numbers. 

5. There are two numbers whose difierence is a, 
and the difference of whose third powers is b. Re- 
quired ibe numbers. 

6. A tpan bought a number of sheep for a number a 
of dollars ; and on counting them he found ibat if there 
had been a number b more of them, the price of each 
would have been less by a Bum c. How many did 
lie buy 7 
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7. A Gnxiei hougbt u many theep as cost bim a 
■m di out of tvhicb he reserved i number b, and sold 
A* nrnainder for a sdm c, gatning a sain' d per head 
bf tbem. How many abeep did be buy, and what was 
the price of eacb ? 

8. A merchant sold a quantity of brandy for a sum 
o, and gained as mucb per cent, as the brandy cost him. 
What was the price of the brandy.' 

XXXVi. OfPoaen and Rooti ui Genml 

Some explanation of powers both of naraerat and 
literal quantities was given Art. X, The method of 
finding the roots of the second and third powers, that 
is, of finding the second and third roots of numeral 
quantities, has also been explained ; and their appllca- 
tioo to the solt)tioD of equatioos. But it is frequently 
necessary to find the roots of other powers, as well as 
of the second and third, and of literal, as well as of nu- 
meral quantities. Preparatory to this, it is necessary 
to attend a little more putictdady to the Ibmqtioq of 
powers. 

The second power of a a a X a ^ a*. 

The fifth power of a is a x c X a x a X a = a'. 

If a quantity as a is multiplied into itself uatil it ea- 
ters n times as a factor,, it is said to tie r^isad to the 
mtb power, and is expressed a". This is done by 
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n — 1 tnulliplicHtionsj for oae multiplication as a X a , 
produoes a* ihe second power, two iDuMplicatioBi pro- 
duce the third power Sec. ; 

We have seen abore Art. X. that when the quanti- 
ties to be muhtplied are alike, the multiplkation is per- 
formed by adding the ezpoDents. ' By this principle it 
is easy to find any power of a ([uaotity which is already 
• a power. Thus 

The second power of a* is a* x a* ss <!*+* « a*. 

The third power of o* is a* Xa* Xa* = a*+*** » «•. 

Tlie second power of o" ia o^ X a" = a"***" = t^. 

The third power of a" ia a"Xo"x'i"= a*'**" = a>«» 

The mih power of a ' is a' x «' X a' X «' X 

= «•+***+**■ , until a* is taken d times as a fac- 
tor, that is, until ihe exponent 3 baa been taken i> times. 
Hence it is expressed o^. 

The»«thpowerofa"i»a"xo*xo"'. - ■ . =a"'"'*''" 
until m is taken n times, and the power ia expressed 
0—. 

N. B. The dots . . . ; . in- ^ two last examples are 
used to express the continuation of the multiplication 
Of addition, because it cannot come to an end until n 
in the first case, and n in the second, receive a deter- 
minate value- 
In looking over the above examples we observe ; 
IsL That the second power of a' is the same as the 
third power of a>, and so of all others. 
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2. That it) Godhig a power of a letter ibe ei[M>nent 
is added iioljl it is takeo as many times as there are 
uaits in liie exponeot of ibe required power. Hence 
any quanliiy may be raited to anypoioer oy multiplying 
itt exponent by the exponetU of the power to which it » 
to be raited. 

The 5th power of o* is a"" = a^*. 

The 3d power of a' is a'><* = a» » &c. 

The power of a product is the same as the product 
of that power of all iu factors. 

The 2d power of 3 o 6 is 3 a J Jc 3 o 6 = 9 a« J«. 

The 3d power of 2 a» i» is2o» b'x2a* J»x2a*6» 

Hence when a quantity consiiU of several letieri, xt 
may be raised to any power by mulliplying the exponenla 
of each letter by the eaponent of the power n quired ; 
and if the quantity hat a numeral coefficient, that must be 
raised to the power required. 

The powers of a fraction are found hy raisiog both 
numerator and denominator to the power required; 
for that is equivalent to ibe continued multiplication of 
the fraction by itself. 

What is the 5th power of 3 a' 6* m ? 
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Poirera of cOinpoumI quantities Me fouad like 
those of simple quantities, b^ the continued multi> 
plication of the quajitity into, itself. The second 
power is found by mulliplyiog the quantity once by 
itself. The third power is found by two multipli- 
cations, Sic. 

The powers of compound quantities are expressed 
by enclosing tbe quantities in a parenthesis, or by 
drawing a vinculum over them, and giving them the 
esponeolofthe power. The third power-of a + 3i — c 
is expressed (a + 2'b — c)* ; or a + 2b — c*. 

+ 24 — c 
+ 36 — c 



a*+2a6-^flc 

2ab + 4b*—2bc 

— ac—2be + c* 

a' +4oi + 4A»— aac — 4Ae + c»«(« + 2t — e)' 
a + kb — c 

a*+4a*6+4o6' — 2o*c— 4o6c+oc' 

2o»t+8a6«+86» — 4o6«-^ 8ft»c+2£c» 

— «"c — 4o6c — 4i*c+2nc'+46c' — c* 
o»+6 a* i+12 a 6» +8 6» — 3o» c — J2aAe — 126«c 
+ 3oc» +6frc»— c» = (a + 26 — c)». 

If the third power be multiplied hf a + 2b — e, it 
will produM th« founli power. 
81* 
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1. Wh&l is the second power of 3 c -f. 2 d ? 

Ans. 9c* + l2cd+4 d*. 

%. What is the third power of 4 a — * c ? 

Am. 64o» — 48fl» fcc + 12a6«c* — 6» c«. 

3. What is the 6rih power of a — & ? 

.*M. o«— 6a*6 + 10a»6» — 10o»fc»+6o4* — b'. 

4. What is the fourth power of 2 a* c — c* ? 

Mt. 16a»c*— 33a« c* +24a* c* — 8 a" c' +e». 

Id practice it is generaDy more convenient to express 
the powers of compound quantities, than actually to 
find them hy multiplication. And operations may fre- 
quently be more easily performed on thetn when they 
are only expressed. 

(o + 6)» X (a+b)* = (a + bp' = (a + b)' 
(3ffl — 5c)* x (3o — 5e)» = (3o— 5c)». 

That is, when one power of a compound quantity is te 
be mulliplUd by any power of the same guanlity, it may 
be expretted by adding the exponents, in the same man- 
tter as simple quaniitiei. 

The 2d power of (a+b)' is{o + 6)» x (a+6)» 
= (« + *)»+» = (a + i)'x. = (« + J)' . 

The 3d power of (3a — d)* is 
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That is, any quantUy, which is already a power of a 
compound quantUy, may be raised to any power by mul- 
iiplying its exponent by the exponent of the power t* 
tohich it is to beraised. 

5. Express the 2d power of (3 6 — c)*. 

Ans.{U~€y, 

6. Express the 3d power of (a ^ g + 3 d)*. 

7. Express the 7th power of (2 a" — 4 c')*. 

Division may also be performed by, subtracting tb« 
expooentsas in simple quantities. 

{Za — by divided by (3o— 6)» is 

(3a_J)^-3 = (3o— A)>. 

8. Divide (7 m + 2 c)'' by (7 m + 2 c)». 

If (^a + 6]' is to be multiplied by any quantity c, it 
may be expressed thus : c(a + h)*. But in order lo 
perform the operation, the 2d power of a -f. £ must first 
be found. 
(a + 6)» = c (fl» + 2 a 5 + 6») = a* e + 2 a 6 c + J» c 

If the operation were performed previously, a very 
erroneous resuh woAld be obtained ; for c (a + 6)* is 
very diflbrent from (oc+6 c)». The value of the lat- 
ter expression is a* c* + 2 a i c* + 6* c*. 

9. What is the value of 2 (a + 3 £)* developed aS 
^ above ? 

10. What is the value of 3 6 c (2 o — c)» ? 
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11. What istheTt]u«of(a4-3c*)(3a — 36)* 7 

12. What is the value of (2a — 6/ (a" + ft c)" ? 

We have had occasion in the precediag pages to re- 
turn from the second and third powers to their roots 
We have shown how this can be done in numeral quan- 
tities ; it remains to be shown how it may be effected 
in literal quantities. It is frequently necessary lo Bnd 
the roots of other powers as well as of the second and 
third. 

The power of a literal quantity, we have just seen, 
is found by muliiplying its exponent by the exponent of 
the power lo which it is lo be raised. 
' The second, power of a* is o*^* = a* ; ccmsequeotljr 
the second toot of a* b a* = a*;. 

The third power of a"" is o^ ; bence the third toot 
of «*■ must be a' ■= a". 

The second foot of a", then, must be a*. 

Pnoor. The second power of o* is a ' = a". 

In genera], the root of a tiifral ^uantUy mayhe found 
hy dividing itt &cponcn( by the numfter expressing the 
root; that is, by dividmg by 2 for the second root, by 
Sfor the third root, tic. This is the reverse of the 
method of fiilding powers. 

It was shown above, that any power of a quanlily 
coDsisliog ef sevecal factors is the same «s tba product 
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of the powers of the several factors. From this it fol- 
lows, that any root of a quantity consisting of ieveral 
factors is the same as the product of tlie roots of all the 
factors. 

The third power of a* 6 c' is a' 6'c*; the third root 
of a' 6' c* must therefore be a* b c'. 

Numeral coefficients are factors, and in finding pow- 
ers they are raised to the power ; consequeotly in 
finding roots, the root of the coefficient must be taken* 
The 2d root of 16 a* 6* is 4 a* b. 
Proof. 4 a* J x 4 o» 6 = 16 a* 6*. 
When the exponent of a quantity is divisible by 
the number expressing the degree of the root, the root 
can be found exactly ; but when it is oot, the ex- 
ponent of the root will be a fraction. 

The second root of a' is a*. The second root of a- 

is a^. The third root of a is a^. The nth root of a 

J. m 

ia o". The nth root of a* is a". 

The root of a fraction is found by taking the root of 
its numerator and of its denominator. This is evident 
from the method of Smling the powers of fractions. 

The root of any quantity may be expressed by en- 
closing it in a psirenthesis or drawing a vinculum over 
it, and writing a fractional exponent over it, expressive 
of tha root. , Thus 
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The 3d root of 8 a* i U ezpressatl 

(8 «» b)^ or 8«»1?. 

The root of a compound quantity may be expressed 
in the same vay. 

The 4Ui root of a* +iabis expressed 

(a* + 5 a 6)* or o» +bab^. 

When a compound quantity has an exponeat, its 
root may be found in the same manner as that of a sioi' 
pie quantity. 

Tb6 3d root of (3 4 — a)* is (2 6 — o)*=(3&— «)■. 

With regard to the signsof roots it may be observed, that 
fill even roots must have the dooble sign ± ; for since all 
even powers are necessarily positive, it is impossible to 
tell whether the power was derived from a positive or 
negative root, unless something in the conditions of the. 
question shows it. An even root of a negative quantity 
is impossible. All odd roots will have the same sign' as 
the power. 

13. What is the second root of 9 «» 6* ? 

14. What is the third root of— 125o* t« e? 

15. What is the fifth root of 32 o'«»"rf 
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16. What is the third root of ' " - y . ^ T 



1 7. What is the fourth root of ^— -S- ? 

2 8. What is the second root of (3 « — x}* ? 
1 9. Wbat is ihe 6th roel of (3 o H- !*)'^ 

XXXVII. Roots of Compound ^antitiei. 

When a eenapouml quantily is a perfect power, its 
- root may be foimd { aod when it is net a perfect pow- 
er, its toot may be found by approxiinatloD, bj anwlhed 
sitm'Am to tbaf employed for finding ibe roots of aumeral 
quaa lilies. 

Fint'w« iQoy «bserre, that no quantity consisting of 
only two terms can be a complete power ; for tlie second 
power of a bioomial consists of three terms ; that of 
a+x, for example, is a* +2ax-^-x*. The quantity 
«* +h* K not a complete second power. 

Let it be required to find the second root of 

a:* 0* + 4 a* t* + 12 a;' a* h*. 

The root ef this will consist of at least two terms- 
Tbe aecood |ieveroftbelnnoiBiala4-tisa*-f9ai^i*. 
Thta ahowa that the quantity must be arranged wcotd- 
ing to the powers of soote letter as ii) division, for the 
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second power of either term of the root will produce 
ibe highest pover of the letters ia that term. 

Arrange the above according to the powers of x. 
9x*a* + \2x* n*ft« +4 a* h*. 

The formula a* ■\-2ah +&' shows that we should 
finri the first term a of the root by taking the root of tbe 
first term ; the same must be the case in tbe given 
example. 

The root of 9 x* a* is 3 x* a*. Write this in the 
place of a quotient, and subtract iis second power. 
Then multiply 3x* a* by 2 for a divisor, answering to ; 
2 a of Uie formula. 

9x* a* + 12 X* a* b* +4 a* b* (3i* a* +2o6» 
9 it* a* 

* I2x*a*b* +4a* b* (6a:* a» +2ai» 

I2x*a*b* +4a* b* \ 



Divide the next term by tbe divisor. This gives 
2ab' for the next term of the root. Raise the whole 
root then to the second power and subtract it. Or, 
which is the same thing, since the second power of (be 
first term has already been subtracted, write the quan- 
tity 2ab* at the right of the divisor as well as in tbe 
root. Multiply the whole divisor as it then stands by 
tbe last term of tbe root. This produces the terms cor- 
responding to 2«i +&■, = J (2a + 6) of the formula. 
This produces 12 x* a*b* +4 a' b*, which being sub* 
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traded, there is no remainder. Consequeotfy the root 
is 3 »• a* + 2 a 6* or — 3 a;* a' — 2 o b'. The se^ 
cond power of both is the same. If the double sign 
had been given to the first term of the root, the second 
would hare had it also, and the positive and negative 
roots would have been obtained together. 

hot it be required to find die 3d root of 

36««OT*— eOo&M* +25i". 

36a«m* — 60atm«+25} (6oia» — 5 5 






The process in this case is the same as in the last 
example. The second term of the root has the sign — 
ID consequence of the term GOai m* of the dividend 
being afiaotad with that sign. If the quastity had been 
arranged according to the powers erf' the letter b, thus, 
35 &■ — 60 fl b at* + 36 0* m*, the root would have 
been Si — 6 a m* instead of 6 am* — 5 6. Both roots 
are right, for the second powers of the two quantities 
are the same. The second power a — 6 is tite sanM 
as that of 5 — a. One is the positive aad the other the 
negative root. If the double sign be given to the first 
term of the root, both results will be produced at die 
«ams -tioie in either amtngetoeat. 
S3 
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36 i» 

• —60 ah m* + S6 a* m* (± lOi =f6o«* 
— 60 a & m* +36a' m* 



Id dividing — 60a&m* by ± 10&, both signs are 
changed, iho + to — , and ihe — to +. This gives to 
the secDod term the sign =f. The first value is 
6 b — 6 am*, and the second is 6 am' — 5 6. 

When the quantily whose second root is to he found, 
consists of more than three terms, it is not the second 
power of a binomial, hut of a quantity consisting of more 
than two terms. Suppose the root to consist of the three 
terms n-i-n + p. If we represent the two first terms 
m + nhy I, the expression becomes I +p, the second 
power of which is 

f +2lp+p>. 

Developing the second power t* of the binomial 
n + n, it becomes m* -f 2 tn n + »■. This shows that 
when the quantity is arranged according to the powers 
of some letter, the second root of the first term will be 
the first term m of the root. If m* he subtracted, and 
the next term be divided by 3 m, the next term n of the 
root will he obtained. If tbe second power of m + n or 
I' be subtracted, the remainder wiU be 2lp+p'. If 
tbe next term 2 Ip be divided by 3f equal to twicem+n, 
the quotient will be p, the third term of tbe root. The 
same principle will extend to any number of terms. 
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Jt is required to Gnd the secoad root of 

4 a* +12 a' X + 13 a* x' +G ax' +x*. 

Let this be disposed accordiag to the powers of a or 
of ;r. 

x*+6ax*+l5a*x'+lia'x+ia* (a;»+3ttr+2a" rooti 

X* 

1st dividend. 

* 6ax*+l3a*x* (ix*+5ax 1st divisor. 
6ax'+9a*x* 



2d divid. • 4a»i*+12a»a;+4a*(2a;»+6«r-f3a* 2ddi. 
4a*x*+i2a'x+4a* 



The process is so similar to that of notnera) quanti- 
ties that it needs do farther explanation. 

The double sign need not be given to the terms dur- 
ing the operation. All the signs may be changed when 
the work is done, if the other root is wanted. This 
will seldom be the case when all the terms are positive} 
but when some of the terras are negative, if it is not 
known which quantities are the largest, the negative 
root is as likely to be found first as the positive. When 
this happens the- positive will he found by changing all 
the signs. 



[; 3,1 IK i:, GoOt^k 



!S6 aigtbrm. X 

ExampU$. 

I. What is the second root of 

4a* af + Qa* X* +a* +x* +4ax' 
3. What is the second root of 



T^-T+ra + "-^''' 



9. What is the second root of 

— 4 «* + 4 a:» + 13 «» — 6 » + a* + 9 f 
4. What is the second root of 
a* + 30 «» + 35 a* + !6 + 4 a» + 10 «• + 34 » 9 

XXXVTII. ^traction of Compound ^uaniiliei of 
any Degree, 

By examining the several powers of a binomial, and 
observing tliat the principle may be extended to roots 
CDQsisling of more than two terms, we may derive a 
general rule for extraction roots of any degree wbau 
?ver. 
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(o+»)' = 




(a+»)' = 






c»+2a*i-fiM:" 


Ca+«)' = 








<«+«)* = 









By exaraiDing these powers, ire find that the first term 
is the first term of the binomial, raised to the power to 
which the binomial is raised. The secood term con- 
sists of the first term of the binomial one degree loner 
^an in the first term, muldplied by the number ex- 
pressing the power of the binomiid, and also by die 
second term of the binomial. This wilt hereafter be 
^town to-be tme in all cases. 
22* 
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The application will be most eanlj. nnderstood by 

a particular example. 

Let it be required to extract the 5th root of the 
quantity 

32a"» — 80««6» +80fl«fc" — 40a*6»+10a«fc"— ft*', 
(2a*— b' 
32o»» 

.- Dividend. 
* — 80a'6* 80b* divisor. 

The quantity being arranged according to the pow- 
ers of a, I seek the fifth root of the first term 33a**. 
It is 3<f*. This I write in the place of the quotient in 
diviuon. 1 subtract the fifth powered 3 a*, which is 
33 a**, from the whole quantity. The remainder is 

— 80o»6»+80a« J'—Sm. 

The second term of the fifth power of the binomial 
a + x being &a* x shows that if the second term in 
this case be divided by fire times the 4th power of 2 a', 
thequoiient will be the next term of the root. The 
4th power of 3 a* is 16 a* and 5 times this 80a*. 
Now — 80 a* A* being divided by 80 a* gives — i* for 
the next term of the rooL Raising 3 a* — ft* to the 
Sth power, it produces the quantity given. If the root 
contained more than two terms it would he necessary 
to subtract the 5th power of 2 a' — ft* from the whole 
quantity ; and then to find the next term of the root, 
divide the first term of the remainder by five times the 
4^ power of 2a* — ft*. The first term only bowever 
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would be used which would be ibe tame divisor that 
was used the first lime. 

When the number expressing the root has divisors, 
the roots may be found more easily than to extract them 
directly. The secoud root of a* is a*, the second root 
of which is a. Hence the 4th root may be found by two 
extractions of the second root The second root of a* 
13 a', or the dd root of a* is a*. Hence the 6tb root 
may be found by extracting the 3d and 3d roots. The 
8th root is found by three extractions of the 3d 
toot Sec. 



Exampla. 

1. What is the 3d root of 

6ic*+a:*— 43a:»+96x — 64f 

2. What is the 3d root of 

1 5 x* _ 6 « + ac* — 6 »* — 20 j;* + 15 *• + 1 ( 

3. What is the 4th root of 

216 a* X* — 216 ax* +S\x* + l6a* — 9Ga' xi 

A. What is the 6tb root of 
80 «> — 40 a:* + 33 1' — 80 ** — 1 + 10 « ? 
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XXXIX. Extraction of the Roatt of Numeral Quoti' 

tiliet of any Degree. 

By the tbove expresEion of the several powers, we 
may extract aoy root of a numeral quaatity. Let as 
take a particular example. 

What is the 5ih root of 6,443,532,400,000 ? 

la the 6rst place we observe that the 5th power of 
10 is 100000, aad the dlh power of 1 00 Is 10000000000. 
Therefore if the root contains a figure in the ten's place, 
it must be sought among the figures at the left of the first 
five places counting from the righL Also if the root coo- 
taios a figure in the hundred's place, it must be sought 
at the left of the first ten figures. This shows that the 
number may he divided into periods of five figures 
each, beginniog at the right. The number so prepared 
will stand 

544,35324,00000 (340 
243 

Dividend. 3013 (405 Divisor. 

544 35324 



* 00000 

In the first place I find the grestett dth pown id 
544. It is 243, the root of which is 3. I wnte 3 
in the root, and subtract 243, ibe 5th power of 3, from 
344. The remainder must contain 5 a^ x + lOa^ x* + 
&c. The 3, that part of the root already found, and 
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which, by ibe number of periods, must be 300, answers 
to a io the formula. 5 a*, that is, five times the fourib 
pover of 300 nill form only an approximate divisor, since 
the remainder consists of several terms besides 6a*x; 
«till it nill enable us to judge very nearly, and we shall 
find the right number after one or two trials. As the 
fourth power of 30 will have no significant figure below 
10000, (we may consider 3 to be in the ten's place, 
with regard to the next figure to be found), we may 
bring down only one figure of the next period to the 
Temaioddr for the dividend, and use 5 times the fourth 
power of 3 for the divisor. The dividend is 3013 and 
the divisor 405. The dividend contains the divisor at 
least 6 times, but probably 6 is too large for the root 
Try 5. This gives for the first two figures 35. Raise 
35 to the 5th power and see if it is equal to 54'l,35324. 
It will exceed it. Therefore try 4. The fifth power 
of 34 is 544,35334. Hence 34 is right. Subtract this 
tcota the number, there is no remainder. There is still 
another period, hut it coniains no significant figure, 
therefore the next figure is 0, and the root is 340. The 
5lb power of 340 is 5,443,532,400,000. If there had 
been a remainder after subtracting the 5th power of 34, 
it would have been necessary to bring down the next 
figure of the number to it to form a dividend, and then 
to divide it by 5 times the 4th power of 34 ; and to 
proceed in all respects as before. 

The process of extracting roors above the second i» 
very tedious. A method of doing it by logarithms will 
hereafter he shown, by which it may be much more ex- 
peditiously performed. 

- t;«'8i': 
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ExampUi. 

1. Whtt ia the 5th root of 15937032465957 > 

2. What » the 4tb root of 36469158961 f 

For this, the rourth root may be extnioted directlj'J 
or it may be done by two extractions of the secoad 
root. Let the learner do it both nays. 

3. What is the 6th root of 481890304 f I 

This may be done by extractiog the 6th root directly, 
or by extracting first the second and ibea the 3d root. 
Let it be done both ways. 

4. What is the7tb root of 1319292S512 ? 



XL. Fraetional Exponentt and IrraiiotuU ^vatUitia. 

The method explained above, Art XXXVl, for er 
tracting the roots of literal quantities, gives rise to frao- 
tiooal exponents, when they cannot be exactly divided bj 
the number expressing the root. Since quantities of thi< 
kind frequently occur, mathematicians have invented me- 
thods of performing the different operations upon them in 
the same manner as if the roots could he found exactly; 
and thus putting off the actual extracting of the root until 
the last, if it happens to be most convenient. The ex- 
pressions also may of^en be reduced to others much 
more simple, and whose roots may be more easily found. 
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Xt has beeo alreadjr observed that the root of a quan- 
ity consisting of several factors, is the same as the pro- 
luct of tbe roots of ibe several factors. 

Hence {a* b')^ = (a')^.{b')^ = a» 6. 

= a'.a'.o* SSI a. a' ^ a = a'. 

We see that the same expression may be written to 
B great many different forms. The most remarkable of 
tlie above are, 

a* = a ' = a ^» = a. a* 

On this principle we may actually take the root of 
a part of the factors of a quantity when ihey have roots, 
and leave the roots of the others to be taken by spprozi- 
mation at a convenient time. 

The quantity (73 a* b' c)^ may be resolved int* 
fectors thus. 

;X3 X 36 o» fl i* 6 0* = (36 a* 6*)i(2 a b c)». 

The root of the first factor 36 a' b* can be found ex- 
actly, and the expression becomes 

6ab*{Zabc)^. 

This expression is much more simple than the otker^ 
for aow it is necessary to find tbe root of only 2abc. 
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Th* exfttmoa niight fam beeo put in tbis Ibna, 

= 6afc» (la4c)i 

Exaagtiet. 

1. Reduce (16 a' b*y lo its simplest form. 

Am. 2aA(2a» J)i 

5. Reduce (54ax*)' lo its Amplest form. 

3. Reduce (jTrr?-) w its simplest form. 

A. Reduce (16 a* i' + 33 a* h' mj* to its simplest 
form. 

(l6o*6*+33a»6»»)» = (16a»4*)»(ai* + 26m)* 

6. Reduce -I ^- ■■■ , , I to Its sim- 

\ 64 m* »' / 

^lest form. 

Sometimes it is oouTenient to multiply a root I^ 
•cuuKher quaatitT-, or oae root by tooiber. 
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Ifitis requiredtomulliply (3a»&)' by ab, it may 
be expressed thus : a J (3 rt» 6)'. But if it is required 
actually to unite tlient, a b must first be raised to tbe se- 
cond power, aad the product becomes (3 o'fi')^. This 
will appear more plain in the following manner, 

{3o»6)» = 3*o6^. 
Tills multiplied by a ( is 

,3^ o 6^ X o6 = 3* a* J^i = 3^ o« b^ = (3 a* 6')*. 

If instead of enclosing the quantity in the parenthesis 
and writing the exponent of the root over it, we divide 
the exponent of all the factors by tbe exponent of the 
root, all the operations will be very simple. 

Let a* be multiplied by a*. 

J 6T j( aT iT = o4 +4 JT +T - a^ jf. 

That is» multiplication is performed on similar quan- 
tities by adding the exponents, as when the exponents 
are whole numbers. In like manner division is per- 
fonned by subtracting tbe exponents. 

as 
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It dtust be observed tfaat a> mtj be read, the third 
root of the tecond poiBtr of a, or tht second power ^ 
the third root of a. For the 3d root of a* isa^; and 

The 3d power of o"* is 

That is, a power of a root may be' found by multi- 
plying the fractional exponent by the exponent of the 
power. Consequently a root of a root may be found 
by dividing the fractional index by the exponent of the 
root. In muTtiplyiag and dividing the fractional expo- 
nents, we must apply the same rules that we apply to 
oommon fractions. 

The 3d root of n* is A 

The 3d root of o^ is a^. 

The 5th root of o^ b^ is o'A JtV. 

If the numerator and denominator both be multiplied 
or divided by the same number, the value of the quan- 
tity will not be altered ; for that is tbe.same as to raising 
it to a power, and Ibea extracting the root. 
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If it is required to multiply a* by a*, the fractions 
may be reduced to a common denominator and added : 
ibus, 

a* X o* = o* X fl* = o^ = a'» = a.i^. 

The same may be done in dirision and the expo- 
nents subtracted. 

a* a^ y _. y y 



r=o^' 



f=«-«. 



In (act, quantities with fractiODal exponents are sub- 
ject to precisely tbe same rules, as when the exponents 
are whole numbers ; but the rules must be applied as 
to fractions. The fractions may be reduced to deci- 
mals widfout altering the value ; thus 

soxa"^' X o^"'. 
.i X a* = a>-"x .■« = /-^' = a2 X J^xa^^^. 

It is very important to remember how these quanti- 
ties may be- separated into factors. Since multiplica- 
tion is performed by adding the expooents, and dirisioa 
br subtractine ibem, any quantity may be separated 



C3.ifKi:,'CiOOt^lt: 



808 Algebra. SL. 

into SB many factors aa we please, by separstiog the 
exponent into parts. Thus 

fl* s= a* X a* = » X a* = ax a* X a* 

The sum of all the exponents ia the last expression 
is 6. Logarithms are of the same nature as these ex- 
ponents, and afibrd as great a facility in operating upon 
nombera, as these do upon letters. And the opera- 
tions are performed in the same way, as will be ex- 
plained hereafter. 

If the learner should ever hare occasion to read 
other treatises on mathematica, he will generally find 
die roots expressed by what are called radical ngtt. 
The second root is expressed with the sign v" ,, the 

third root y* the same sign with the index of (he 

root orer it. The 4th root is v ^■ 

a' = i/T 

«1=;t ■■ 

0% = V^ 

2^ a^ h^ = V 2 a» i» 8w. 
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They will be easily understood if the radical sign bs 
removed, and the expooents divided by the index of 
the root or the quantity enclosed in a parenthesis, and 
(he root written over it. The expression \^ba' b' he- 
comes 

6^ a* 6* = (5a»t»)^. 

The expression Va* + 6* is eqnivalent to (a" + i»)T. 

XLt. Binomial Theorem. 

It has already been remarked that the powers of any 
quantity are found by.muliiplying the quantity into it- 
self as many times, less one, as is expressed by the ex- 
ponent of the power. Sir Isaac N^ewion discovered a 
method, by which any quantity consisting of more tbaa 
one term may be raised to any power whatever, with- 
out going through the process of multiplication. The 
pHnciple on which this method is founded is called the 
Binomial Theorem. Its use is very important and ex- 
tensive in algebraic operations. 

Next to quantities coasisting of only one term, bino- 
mials, or quantities consisting of two terms, are the most 
simple. 1 

Let a few of the powers of a + x be found and their 
formation attended to. 
23* 



Mgetra. 



(•+«)■ = 


a'+ax 


(•+»)■ = 




(«+«)• = 


a»x+24M»+a!» 

0+» 






(«+«)• = 









The law or ibe formation of the literal part is suffi- 
ciently manifest. 

In each power there is one term more than th&num- 
ber denoting the power to which it is raised. The first 
power consists of two terms, the second power of tbree 
terms, the third power of four terms, inc. 

In evaty power a is found in every term except tbe 
last, and x is found in every term except the first. The 
exponent of a in the first lerm ia the same as the expo* 
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lent of the power to which the binomial is raised, and 
t diminiabes by one in each succeeding lerm. 

The exponent oix m the second term is 1, and it 
increases b; one in each succeeding term, until in the 
last term it is the same as that of a in the first term. 

The law of the coefficients is not so simple, though 
it is not less remarkable. 

The coefficients of the first power, viz. a + x, are 
1, 1 ; those of the second power are I, 3, 1. These 
are formed from tlie first as follows. When a is multi- 
plied by a, it produces a*, and do other term being 
produced like it, there is nothing added to it, and it re- 
mains with the-same coefficient as the a in the muhi- 
plicand. In multiplying x by a and afterward a by x, 
two simitar terms are produced, having the coefficients 
of the a and x in the multiplicand, viz. 1 and 1 ; and 
the addition of these forms the 2. The other 1 is pro- 
duced like the first. 

The coefficients of the third power are 1, 3, 3, 1. 
The Is are produced from the second power, as those 
of the second power are produced from the first. In 
multiplying 2 a a; by a, the term produced is 3 a* x, 
having the coefficient of the second term of the multi- 
plicand ', and in multiplying a* by x, the term produced 
is a* X, similar to the last, and having the coefficient I 
of the first term of the muhiplicand. The addition of 
the coefficients of these two terms produces the 3 be- 
fore a* X, That is, the coefficient of the second term 
j of the third power is formed by adding together the co- 
; efficients of the first and second terms of the second 
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power. In tbe same manner it may be shown, thai 
the coefficient 3 of the third term of (be third power is 
formed by adding together the coefficients of the second 
and third terms of the second power. 

The following law will be found on examination to 
be general. 

Tbe coefficient of the Srst term of every power is 1. 
The coefficieat of tbe second term of every power is 
formed by adding together the coefficients of tbe first 
and second terms of the preceding power. The coef- 
ficient of the third term of every power is formed by 
adding together the coefficients of the second and third 
terms of the preceding power. The coefficient of the 
fourth term of every power is found by adding together 
the coefficients of the third and fourth terms of the pre- 
ceding power. And so of the rest. 

This law, though perhaps sufficiently evident by 
inspection, may be easily demonstrated. 

Suppose the above law to hold true as far as some 
power which we may designate by n. The literal part 
of tbe nth power will be formed thus. 



We cannot write all the terms witliout assigning a 
particular value to n. We can write a few of the first 
and last. The points between show that the number 
of terms is indeterminate; there mayor may not be 
more than are written. 

Suppose that A is tbe coefficient of the second terra, 
B that of the third iu:. and let the whole be muhiplied 
by a -f- X, which will produce the next higher power, or 
the (n + l)th power. 

- Cccglc 
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In this result we observe that the expoaents of both 
a and x are iocreased by I in each term, and there b 
still one term wiiliout x and another withotit a. Be- 
fore the terms of the product were added, there were 
twice as many terras in the product as in the multipli- 
cand, but they have all united two by two except the 
first and last. The terms C o""* x* and F a* x"^^ have 
Dot united with any others, but it is evident that they 
would have done so, if all the terms could bare been 
written. There is (hen one more term in this power 
than in the last. 

The coefScient of the first term is still 1. That of 
the second is the sum of the coefficients of the first and 
second terms of the multiplicand, viz. 1 + A. That of 
the third is the sum of the coefficients of the second and 
third terms of the multiplicand, viz. A + B ; &c. 

The above formula shows that if the law above men- ' 
tinned is true for one power, it will he so for the next 
higher power. We have seen that it is true for the 
&th power, therefore it will be true for the 6lh ; be- , 
ing true for the Otb, it will be so for the 7tb, Sic. j 

Let the coefficients of several of the first powen 
be written without the letters, forming them by the 
above principle. i 

First observe that (a +«)" = 1. 

Adding to this 1 gives 1, and then again on the 
other side gives I. Hence we have 1, 1 for thecoeQ' 
oients of the first power. I 
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Adding to the first 1 gives 1 ; adding 1 and 1 gives , 
2, end then 1 and are 1. Heace the coefficienis of 
the second power are 1, 3, I. 

Again, 0+'l=l; 1 + 2 = 3; 3 + 1=3; and 
1+0 = 1. Hence 1, 3, 3, 1 are tbe coefficients of the 
third power. 

Again,0 + l = l ; I +3=4; 3 + 3s6 ; 3 + 1 =4; 
and 1+0=1. Hence 1, 4, 6, 4, 1 are the coefficients 
of the fourth power. 

Again, 0+1 = 1; 1+4 = 5; 4+6 = 10; 6+4 = 10; 
4 + 1 = 5 ; and 1 + = 1, Hence I, &, 10, 10, 5, 1 
are the coefficients of the 5th power, &c. 

The CoeffideaU of the first Ten Powen. 



1 5 10 10 5 1 

1 6 IS 30 15 6 1 

1 7 21 35 35 21 7 1 

1 8 28 56 70 56 28 8 1 

1 9 36 84 126 126 84 36 9 1 

I 10 45 130 310 352 310 130 45 10 1 

Here ve observe that th« first row of figures uken 
ebliquelj downsratd is the series of numbers 1, 1, I,&c. 
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The second row is the series of natural naoiben, 
1, 3, 3, 4, 5, &EC, whose differences are 1. 

The third row is tbe series 1, 3,6, 10, 15, &c 
whose diflerences are the last series viz. 1, 3, 3, 4, &c 

The fourth row is the series 1, 4, 10, 20, 35, &c. 
whose differences are the last series viz. I, 3, 6, iO, 
itc. Each successive row is a series, whose differences 
form tbe preceding row. 

We may observe farther that tbe coefficient of the 
second term of any power is the term of the series 
I, 3, 3, 4, 8cc. denoted by the exponent of the power. 
That of Ihe second power is the second term ; that of 
tbe third power, the third term ; that of the nib power, 
tbe nth term. But this being tbe series of natural num- 
bers, the number which denotes the place of tbe term 
is equal to tbe term itself, so that the coefficient of tbe 
second terra will always be equal to the exponent of 
the power. 

Tbe coefficient of the third term of any power is tbe 
term of tbe series 1, 3, 6, 10, be denoted by ibe ex- 
ponent of the power diminished by 1. That of the 
third power is the second term, that of the fourth 
power the third term, that of tbe nth power the 
(n — l)th term, &c. 

The coefficient of the fourth term of any power is 
tbe term of the series 1, 4, 10, 30, be. denoted by the 
exponent of tbe power dimiiiished by 3. That of the 
fourth power is the second term, that of tbe fiiih power 
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is the third lerni, that of the nth power is the (n — 2)th 
terra. And so on as we proceed to the right, the place 
of the term in the series is diminished by 1. 

We may ohserve another remarkable fact, the reasoa 
of which Hill be manifest on recurring to the formatioo 
of these series. We shall lake the 7th power for an 
example, though it is equally true of any other. 

The coefficient of the second term, viz. 7, is the sum 
of 7 terms of the preceding series 1, 1, 1, Sec. and was 
in fact formed by adding them. 

The coefficient of the third term, 21, is the sum of 
the first six terms of the preceding series, 1, 3, 3, Sec. 
and was actually formed by adding tbem, as may be 
seen by referring to the formation. 

The coefHcient of the fourth terra, 35, is the sum of 
the first five terms of the preceding series, 1, 3, 6, 10, 
he, and was formed by adding them. 

The same law continues through the whole. If now 
we can discover a simple method of finding the sums of 
these series without actually forming the series them- 
selves, it will be easy to find the coefficients of any 
power without {brmiog the preceding powers. This 
will be our nest inquiry. 

XLli. Summation ofSeriet by Differatoes. 

It is not my purpose at present to enter very minute- 
; ly into the theory of series. I shall examine only a 
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few of tb« most umple of them, and those priocipaDj | 
with a view of demonstratiog the binomiai iheorem. 

A seriei by differences is several naiubers arraaged 
tt^ether, the successive terras of which differ from each 
other bjr some regular law. 

I call a series of the first order that, io which all the 
terms are alike, as 1, 1, 1, 1, £ic. 3, 3, 3, 3, &c. 

9,0, a, a, be. In these the difference is zero. 

The sum of all the terras of such a series is evident- 
ly found by multiplying one of the terms hy the nuot- 
ber of terms in the series. Every case of multiplica- 
tion is an example of finding the sum of sacb a series. 

The sum * of a number u of terms of any series 
a, a, a, 8ic. a expressed 



When a s£ 1, it becomes $= j. 

A series in which the terms increase or diminish by 
a constant difference, is called a series of the second 
trier. As 1, 2, 3, 4, 5, Sic. 3, 6, 9, 13, 8tc. or 12, 9, 
6, 3. A series of this kind is formed from a series of 
the first order. The differences between the succes- 
»ve terms form the series from which it is derived. 

At present I shall examine only the series of natural 
numbers 1, 3, 3, 4, n. 
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This aeries is formed as follows : 

0+1=1 
1 + 1^2 

1 + 1-1-1=3 
1 + 1 + 1 + I rs 4 
i + I + I + 1 + 1 = 5 «ic. 

The sum of any dumber n of terms of the series 
1, 1, 1, 1, fitc. b equal to the nth term of the series 
l, 3. 3. 4. &C. 

Write down two of these series as follows and add 
tlie corresponding terms of the two together. 

1, 2, 3, 4, 5 
5, 4, 3, 2, I 



6, 6, 6, 6, 6 



1, 3, 3, 4, . . . (n-S),(»_2),(n-l,) d 
n, (n_l),(n_2),(»_3).. ..4, 3, 2, 1 

(n+l),Cn+l),(n+l),(n+l). . .(«+l),(n+0,(«+l),(n+l) 

The 6th term of the series is 6, and it appears ' that 
5 times 6 will he twice the sum of b terms of the 



The (n + l)th lerm of the series 1, 2, 3, 4, Szc. is 
n + 1. It appears thai n times (n+l) will he twice 
the sum of n terms of the series. 
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The sum t" of any Durober n of terms may be ex- 
pressed thus. 

1.2 

It is frequently conveoient to use tfae same letter iq 
similar situations to express different values. In order 
to distinguish it in different places, it may be marked 
thus 3, /, «', t", which may be read a, t prime, m second, 
s third, &c. 

How many times does the hammer of a clock strike 
ia 12 hoars f 

In this example n = 13 n -f- 1 = 13. 

il21J5 = 78. .an.. 78 times. 

1 X2 

The rule expressed in words is ; To find the turn of 
any number of terms of the series 1, 2, 3, 4, iic, find ike 
■next iucceeding term in ike series, and multiply il by the 
number of terms in the series, and divide the product 
by 2. 

The same thing may be proved in another form 
which is mnre conformable to the method that will be 
used for the series of the higher orders. 

Suppose it is required to find the sum of the first five 
terms of the series. 
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The sixth term of the series is the sum of 6 terms of 
the series, 1, I, l,&c. thus 

1 + 1+1 + 1 + 1 + 1=6. 

Let this series be written donn fire times, one under 
the other, thus. 



1 
1 



1, 



If this series be divided by a line passing diagoQallx 
through it, so that the part below and at the left of the 
lioe may contain one term of the first series, two of the 
second, three of tbe third, four of the fourth, and five c^ 
the fifth ; the terms so separated will form the first five 
terms of the series 1, 3, 3, &tc. There will be the same 
nuinber of terms above and at the right of the line, 
which will form the same series, if the terms be added 
Terttcally instead of horizontally. 
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It ia easy to lee that this series continued to any 
Dumlter of terms will be formed twice over ia ibis 
way, if (be number of series written under eacb 
other is equal to tbe number o{ terms required 
and tbe number nf terms in each series exceed tbe 
Dumber of terms by one. And the reason of it is maui- 
fest from the manner in which the two series^ are 
formed. 

Hence n times the series con^sting of n -^^ 1 terms 
of the series 1, 1, 1, I, 6tc. will be twice tbe sum t' of 
n terms of tbe series 1| 3, 3, 4, &c. 

That is, 2«' = n(»+l)aod«'= "^"'^'\ 



A series of lAe lAt'rii or<Ier is one, the diSerence of 
the successive terms of which is a series of the second 
order. I shall consider only the series formed {rom 
the series 1, 3, 3, be. 







FormUim. 




+ 


1 , 


= 


+ 1 




1+3 


= 


1+2 




1+2 + 3 


= 


3 + 3 




l+S+3+4 


6 + 4 



1+3 + 3 + 4+S =10 + 6 = 15 
1+3 +3 + 4 + 6 + 6 = 15 +6 = 31 iic 



...Xoi.sic 
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rrbe first term of the series I, 3, 3, k,c. forms (be 
first term ; the sum of the first two terms forms the 
second ; the sum of the first three forms the third term, 
&LC. and the sum ofn terms will form the nth term of 
the series 1, 3, 6, 10, he. 

Let it be required to find the sum of the first fire 
terms of the series I, 3, 6, 10, 15, 21, &c. 

The sixth term of tlTis series is the sum of the first 
G terms of the series I, 2, 3, itc. 

1 +2 + 3 + 4 + 5 + 6= 1^ = 21 = nth term. 

Write this series five times one under the other, and 
draw a line diagonally so as to leave on the left and 
below, the first term of (he first, the first two of the 
second, the first three of the third, £ic. and the first 
five of the fifth. 




The figure* so cut off form the first fire terms of the 
series 1, 3, 6, 10, 15, ficc the sum of which w* wish 
to fiad. It will DOW be shown that the sum of tba 
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terms od the right and above the line, are equal to 
twice the sum of those below aad at the left. 

By the rule given above for finding the sum of tha 
Mries 1, 3, 3, fitc. 

8 ■ 



The sun, of 1 term, or 1 
The sum of 3 terms, or 1 + 3 
The sum of 3 terras, or I + 3 + 3 
The sum of 4 terms, or 1 -(-2+3 + 4 



. 3X4 
. 4X6 



Hence 3 (1) =1x2 

2 (1 + 2) =2x3 

2 (1+3 + 3) =3x4 

2 a +2 + 3+4) =4x5 

2(i+2 + 3 + 4+5) = 6x6 

That is, the 3 is twice (he I, 

The two threes are twice (1 + 2), 

The three fours are twice (1+3 + 3), 

The four fives are twice (1+2 + 3 + 4), and 

The five sixes are twice (1 + 2+3 + 4 + 5). 
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Since the part below the line forms the series whose 
sum is required, and ihe part above the line is eqtiai to 
t^ce that below, both parts together are equal to three 
times the series I, 3, 6, 10, 15. Therefore if 21, - 
which is the nest term in the series, and which is also 
the sum of the series 1, 3, 3, 4, 5, 6, be multiplied by 
S, the number of terms to be summed, and divided by 
3, the quotient will be the sum of the series required. 

It is easy to see that if the series I 2, 3, ... (n + I) 
be written n times and divided by a line like the above, 
ihe part below the line will form n terms of the series 
1, 3, 6, 10, £iG. And the part above tlie line will be 
equal to twice the part below, because the sum of n 

terms of the series 1, 2, 3, 8tc. is "^""^'l 

Therefore to find the sum of n terms of the series 
1, 3, 6, 10, multiply the (n -f- l)th term of that series 
by n and divide by 3, and the quotient will be the sum 
required. 

But the (a + l)th term of the series is equal to tho 
sum of » (+ 1) ierms of the series 1, 2, 3, 4, tie. The 

mh term of this series being "^"- ' ■■, the (» + l)th 

term will be ^-^-i — >""^ ' . This being multiplied 
by R, the number of terms, and divided by 3, gives 
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Hence the sum i" of n terms of the series will be ex- 
pressed tbus, 



A series of the fourth order is one, the difference of 
whose terms is a series of the third order. 

I shall at present conuder odIj the one formed from 
the series 1,3, 6, 10, 15, &c. 



Formation. 




1 

1+3 

1+3 + 6 

1.+ 3+6 + I0 

1+3 + 6 + 10+15 


= 0+1=1 
= 1+3=4 
= 4 + 6 = 10 
= 10+10 = 20 
= 20+15 = 35 



1 + 3 4- 6 + 10 -f- 15 + at = 36 + 21 = 56 

The first term of the series 1, 3, 6, &zc. is the first 
term of the new series ; the sum of the first two terms i 
forms the second; 8ec. the sum of n terms will form the 
nth term of the new series- 
It is required to find the sum of five -terms of this 
series. 

The sixth term of this series is equal to the sum of 
thefirst six terms of the preceding. 



J + 3 + 6+10+I5 + 2X 



6 X7XJ_ 
"1X2X3" 
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Write this series fire times, one under the other, and 
separate it ioto two parts by a line drawn diagonallj' ia 
the same maimer as was done with the last series. The 
terms below the line will form the series whose sum is 
required, and the terms above the line will be equal to 
three times those below. That is, the whole will ba 
lour times the sum required. 

3: 




By the rule given above for finding the sum of the 
series 1, 3, 6, 10, &c. 



The sum of one term, or t 
The sum of two terms, or 1 -|- 3 



The sum of three terms, or 1 + 3 + 6 = ■^= 10. 



SX10_ 
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Thesumorfiveterm3orl+34-0+l0+15=^^=35. 

The five Sis are 3 limca 1 + 3 + 6+10 + 15. 

The four I5s are 3 times 1+3 + 6 + 10. 
and so of the rest. 

It is easy to sec that this principle will extend to aaj 
number of terms. 

Therefore to find the sum of n terms of the series 
1, 4, 10, 20, &IC., multiply the (n + l)tb term of tbe 
series by n, and divide the product by 4, and the quo- 
tient will be the sum required. 

But the (n + l)tb term of this series is equal to the 
sum of (n + 1 ) terms of the preceding series. 
The nth term of the preceding series being 

n(n + l)(» + 2) 

1X2X3' I 

the (n + l)th term will be 

(n + l)(ii4-g)(« + 3) ! 

1X2X3 • 

This being multiplied by n and divided by 4, girei 

.„ ^ n(B+l)(w + g)(« + 3 ) 

1X2X3X4 I 



C3.ifKi:,CiOOt^le 



'!XLni. Summation ofSerieiby Differmeet. 389 

XLIII. The principle of summiDg these series may 
he proved geDerally as follows ; 

Let 1, a, b, c, d, I he a series of any order, 

such that the sum of n terms may be found by multi- 
ptyiDg the (n -)- l)th term by n, and dividing tbe pro- 
duct hy m. If/ is the (n 4- l)tb term, sad s tbe sum 
of all the terms, we shall have by hypothesis 

t = — , and mi ^ni. 

That is, n 2 will be m times the sum of tbe series. 

The next higher series will he formed from this as 

follows, 

1 =: 1st term. 

l-\-a T=2d " 

l-fa-fft . . . =:3d " 

1 + + 6 + c . . . = 4th " 

l^a + b+c + d . . =5th' 

\ +a + b + c + d + k =Bih " 

l+a + b + e + d-^....k + l = (n+ IJth. 

Tbe first term 1 of the original series l,a, &, be., 
forms the first term of the new series ; tbe sum of the 
first two forms the second term ; ibe sum of the first 
three forms the third term, Sic. and the sum of (n + 1) 
terms forms the (n + l)th term. 

Let the series forming the (n + l)th term, be written 
n times, one under the other, term for term. And let 
a line be drawn diagonally, so that the first term of tbe 
35 

- ^;^>^yl- 



390 AlgAnu XLHL 

first roir, the first two of the second row, ud n tetou 
of the nth row may be at the left and below the line. 




1, 0, ft, c, rf,\ . ft, I 
I, a, h, c, d. Aft, / 



The terras below and at the leit of the line, form n 
terms of the new series. It is now to be shown that the 
temia abore, and at the right of the line, are equal to 
m times those beiow, and, consequently, that the whole 
together are equal to m -f- 1 times n terms of the new 
series. 

By the hypothesis 



The sum of one term, or 1 



1^ 



The sum of two terms, or 1 + a 
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The sum of three terms, orl+a + i =~. 

The sum of four terms, orl+a + i-f-c = 

The sum ofn terms, or l+a+b+e+d + ..k = — , 

Multiplying both members of the abore equations 
by m: 

m.1 = I.a 

m (1 + a) = 2 S 

m(l+a + b) =3c 

m(^l -^a + b + c) =4d 

m{l+a + b + c + d+...k)=nl. 

Hence it appears, that a is nt times 1 ; 2 b ism times 

( 1 + a) tic. ; and n / is m times (1 +a-^.b+c+d+. ...k); 

that is, the part above and at the right of the line, is m 

times the part at the left and below ; consequenilf the 

whole, or n times the (n + Ijth term of the new series, 

will be (m -\- 1) times the sum ofn terms of the same 

series. 

We have already examined all the series as far as 
the fourth order, and have found the above hypothesis 
true sn far. Let us suppose the series 1, a, b, &ig. to be 
a series of the fourth order, in which we bare found that 
the sum of n terms may be obtained by multiplyiug the 
(n + i)lh term by n, and dividing the product by 4 ; 
in this case nt is equal to 4. The series formed from 
this will he a series of the 5th order, and m+ 1 =4+ 1 =5. 
Xbereforg by (lie above demonstration it appears that the 

- t;«,sic 
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■am of ft lerms of a series of tbe 5th order may be ob- 
tained by multiplying (be (» -|- l)lh term by n and 
dividing the product by 5. 

If now the series 1, a, b, be be considered a series 
of the 5th order, m = 5 and ai -j- 1 = 6. Heoce th« 
same principle extends to the 6lb order. 

If then ne continue to make 1, a, &, be. represent one 
series after another in ibis way, we shall see that the 
principle will extend to any order whatever of this kind 
of series. 

We have then this general rule ; 

To find the sum of n terms of a series of the order 
denoted by r, derived from the series I, 1, 1, be, 
multiply the (n -\- l)th term of the ttriet by n and divide 
the product by r. 

Also, the nth term of the series of the order r is 
equal to the sum of n terms of tfae series of the order 
r — I. 

When the series is of ihe Grst order, the sum of ii 
terms is ~ or ^. 

The sum of ("+ I) terms of this series is ^-ii. 

This is the (n -|- l)tl) term of the series of the second 
order. This multiplied by n and divided by 2 gives 
the sum of n lerms of the series of the tecond order : 

"("+») 
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The sum of (n + 1) terms of the same series is 

1X2' 

This is the (n -f l)tb term of the series of the third 
order. This multiplied by n and divided by 3 gives 
the sum of n terms of ibis series : 

1X2X3" 
The sum of (n -f 1) terms of the last series is 

C« + l)(n + 2)(n + 3) 
1X2X3 

This is the (n -|- l)th term of the series of the fourth 
order. Tbis multiplied by n aad divided by 4 gives 
the sum of n terms of the series of the fourth order : 
n(n+l)(n+g)(n + 3) 
1X2X3X4 

Hence for the series of the order r we have this 
formula : 

n(ft+l)(n + 2)(n + 3)....(« + r-l) 
1 X2 X 3 X 4 X .-.. r 

We have examined only the series formed from the 
aeries 1, 1, 1, l,&c., which'are sufficient for our present 
purpose. The principle may be generalized so as to 
find the sum of any series of the kind, whatever be the 
original series, and whatever be the first terms of those 
formed from it. 

35* 
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Before reading this article, it is recommeniled to the 
learner to review article XLL 

Lm it now be required to find -the 7(h power of 
a-\-x. The letters without the coefficients stuid thus ; 

o') a**, a* x', fl*x*, a' X*, a^x*, ax*, x''. 

The coefficient of the Grst term we observed Art. XLI, 
Is always 1. That of the second term is 7, the exponent 
of the power, or the 7th term of the series 
1, 3, 3, &c. 

The coefficient of the third term is the sixth term of 
the series of the third order 1, 3, 6, 10, &£. which is 
the sum of six terms of the series 1,3, 3, &c. This 
sum is found by multiplying the 7ch term of the series 
by 6 and dividing the product by 3. But the 7ih 
term is 7, the coefficient last found. 



The coefficient is 21. 

The coefficient of the fourth term is the 5tfa term of 
the series 1, 4, 10, Stc., or it is the sum of five terms of 
of the preceding series. The sum of five terms of the 
«eries 1, 3, 0, Sic., is found by multiplying the 6tli 
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term hy 5 and dividing the product by 3. The 6^ 
term is the coefficient last found, viz. 31. 



The coefficient is 35, 

The coefficient of the fifth term is the fourth term 
of the series of the fifth order 1, 5, 15, &ic., or it is the 
sum of 4 terras of the preceding series. The sum of 
4 terms of the series 1, 4, 10, &c. is found by multi- 
plying the fifth term of the series hy 4 and dividing the 
product by 4. The fifth term is the coefficient last 
found, viz. 35. 



4X 35 



= 35. 



The coefficient is 35. 

The coefficient of the dth term is the 3d term of the 
series of the sixth order, which is the sum of 3 terms 
of the series of the 5th order. *rhe sum of 3 terms of 
this series is found by multiplying the 4th term by 3 
and dividing the product by 5, The 4th term is the 
coefficient last found, viz. 35. 



3X35 



The coefficient is 31. 



= 21. 



The coefficient of the 7th term is the Sd term of the 
series of the 7th order, which is the sum of two terms of 
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the series of the 6tb order. The 3d terra of this series 
is the coefficient last found, viz. 21. 



The coefficient is 7. 

The coefficient of the last term is 1, though it EQay 
be found b^ the rule 

1 X7 _ . 

^ 
Hence the 7th power of a + '■^ '^ 

Examining the formation of the above coefficients, 
ive observe, that each coefficient was found by multiply- 
ing the coefficient of the preceding term by the expo- 
nent of the leading quantity a in (hat term, and divid- 
ing the product by the number which marks the place 
of that term. Thus the coefficient of the third term 
was found by multiplying 7, the coefficient of the se- 
cond term, by 6* the exponent of a in the second term, 
and dividing the product by 2, the number which 
marks the place of the second term. This will be 
true for all cases, because that exponent must necessa- 
rily show the number of terms of which the sum Is to 
be found ; the coefficient wi!l always be the t^m to be 
multiplied, because (he number of terms always dimin- 
ishes by 1 for the successive coefficients, and the place 
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of the term always marks the order of tlie series of 
which the sum is to be found. 

Heoce is ohtained the following geueral rule. 

Knowing the coefficient of any term in the power, the 
coefficient of the meeeeding term ti found by multiplying 
the coefficient of the known term by the exponent of the 
leadihg quantity in that term, and dividii^ the product 
by the number which marks the place of that term from 
the first. 

The coefficient of the 6rst term, heing always 1, is 
always known. Therefore, beginning with this, all the 
others may be found by the rule. 

It may be farther observed, that the coefficients of the 
last half of the terms, are the same as those of the first 
half in an inverted order. This is evident by looking 
at the coefficients, page 275, and observing that the se- 
ries are the same, whether taken obliquely to the left 
or to the right. 

It is also evident from this, that a + a: is the same 
as a; + Oi ^oi^ that, taken from right to left, x is the 
leading quantity in the same manner as a is the leading 
quantity from left to right. 

Hence it is sufficient to find coefficients of one half 
of the terms when the number of terms is even, and of 
one more than half when the number is odd. The 
same coefficients may then be written before the cor- 
responding terms counted from the right. 
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In the above example of tbe 6lb power, the coeffi- 
cients of the first four terms being found, ve may begio 
on the right and put 6 before tbe second, and 15 before 
tbe third, and then the power is complete. 



Examplet. 

1. Wbat is the 7th power of a + ar ? 

Jim. a^'+^a*x+2la*x^+S5a*x*+Z5a^x*+'ila*x• 
+7ax*-{-x''. 

2. What is the 10th power of o + « ? 

^ni. fl>'»-f.lOa»a;+45a«jf* + l20a'«"+2IOo«a;*+... 
262a'a!'+210o*a!«+130<i*a;'+45a»jc* + 10a*»+x*». 

3. What is tbe 9th power of a + 6 ? 
4- Wbat is the 1 3th power of m -|- n ? 
5. What is the 2d power of 2 o c -f d ? 

, Make 2ac = b. 

The 2d power 6 + d is A* + 2 6 (i + d». 

Piittiag 2ac tbe value of b into ibis, instead offr, 
observing that 6' = 4 «' c*, and it becomes 

4o»c» -f 4ocd + d». 

- ^;^«>8l- 
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6. What is ibe 3d power of 3 «■ + 2 i d ? 
Make a = 5c' mi x = 2hd. 

The 3d power of a + iT is a' + 3a*«+3aa:»+a!». 

Put iDto this the values of a aud x and it becomes 

2Tc* + 64c*bd + 36 c> 6« d» + 8 6» <*», 
which is the 3d power of 3 c* +2bd. 

7. What is the 3d power of a — bJ 

Make x = — h, then having found the 3d power of 
9 -\- X put — bin the place of x and it becomes 

o»— 3a»6 + 3afe»— i*. 

which is the 3d power of a — i. 

Id fact it is evident that the powers of a — & will be 
the same as the powers ofa + b, with the exeeplioo of 
the signs. It is ako evident that every term which coo- 
tains an odd power of the term affected with the sign 
— must have the sign -^, and ever}' term which con- 
tains aa even power of the same quantity must have the 
sign -I-. 

8. What is the ?lh power of m — 1» ? 

S. What is the 4th povrer of 3 o — be'* 
10. What is the 5ih power of o' r,-*^2c* t 
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11. What 18 the 3d power ota + b+d 

Hake m ss i -f- c. Then a + m=a-\-h -\~ c. 

The 3d power (^ a-f> '" a*-\S a* «+3 a m* +n*. 

But » = & + c, m* ;:= i* + 3 6 c + c*. and 

«• = i» + 3 6« c + 3 6 c' + c*. 

SubstltutiDg these values of m, the third power of 
a-\- b ■^- c will be 

12. What is the 3d power of o — 6 + c f 

Make a — b = m, raise m + c to the 3d power; and 
then substitute the value of !»• 

Atu. a»— 3a»6+3<i*e+3a6»— 6o6e+3Bc" — A» , . 
+34»c— 36c*-l-c» ; 
which is the same as the last, except that the terms 
which contain the odd powers of b have the sign — . 

Hence it is evident that the powers of any compound 
quantity whatever, may he found by the binomial theo- 
rem, if the quantity be first changed to a bitiomial with 
two simple terms, one letter being made equal to several, 
that biDomial raised to the power required, and then 
the proper letters restored in their places. 

13. What is the 3d power oia + b -j-c—di 

Am. a«+2(i&c+i»-l-2o-|-26c— 2ad— 26rf-|-c» 

— 2cd+rf«. 
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14. What is the Sd power of 2 a — 6 + c» ? 

1 5. Wbal is the 7th power of 3 a* — 2 a' d ? 

1 6. What is the 4th power of 7 6» + 2 c — d» ? 

17. What is Uie I3ih power of o^ — 2 6* T 

1 8. What is the 5ih power of a' — c — 2d? 

19. What is the 3d power of a — 2d + c' d? 

20. What is the 3d power of rt — i — 2 c» — iM 

2 1 . What is the 5th power of 7 a' b* — 10 a* c* ? 

XLV. The rule for Gnding the coefficients of the 
powers of binomials may be derived and expressed 
more generally as follows : 

It is required to find the coefficients of the nth power 

It has already been observed, Art. XLI, that the 
coefficient of the second term of the nth power is the 
nth term of the series of the second order, 1, 2, 3, Sic. 
or, the sum of n terms of the series 1, 1, 1, &»;. ; 
that the coefficient of the third term is ihe sum of (» — 1) 
terms of the series of the second order ; that the coef- 
ficient of the fourth term is the sum of (n — 2) terms of 
the series of the third order Sec. So that the coefficient 
of each term is the sum ofa number of terms of the series 
of the order less by one, than is ^pressed by the place 
of the term ; and the number of terms to be used is 
less by one for each succeeding series. 
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By Art XLJl. the sum ttf ii tenu of the seTw 
1,1,1, ii ~. Thesomof(it — 1) lenDsofthe sertea 
of tbe second order if 

1X8 * 

TIm sum of (n — S) terms of the series of tbe third 
order is 

1 X « X 3 • 
Hence (« + »)- = a-+J rf^a7 + ^^> a-»«« 

^ IXS! X 3 " ** ^ "*■ I 

It nnj be observed that n is the exponeot of a in tbe ; 
first term, and that n or its equal ^ forms tbe coeffi- I 
iHtnt of tbe second tetm. 

Tbe coefficient of tbe third term is ~ multiplied b; 

~— , or multiplied by (n — l)aDd divided by 3. But 

(ii^l)is the exponent of a ia the 2d term, and 2 marks 
the place of tbe second term from the left. Therefore 
Ae coefficient of tbe third term is found by muhiptyiog 
tbe oeefficieBt of the second term by the exponent ofs 
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Id that term, and dividing the product by the number 
which marks the place of that term from the left. 

By examiDing the other terms, the following general 
rule will be found true. 

MtUtiply the coefficient of any term &y the escfoneniof 
the leading quantity in that term, and divide the product 
hy the number that markt the place of that term from the 
le^, tmd you wUl obtain the eoejffiiAent of the next lUc- 
eeeding term. Then diminith the exponent of the lead- 
ing quantity by 1 and inerease that of iha other by 1 
and the term it complete. 

By this rule only the requisite number of terms can 
be obtained. For x\ which is properly the last I6rm 
of (a -f xf, is the Mune as a* a*. If we aiiempt by the 
rule to obtain another term from ifais^ it btconifia 
S X a~'***"' which is equal to zero. 

It has been remarked above, that the coefficienla of 
the last half of the terras of any power, are the same as 
those of the 61-31 reversed. This may be seen from the 
general expression : 



lf» = 7, then - = 



« — 1 6 » — 2 
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Tbia furnishes (he following fractions, viz. 

h t, i, i, h i, +■ 

. The first of these \% the coefficient of the second 
terra ; the coefficient of the second multiplied by f 
forms the coefficient of the Uiird term &u;> 

; X 1=21. 21 X 4 = 35. 

Now 35 rouUiplifld by J = 1 will not be altered ; 
hence two successive coefficients will be alike. 31 
rnulliplied by 4 P'^*'"^^'' ^> so 35 multiplied by j 
must reproduce 21. In this nay al) the terms will be 
reproduced j for the last half of the fractions are the 
first.half inverted. 

This demonstration might be made more genertl, 
but il is not necessary. 



XLVI. Progreision by Dijfepmee, or ^rUhmelical 
Progreision, 

A series of numbers increasing or decreasing by a 
constant difference, is called a jirogreision by differ- 
ence, and sometimes an arithmetical progrtiiion. 

The first of the two following series is an example 
of an increasing, and the second of a decreasing pro- 
gression by difference. 

5, 8, IJ, 14, 17, 20, 23 

50, 45, 40, 35, 30, 25, 20 
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It is easy to find any term \a the series nithout cal- 
culating the intermediate terms, if we know the first 
t«rm, the coramon di^retice, and the nnmbtir of that 
term in the series reckoned from the first 

Let a be the first term, r the common difiereoee, and 
» the number of terms. Tba series is 

«, a+r, a+2 r, a+3 r . . . . «+<;«— 2)r, o-l-<tt— 1) r. 

The points are used to show that some terms 

are left out of the expression, as it is Imposlsible ttf ex- 
press the whole until a particular value is given to ». 

Let I be the term required, then 

/ = a-l-(n— l)r. 

Henee,aay term may be found by adding the product 
of the common difference by the number of terma less 
one, to the first term. 

Example. 
What is the 10th term of the series 3, 5, 7^ 9, ttc.f 
la this 0=3, r = 2, and n — 1=9. 
7 = 3 -H 9 X 3 = 31. 

la a decreasing series, r u negatire. 
26* 
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JSmmpIe. 

What is the l3th terra of the series 48, 45, 42, iic.t 
a = 48, r K — 3, and n — t = 13. 
/ = 48+(l2x— 3 = 48 — 36=12. 

Let a, b, c, he any tbree snccessipe terms io a pro- 
gression by difference- 
By tbe defioilion, 

b — a = c — b 
3b = a+c 



That b, if three successlTe terms in a progression by 
difference be taken, the sum of the extremes is equal 
to twice the mean. 



Example. 

Let (be three terms be 3, &, and 7. 
2x5 = 7+3s=10. 
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Example 2d. Let 7 aad 17 be the first and last 
term, what is the mean 7 

Xjet a, b, c, d, be four successire terms of a progres- 
sion by diHerence. 

b — a = d — e 
b + c~a + d. 

Tbat is, the sum of the two extremes is equal to ths 
sum of (be two means. 

Example. 
Let 5, 9, 13, I?, be four successire terms. 
9+13 = 17+5 = 22. 

Let 0, b, c d, e k,i,k,l, be any number of 

terms in a progressioa by differences ; by the definition 
we have 

J — a = c—bs^d — c = e — rf = » — h — k — » = ? — &, 
J — a = Z — ft 

d — c = » — h 8hj. 
irhich by transposition give 

a + / = i + A, 

b + & = e + i, 
c + i=d + hiic 
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That is, if the first aird last bti sdded together, die I 
■ecood and the last but ooe, the third sad the last but 
two, the sums will all be cquaL 

Example. 
Let 3t 5, ?, 9, II, 13, he such a series. 
3, ^ Ti 9, I-l, 13, 
13, II, 9, 7, 5, 3, 



16, 16, 16> 16, 16, 16, 

It will DOW be easy to find the sum of all the terms 
in aoy progression by differencfl, aad thai eveo whea 
but part of the terms are koowo. 

Let S represent the sum of the series, thett frfi hare 

S = a -f fi + c -^d -f. . . . . A -f t + ft + f. 
Also «:fc i +* + »+*+■/. ..d + e + 6+«. 
Adding these teriu to term as they staad, 

Hut it has just been shown that 

a + l = h + k = e + ikxi. 

That is, all the terms are now equal, and ooe of 
them being multiplied by the whole number of terms 
will give the whole sum : thus 
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Hence, the ium of a series of numbers in progression 
by difference ts one half the product of the numher of 
terms by the sum of the first and last terms. 

Example. 

How many strokes does the hammer of a clock strik« 
in 12 hours ? 

= 1, 1= 12, an(ln= 13. 

S = '^<' . + '^^ = 7S. Ans. 78 strokes. 

In the formula I =ia+(n-^l)r ; substitute d in- 
stead of r to represeal the difference ; thus 

l = a+(n~l)d. 

Tliis formula aud the following 

contaiu five different things, viz. a, I, n, d, and rS; anj 
three of which being given, the other two may be 
found, by combining the two equations. I shall leave 
the learner to trace these himself as occasion may re- 
quire. 

Examples in Progression by Differenet. 

1. How many strokes do the. clocks of Venice, whick 
go on to 24 o'clock, strike in a day. 
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3. Sup[tose 100 atones to be placed ia a straight line 
S yards asunder ; haw far would a person travel who 
should set a basket 3 yards from the first, aod then go 
and pick them up one by one, and put them into the 
basket I 

3. After A, who trarelled at the rate ot 4 miles an 
hour, had beeu set out 2^ hours, and B set out to 
overtake bim, and ia order thereto went four miles and 
» half the first hour, four and three fourths the secoad, 
five the third, and so on, iacreasing his rate one fourth 
of a mile each hour, Iq how many hours will be over- 
take A? 

The above exnmple is solved by using both the 
above formulas. The known quaatilies are the first 
term, the difiereoce, and the sum of all the terms. 
The nnknown are the last term, and the number of 
terms. It iuvolves an equation of the second dpgree. 
It is most convenient to use x, y, Su;. for the unkoowB 
quantities. 

4. A and B set out from London to go round the 
world, (33661 mites,) one going East and the other 
West. A goes one mile the first day, two tb6 second, 
three the third, and so on, increasing his rate one mile 
per day. B goes 20 miles a day. In how many days 
will they iseei, and how many miles will each travel ? 

6. A traveller sets out for a certain place, and travels 
I mile the first day, 3 the second, and so oo. In 6 
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clays afterwards another seta out, aod trarets IS miles a 
day. How loDg and how far must he travel to over- 
take the first ? 

6. A aod 6 16S miles distant from each other set 
out with a desigD to meet ; A travels 1 mile the firat 
day, 2 the second, 3 the (bird, and so on. B travels 
30 miles the first day, 18 the second, IG the third, and 
so on. How soon will they meet i 

^n%. They will be together on the 10th day, and 
oontinuing that rate of travelling, ihey may be together 
again on the 33d day. Let the learoer explain bow 
this can take place. 

7. A persoD makea a mixture of 51 gallons, consist- 
ing of brandy, rum, and water j the quantities of which 
are in arithmetical progression. The Dumber of gal- 
lons of brandy and ruct together, is to the numher of 
gallons of rum and water together as 8 to 9. Required 
the quantities of each. 

Let X 3= the number of gallons of ram 
and jr 1= the common difference. 
Tlien X — y, ar, and ar+jrwilt expreaa the three 
i^uaatities. 

8. A Dtimber coosistiog of diree digits which ve io 
arithmetical progressiou, being divided by the sum of 
its digits, gives a quotient 48 ; and if 1 98 be subtracted 
from the number, the digits will be inTetted. Requir* 
ed the number. 
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9. A person employed 3 workmen, whose dailj 
wages were in aritbmetica) progression. The number 
of days they worked was equal to the number of shil- 
lings that the second received per day. The whole 
amount of their wages was 7 guineas, and the best 
workman received 33 shillings more than the worsL 
What were their daily wages ? 

Progression by difference is only a particular case of 
.the series by difference, explained Arts. XL. and XLI. 
All the principles and rules of it may be derived from 
the formulas obtained there. It would be a good ex- 
ercise for the learner to deduce these rules from those 
formulas. 



XLVII. PTogression hy (Quotient, or Geoifietrical 
Progresiion, 



Progression by quotient is a series of numbers such, 
that if any term be divided by the one which precedes 
it, the quotient is the same in whatever part the two 
terms be taken. If the series is increasing, the quotient 
will be greater than unity, if decreasing, the quotieot 
will be less than unity. 

The fallowing series are examples of this kind of 
progression. 
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3, 6, 13, SU, 43 Sic. 

72, S4, 8, 4, {, ,\. 

Id the first the quotient (or ratio, as it is geaerally 
called,) is 3, id tfae second it is 4> 

Let a, &, c, d, . . . . A, I, be a series of this kiDd, and 
let q represent the quotient. 

Then we hare by the definition, 

_b _ c _ d _ t _ I 

^~a~b~e~d~""k' 

From these equations we derive 

b = aq, c = bq, d = eg, e = dq l = kq. 

Putting successively the value ofb into that of c, and 
that of c into that of d Stc., they become 

b = aq, c = aq*, d = aq*, c'= aq* . ...I = 05""', 

designating by n, (he rank of the term I, or the number 
of terms in the proposed progression. 

Any term whatever in the series may be found with- 
out finding the intermediate terms, by the formula 

l = aq^K 

Example. 

What is the 7th term of the series 3, 6, IS, he f 
27 

- ^;^>'>8l- 
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Here a s 3, f = 3, and n — 1=0, 

I = 3 X S* = 192. Am. 192. 

We may also find the sum of any number of terms 
of the progression 

a, b, c, d, &C. 

If we add the equations 

hisaq, e s=bq, d = eq, e = dq '=?> 

we obtain 

J+c-M+e+ ....t = (fl+J+c+d+e+ ....k)q. 

Observe that the first member is the sum of all the 
terms of the progression except the first, a, and the part 
of the second member enclosed io the parenthesis, is 
the sum of all the terms except the last, / ; and this, 
multiplied by q, is equal to the first member. 

Now putting S for the sum of alt the terms, we have 

i4.c + d + e + t=xS — a 

a + b + c + d + e + k = S — I. 

Hence we conclude that 

S—a=(S — l)q, 

which gives 



C3.ifKi:,CiOOt^le 



LLVII. Geotiutrical Progrunon. 

Example. 
What is the sum of seven terms of ihe series 
5, 15, 45, &c. 
/ = 5 X 3* = 3645 



Tbe two equations 



1-1' 



contain all the relations of the fire quantities a, I, q, s, 
and S; any ibree of which being given, the other two 
may be found. It would however be difficult to find n, 
without the aid of logarithms, which will be explained 
hereafter. Indeed logarithms will greatly facilitate the 
calculations in roost cases of geometrical progression. 
Therefore we shall give but few examples, uotil we 
have explained them. 

If we substitute a ^"~' in place of I, in the expression 
of 5, it becomes 

7—1 

When q is greater than unity, the quantity q' wiQ 
become greater as n is made greater, and S may be 
made to exceed any quantity we please, by giving n a 
suitable value ; that is, by lakiog a sufficient number of 
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terms. But if f is t fraction less than unity, the great- 
er (he quantity n, the smaller will b« the quaolity ^. 

Suppose qzz — , m being a number greater than uDiiy, 

th«B 

Substituting - , in place of y" in the expression of 
S, and it becomes 



■(^.-) 



Changing the signs of the numerator and denomina- 
tor, and multiplying both by m, 



"(-i-)_! 



It is evident that the larger n is, or the more terms 
we take in the progression, the smaller will be 
the quaotity -^j, and consequently the nearer the 

Talue of S will approach -, from which it dif- 
fers only by the quantity 
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But it can never, strictly speaking, be equal to 

it, for the quantity , -; r will always have some 

(m — l)m— ' ' 

value, however large n may be ; yet no quantity can 

be assumed, but this expression may be rendered 

smaller than it. 

The quantity j_' is therefore the limit which the 

sum of a decreasing progression can never surpass, 
but to which the value cootinually approximates, as we 
take more terms m the series. 



In the progression 




, 






I. i. 


i, 


i. tV. 8«- 






a = 


1 


H- 






Hence S=i^- 


- 


I 


1=3- 


1 


(2_l)XSi-' 


"lX2" 



In this example the more terms we take, the oearer 
the sum of the series will approach to 2, but it can never 
be strictly equal to it. Now if we consider the number of 

terms infinite, the quantity , will be so small 

that it may be omitted without any sensible error, and 
the sum of the series may be said to be equal to 2. 
27* 
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By Ukiog more and more terms we approach -3 
thus, 



I+J = 2-i 

>+l+i+i = 2 — } 



Examples. f 

What is the sum of the series t, ^, |, ^Y* ^- '^'^ 
tinued to an inGoite number of terms? 

•='.- = 5 

' m 3 
g_ l X 3 _ 3_ ! 

3. What is the sum of the series 5, {, |, ^j, tic. 
continued to an infinite number of terms i 

3. What b the sum of the foUowiog series coDlioued 
to infinity ? 

55, 7, i, j\, itc. 

4. What is the sum of the following series continued 
to infinity f 

308, 26, 3^, if be. 
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&. What is the sum of the following series continued 
o iofiahy? 

38, 4}, >U, 4?. 8«- 

6. What is the lOlh term of the series 

5, 15, 45, Sic.? 

7. What is the sum of 8 terms of the series 

35, 175, 875, Sic. t 

"When three numbers are in geometrical progression, 
the middle term is called a mean proportional between 
the other two. 

l^et three numbers, a, b, e, be in geometrical pro- 
gressioD, so that 

a _ h 
5 - ? 

We ha™ h* =ae 

and h = (a c)^. 

8. Find a mean proportional between 4 and 9. 

4 _ « 

x ~ d 
«» =3C 
2 = 6. Am. 6. 

9. Find a mean proportional between 7 and 10. 

10. Find a mean proportional between 2 and 3. 
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Logarithmt. 

X[-Vni. We have seeo, Art XXXVIII, with what 
focility multiplication, division, the raising of powere, 
and the extraction of roots maj' be performed on literal 
quantities consisting of the same letter, by operating od 
the exponeou. We propose now to apply tbe same 
principle, though in a way a little different, to numbers. 

Multiplication, we observed, is performed by adding 
the exponents, and division by subtracting tbe exponent 
of ihe divisor from that of tbe dividend. 



Thus a' X a* is a*^ = 



And*!. 



Id the same manner 2» x 2* = 2*^' = 2», 



and 



= 2". 



Let us make a table consisting of two columns, tbe 
first coRtaioing the different powers of 2, and (be second 
the exponents of those powers. 

Observe first that o" = 1, so also 2" = 1, 2» = 2, 
3» = 4, 2" = 8, 2* = 16, 2* = 32, 2« = 64, 
2» = 128, fiic. 

TABLE. 

14 



F.wen. 


Eipon. 


Powell, 


Eipon. 


P.weri- 


1 





128 


7 


16,384 


3 


1 


256 


8 


32,768 


4 


2 


612 


9 


65,536 


8 


3 


1024 


10 


131,072 


16 


4 


2048 


11 


262,144 


32 


S 


4096 


12 


624,288 


64 


6 


B192 


13 


;,048,576 
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Suppose now It is required to multiply 256 by 64. 
Ve find by ifee table that 2r)6 is the 8tb power of 2, that 
( 2», and that 64 is 2«. Now 2* x 2* = 2H-'' = 2»*. 
Returning to the table again and lookiug for 14 in the 
olumn of exponents, against it we find 16384 for the 
4th power of 2. Therefore the product of 256 by 64 
s 163S4. 

This we'may easily prove. 
256 



Multiply 256 by 128. 

Finding these numbers in the table in the column of 
powers, and looking in the other column for the expo- 
nents, we find that 256 is the 8th power of 2, and 128 
the 7lb power. Adding the exponents 8 and 7, we 
hare 1 5 for the exponent of the product. Now looking 
for 15 in the coUimn of exponents, we find against it in 
ihe column of powers, 32768 for the 15ih power of 2> 
which is the product of 256 by 128, Let the learner 
prove this by multiplying 256 by 128. 

Divide 8192 by 32. 

Looking these numbers in the column of powers, and 
for the corresponding exponents, we find 8l92 is the 
I3ih power of 3, and 32 is the 5th power. 
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— = 2"-' =2*. 
2» 

Looking for 6 in the column of exponents, and k 
ita corresponding number, we find 356 for the f't 
power of 2, or the quotient of 8 193 by 32. 

Divide 32768 by 513. 

Tbe exponents corresponding to these ouinbers in 
the table are 1 5 and 9. 1 5 — 9 = 6. In the column \ 
of exponents, 6 corresponds to Gi, which is the true 
quotient of 337ti8 by 512. 

What is the 3d power of 32 ? 

The exponent corresponding to 32 is 5. Now to 
6nd tbe 3d power of a* we should multiply tbe expo- 
nent by 3, thus a*><' = a**. So the third power of 
2* is 2"^' = 2". Against 15 in the column of expo- 
nents we find 33768 for the l&th power of 2. There- 
fore ihe 3d power of 32 is 32768. 

What is the 2d power of 128 ? 

The exponent corresponding to this number is 7. 
7 X 3 = 14. The number corresponding to the expo- 
nent 14 is 16384, which is tbe second power of 138. 

What is tbe 3d root of 4096 ? 

Tbe exponent corresponding to this number is 13. 

The 3d root of 2> ' is 3 ^* = 2*. 
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The number correspondiDg to tbe ezpooent 4 is 16, 
kiich is tbe 3d root of 4096. 

What is tbe 4th root of 65,&36 ? 

The exponent corresponding to this number is 16, 
bich divided by 4 gives for the exponent of tbe root 
, tbe number corresponding to which is 16. Th« 
nswer is 16. 



Examples. 

1. Multiply 513 by 256. 

2. Multiply 8192 by 128. 

3. Multiply 2048 by 356. 

4. Divide 362,144 by 128. 

5. Divide 1,048,576 by 513. 

6. Divide 524,288 by 131,073. 

7. What is the 2d power of 1024 ? 
S. What Is the 3d power of 64 T 

9. What is the 6th power of 16 T 

10. What is the 2d root of 262,144 ? 

11. What is the 3d root of 263,144 ? 
13. What is tbe 4th root of 1,048,576 7 
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13. Whst is the &tb root of 1,048,576 ? 

14. What is the 6lb root of 263,144 1 

The operation of muhi plication, divtsion, and the 
extraction of roots is very easy by means of this table. 
This table however contains but very few numbers. 
But an exponent of 2 may be found for all numbers 
from 1 as high as we please. For 2* =2, and 2' =4. 
Hence the exponent of 2 answering to the number 3 
vill be between 1 and 2 ; that is, 1 and a fraction. So 
the exponents answering to 5, 6, and 7, will be 2 and 
B fraction, &tc. 

XLIX. A table may also be made of the powers or 
3, or of 4, or any other number, except 1, which shall 
bare the same properties. Exponents might be found 
answering to every number from 1 upwards. 

3° = 1, 3» = 3, 3» =9, 3> = 27, 8w. 

The column of powers will always consist of the 
uumbers 1, 2, 3, ixx,. but the column of exponents will 
be different according as the numbers are considered 
powers of a different number. 

The formula a* = y will apply to every table of this 
kind. 

If any number except 1 be put in the place of a, and 
y be made successively 1, 2, 3, 4, a suitable value rmy 
be found for x, which shall answer the conditions. 

If a be made 1, y will always be 1, whatever value 
be given to xi for all powers, as well as all roots of 1, 
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But if any aumber greater than 1 be put in the place 
of a, y m«y equal aoy number whatever, bj giving x a 
suitable Talue. 

GiviDg a value to a then, we begin aad make y suc- 
cessively I, 3, 3, 4, Sic. afld these numbers will form 
the first column or columns of powers in the table. 
Then we find the values of x corresponding to these 
values of y, and wtite them in the second colupin 
against the values of y, and these form ibe column of 
exponents. These- exponents are called logarithm^. 
The fifst column is usually called the column of num- 
bers, and the second, the column of logarithms. The 
number put in the place of a, is called the base of the 
table. Whatever number is made base at first, must 
be continued through the table. 

Observe that a" = 1 ; therefore whatever base be used, 
the logarithm of 1 is zero. And 1 will be the logarithm 
of the base, for a' = a. 

The most convenient number for the base, and the 
one generally used in the tables, is 10. 

10" = I, 10* = 10, 10" = JOG, 10* = 1000, 
10* = lOOOO, 10* = iOOOOO, 10« = 1000000, fce. 

Now to 6Dd tlie logarithm of 2, 3, 4, &£c. 

Make 10* = 2, lO' = 3, 10* = 4, 8tc. 

For all numbers between 1 and 10, x must be a frac- 
tion, because 10° = 1 and 10' = 10. 

Make x = -, then it becomes 

28 
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As tbe process for finding the ralue of z ia this 
equation is long and rather too difficult for young learn- 
ers, we will suppose it already found. 

- 5= .30103 very nearly. 

Hence lO"^'" = 2 Tcry nearly. 

To understand this, we must sup|>ose 10 raised to the 
30103d power, and then the lOOOOOtb root of it taken, 
and this will differ very little from 2. The number 
.30103 is the logarithm of 3. Tbe fraciional part of 
logarithms is always expressed in decimals. 

Having tbe logarithm of 3, we may find ihe loga- 
rithm of 4 hy doubling it, for 2* = 4. That of 8 = 2* 
is found by tripling it, and so od. 

Tbe logarithm of 4 Is .30 1 03 x 3 = .60206. 

The logarithm of 8 is -SOIOSx 3 = .90309. 
- The logarithm of 16 is .30103 x4= 1.30412 Sec. 

Again 101'""""'^" = 3 very nearly. 

Hence the logarithm of 3 is .477l2l3. 

Since 2 x 3 = 6, the logarithm of 6 is found by 
adding the logarithm of 2 and 3 together. 

.30103 + .477 1213 = .778 I5l 3 = logarithm of 6. 
Since 3* =: 9, the logarithm of 9 Is found by multi- ' 
[Hying that of 3by 2. With tbe logarilbms of 2 and 3 the 
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logarithms of all the powers of each, and of all the mul* 
tiples of the two may be foand. 

1'be logarithm of 5 may he found by subtracting that- 
of 2 from that of 10, since 5 = y. The logarilhm of 
10 is I. 

1 — ^103 = .69897 = log. of 5. 
Now all the logarithms of all the multiples of 3, 3, 5, 
and 10 may be found. Hence it appears that it is ne- 
_ cessary to find the logarithms of the prime numbers, or 
such as have no divisor except unity, by trial ; and then 
the logarithms of all the compound numbers may be 
found from them. 

The decimal parts of the logarithms of 30, 30, 
t£c. are the same as those of 3, 3, 4, &«. For, since 
the logarilhm of lO is 1, that of lOO, 2 ; that of lOOO, 
3, &«., it is evident that adding these logarithms to the 
logarithms of any other numbers, will not alter the 
decimal part. Hence 1 added to the logarithm of 3 
fnrms that of 30, and 3 added to the logarilhm of 3 
forms that of 200, 6ic. 

log. 2=.30103, log. 30=1.30103, log. 300=3.30103, 
log. 2000 = 3.30103. 

The logarithm of 25 is 1.39794; that of 360 =35x10 
is 1 + 1 .39794 = 2.39794 j that of 3500 = 25 x lOO 
is 2 + 1.39794 = 3.39794. 

The loganihms of all numbers below lOare fractions, 
those of all the numbers between lOandlOOare 1 and 
afraciidn; those of all numbers between 100 and lOOO 
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are S and a fraction ; those of all numbers between 
]000 and 10000 are 3 and a fraction. That is, the 
whole nnrnber whicb precedes the fraction in the loga- 
rithm JB always equal to the number of figures in the 
number less one. This whole Dumber is called the 
index or characteriitic of the logarithm. Thus in the 
logarithm 2.3576423, the figure 3 Is the cbaracleric 
showing that it is the logarithm of a number consisting 
of three figures, or between lOO and 1000. 

As the characteristic may always be known by the 
number, and the number of figures in a number may 
be known by the characteristic, it is usual to omit the 
characteristic in the table, to save the room. It is use- 
ful to omit it too, because the same fractional part, with 
ilifierent characteristics forms the logarithms of several 
different numbers. 

The logarithm of 37 is 1.568202. . 

'rJ = " = r"'" = •»■"'"■■ 

The logarithm of 3.7 is .568202, which is the same 
as that of 37, with the exception of ihe index. 

100 it>» _ 

5i^ = 3.762 = i51!!ll-"=,0-"-.-. 
1000 10* 

That is, all numbers which are tenfold, the one of 
the other, have the same logarithm. . 
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376200 has for lis logarilbiu 5.575419. 

37620 " » 4.375419. 

3762 " '< a.375419. 

376.2 " 2.575419. 

37.62 . " 1.575419. 

3.762 " 0.575419. 

When a number consists of whole numbers and deci- 
mal parts, we find ihe fractional pait of ihe logarithm in 
the same manner as if all the figures of ihe number her 
longed to ths whole Dumber, but we give it the index 
corresponding to the whole number onljr. 

In most tables of logarithms, they are carried as far 
as seven decimal places. Some however are onlj 
carried to £ve or sii. The disposition of the tables is 
something different in different sets, but they are gene- 
rally accompanied with an explanation. When one set 
of tables is welt understood, all others will be easily 
learned. T^he logarithms for the following examples 
may be found in any table of logarithms. They are 
used here as far as six places. 

Examples. 

1. Multiply 43 by 26. 

Find 43 in the column of nunabera, and against it in 
the column of logarithms you will find 1.633468, and 
against 25 you will find 1.397940. Add these two lo- 
garithms together and their sum is the to^rithm of the 
product. 

28* 
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log, 43 . . . 



Find this logftTilbm in the column of logarithms, aad 
against it in tie column of aumben you find t07d 
which is thfl product of 43 multiplied by 25. The in- 
dex, 3, shows that the number must consist of four 
places. 

Let the learner prove the results at first by actual 
multiplication. 

2. Multiply 2S30 by 300. 

By what was remarked above, the logarithm of 3530 
is the same as that of 353 with the exception of the 
index, and that of 800 is the same as that of 3 excefrt 
the iodex. 

Find the number 353 in ibe left hand column, and 
against it in the eecood column you find .401401. The 
number 2520 consists of four places, therefore the 
index of its logarithm must be (4 — l) or 3. The l(^-> 
rithm corresponding to 300 is .477121, and its index 
must be 3, because 300 consists of three places. 

log. 2520 .... a,40l401 
" 300 .. . 3.477121 



" 756000 . . . . 5.878522 

Find this logarithm, and'f^ainst it in tbe column of 
numbers you will find 756 ; but the index 5, shows that 
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the number must consist of six places ; therefore three 
seros must be annexed to the right, which makes the 
number TS6000, which is the product of 3530 hj 300. 

3. Multiply 2756 by 20. 

*To find the logarithm of 3756, Sod in the column 
of numbers 375, and at the top of the table took for €> 
1q tbe column under 6 and opposite 375 you find 
.440379 for the decimal part of the logarithm of 3756. 
Tbe characteristic will be 3. 

log 3756 . . . 3.440279 



Liooking in the table for this iogarilbm, gainst 551 you 
will find .741152 and against 553 you nill find .741939. 
Tbe logarithm .74)309 is between ihesetwo. Against 
551, look along in the other columas. In the ctdumn ud> 
der 3 you find the logarithm required. The figures of 
the number, then, are 55tS, but tbe characteristic being 
4, the number must consist of five places; hence annex- 
ing azero,you have 55 1 20 for the product of 2756 by 30. 
4. Divide 756342 by 27867. 

Both these aumbers exceed tbe numbers in the ta- 
bles, still we shall be able to find tbem with great ac- 
curacy. First find tbe logarithm of 756300, which is 
5.878694. The difierence between this logarithm and 
* Im some taUoa the wbol* Dumber 276S may be foand in the Itft 
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thatof 756400 is5a. Thediffereoce between 756300and 
156400 is 100, and the difference between 756300 sad 
756342 is 43. Therefore, if ^Vr = -43 of 58 be adJ 
ded to the logarithm of 756300, it will gire the loga' 
rilhm of 756343 sufficiently exact, 58 x .42 = 24, 
rejecting the decimals. 5.878694 -|- 34 = 5.878718. 
The 58, and consequeottjr the 24, are decimals of tho 
order of the two last places of the logaritbm, but this 
circumstance need not be regarded in taking these 
parta. It is sufficient to add tbem to their proper 
place. 

The table genersUy furnishes means of taking out 
this logarithm more easily. As the differences do not 
oftep vary an unit for considerable distance aoiong 
the higher numbers, the difierence is divided into tea 
equal parts, (that is, u equal as possible, the nearest 
number being used, rejecting the decimal parts^ and one 
pan is set against 1, two parts against 2, 8ic. in a col- 
umn at the right of the table. 

In the present case, then, for the 4 (for which we are 
to take -fV of 58), we look at these parts and against it 
we find 23, and for the 3 ('for which we must take -^^^ 
of 58), we find 11. But 11 is f*^, consequently to ob- 
tain f}^ we must take j*^ of II which is 1, omitting 
the decimal. The operation may stand thus. 

log. 766300 5,S786y4 

Aofdiff. 33 

TIT ^ 

log. 756342 5.878718 
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To find the logarithm of 37867, proceed ia the same 
maDDer^ first fiading that ot 37860, aod then adding 
-fV °^ tb« difference, wbicb will be found at the right 
hand, as above. 

log. 37860 4.444981 
.rV diff. 109 



log. 27867 4.446090 

From log. dividend 5.878718 
Subtract log. of divisor 4.445090 

log. of quotient 37.141 1.433628 

We find the decimal part of this logarithm is between 
.433610 and .433770, the former of which belongs to 
the number 2714, and the latter to 3715. Subtract 
433610 from 433C28, the remaiader is 18. Looking 
ill the column of parts, the number nest below 18 is 17, 
which stands against 1 or -^^ of the whole difference. 

Put this 1 at the right of 2714, which makes 27141. 
The characteristic 1 shows that the number is between 
10 and 100. Therefore the quotient is 27.141. This 
quotient is correct to three decimal places. 

If the table has no column of differences, take the 
whole difference between ,433610 and .433770, which 
is 160 for a divisor, the 18 for a dividend, annexing one 
or more zeros. One place must be given to the qug- 
lient for each zero. 

1801160 
16o|.l 
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6. What is (he 3d power of 25.7 ? 

log. 25.7 1.409933 

Multiply by 3 3 

log. of 3d poner of 16974.6 4.229799 

Aia. 16974.6—. 

6. What is the 3d. root of 15 ? 

log. 16 1.176091 (3 



log. 2.46621 .392030 

Am. 2.4662—. 

L. Since a fraction consists of two numbers, one 
far the numerator and the other for the denomiuator, 
the logarithm of a fraction must consist of two loga- 
rithms; and as a fraclioo expresses the division of the 
numerator by the denominator, to express this opera- ' 
tion on the loganthnns, that of the denominator must 
be represented as to be subtracted from the numerator. 

The logarithm ofl is expressed thus: 

log. 3 — log. 5 = 0.477131 — 0.696970. 

The logarithm of a fraction whose numerator is I, 

may ha expressed by a single logarithm. For — is the 

same as a~^. If wewould express ths logarithm of , 
for example ; 

10-«™» == 8, consequently ~^,„,i = lO"^"' = \. 
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rrhat is, the logarithm of -| is the same as the logarithni 
of 3, except the sign, which for the fraction is negative.' 
Any fraction may be reduced to the form — , but the 

deDominaior will consist of decimab or still contain- a 
fraction. 

J 1 1 

^ ~ If "1.666+' 

If the subtraction be actually performed, on the expres- - 
sion of this fraction given abore, it will be reduced to 
the logarithm of a fraction of this form. 

0.477121 — 0.698970 = — 0.22t849. 
The number corresponding to the logarithm 0.331849 
is 1.666 4-1 but the sign being negative, shows that the 



The logarithms of all common fractions may be obtain- 
ed in either of ihe above forms, but tbey are extremely 
inconvenient in practice. The first on account of its 
consisting of two logarithms would be useless as well as 
inconvenient ; because though we might 6nd a loga- 
rithm corresponding to any fraction, yet in performing 
operations, a logarithm would never be found in that 
form when it was required to find its number. The 
second form is inconvenient because it is negative, and 
also because in seeking the number corresponding to 
the logarithm, a fraction would frequently be found 
with decimals in the denominator. It would be much 
better that the whole fraction should be expressed in 
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decimals. If the fraction is used id tbe decimal form, 
the logarithms may be used for them almost as easilyi 
ss for vhole numbers. 
Suppose it is required to 6Dd the It^ritbm of .6 

log. •— log. 10 = 0.698970 — i. = _ i + .698970. 
Suppose it is required to find tbe logarithm of .05 
or ,1,. 

IQJtKm -t+tttun. 

T*T = 105 = ^^ 

log. 5 — log. 100 = 0.698970— 2 = — 2 +. 698970. j 

Tbe If^ritbnis of 10, 100, tOOO, &c. alvrays being 
whole D umbers, we have the two parts distinct. Tbe 
logarithm of .5 is the same ns that of 5 except that it 
has the number 1 joined to it with the sign ■ — , which 
is sufficient to distinguish it, and show it to be a frac- 
tion. The logarithm of .05 also is the ^aine, except 
that — 3 is joined to it. That is, the logarilhni of ilie 
numerator is positive, and that of the denominator neg- 
ative. 

This negative number joined to the positive fraciion- 

al part, serves as a characiertstic, and is a continuation 

of tbe principle shown above ; thus 

The log. 500 is 2.698970 

« " 50 1.698970 

" " 5 0.698970 

« « .5 7.698970 

" " .05 2.698970 
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'JPhe logarithm of & decitna} is ihe same aa that of a 
whole number expressed by the same 6gures,'wi(h th« 
exception of the characteristic, which i? negativa for tbs 
fraction ; being -— 1 when the first figure on'the fefl is 
tenths, — 2 wlien the first is hundredths, &c. It is eoa- 
venieni to write the sign over the characteristic thus, 
T, '2, &c. It is not necessary to put the sign -|- before 
the fpactional part, for this will always he understood (o 
be positive. 

la operating upon these numbers, the same rules 
must be observed as in other cases where numbers are 
found connected with the signs + and — . 

Wheb llie first figure of the fraction is tonlbs, tbe 
characteristic is i, when tbe first ii hundredths, die 
characteristic is T, inc. 

The log. of .25 is log. 25 — log. 1 00 

= 1.397940— 2 = — 2 + 1.397940= 1.397940. 

This is tbe same as the logarithm of 25, except that 
the characteristic T shows that its first figure on the left 
is lOtbs, or one place to the right of units. 

Multiply 325 by .23. 

log, 325 . . 2.511883 

Ic^. .23 . . . T.361728 



log. 74.75 ^m. . 


1.873611 


Multiply 872 by .097. 




log. 872 . 
log. .097 


. 2.940516 
2.986773 



log. 84.584 .An. . . 1.927288 

29 
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In adding ihe logarithms, there is 1 to carry Trom the 
decimal to (he units. This one la positive, because the 
decimal part is so. 
Mnltiplj' .667 by .tl093. 

log. .857 . . . T.932981 

log. .0093 . 3.968463 , 



log. .0079701 Am. 


a.901464 


liride 76 by .028. 




log. 75 


. 1.875061 


log. .025 


2.397940 



. log. 3000 .^ni. . 2.477121 

Id subtracting, tbe negative quantity is to be added, 
as in algebraic quantities. 

Divide 275 by .047. 

log. 275 . . 2.439333 

1<^. .047 . . 2.672098 

log. 5851.07 Jltu. . 3.767235 

Divide .076 by 830. 

1(^. .0070 2.880814 =J+ 1.880814 
log. 830 . . 2.1)19078 



log. .0000915662 ^B*. . 5.961736 

In order to be able to take tbe second from the first, 

I change the characteristic T into T + 1 which has the 

same value. This enables me to take 9 from 18, that 

is, it furnishes a ten to borrow for the last subtraction of 
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the positive part. In subtractiag, the characteristics 
of the second logarithm becomes oegative and of course 
must be added to the other Degatire. 

Divide .735 by .038. 

log. .735 1.866287 - 

log. .038 S.679784 

log. 19.3433 ^ni. 1.386503 

What is the 3d power of .25 ? 

log. .35 T.397940 



log. 0.015625 .ajM. 3 + 1.193820 = 

What is the third root of 0.015625 1 

The logarithm of this number is 3.I93S20. This 
characteristic i cannot be divided by 3, neither can it 
be joined with the 6rst decimal figure in the logarithm, 
because pf the different sign. But if we observe the 
operation above in finding the power, we shall see, that 
ill multiplying the decimal part there was 1 to carry, 
which was positive, and after the muliiplication was 
completed, the characteristic stood thus, 3+1 which 
WHS afterward reduced to s. Now if we add T + 1 to 
the a in the present instance, it will become 3+1, and 
at the same time its value will not be altered. Tb« 
negative part of the characteristic will then be divisible 
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bj 3, ind tfae 1 being posilive may be joined to the 
fractional part. 

log. .015625 5.193820 = 5 + 1.1 



log. S& Am. T.397940 

In all ciua of extracting roots of fractions, if the nf 
gative ckaraeleriitie u not dioitibh by the mimier ex- 
pressing the roof, it must be mad4 so in a similar manner. 

If the characteristic were S and it were required to 
find the fifth root, we must add 2 4-3 and it will be- 
come 6 +2. 

What ia the 4di root of .367 T 

log. .357 T.552668 = 4 + 3.652668(4 



log. .77294 Ms. 1.888147 

Anj common fraction may be changed lo a decimal 
by its logarithms, so tiiat when the logarithm of a com- 
moD fraction is required, it is not necessary to change 
the fraction to a decimal previous to taking it- 
It is required to find the logarithm of ^ correspond- 
ing to 4 expressed in decimals. 

The logarithm of 2 being 0,30103, that of | will 
be —0.30103. 

Now —0.30103=—] +1 —,30103 

= —1 +(1 — .30103) = T.69897. 

The decimal part .69897 is the log. of 5, and — I Is 
the log. of 10 as a denominator. Therefore 1-69897 is 
the log. of .5 = j. 



C3.ifKi:,CiOOt^le 



L. ^Logarithms. 34 1 

Reduce | to a decimal. 

log. 5 ■ 0.69897 =—1 + 1.698970 

log. 8 0.903090 



log. 0.b25=4 Ant. 1.795880. 

When there are several multiplications and divisioDS 
to be performed together, it is rather more convenient 
to perform the whole by multtplicalion, that is, by add- 
ing the logarithms. This may be effected on the fol- 
lowing principle. To divide by 2 is the same as to 
multiply by | or .5. Dividing by 5 is the same as 
multiplying by | or .2, Stc, 

Suppose then it is required to divide 435 by 15. 
Instead of dividing by 15 let us propose to multiply 
by-,',. First find the logarithm of y, reduced to a 
a decimal. 

log. I is = — 2 + 2.000000 

log. 15 subtract 1.176091 

log. -j\ in form of a decimal 2.823909 

log. 435 add 2.638489 

log. 29 = quotient of 436 by 15 1.462398 

The lo_g. of iV ^'*' 2.823909 is called the Arithmetic 
Complement of the log of 15. 

The arithmetic complement is found by svbtractmg the 
logarithm of the number from the logarithm of I, which 
« tero, bat ahich may always be rejpresmted Ay T + 1, 
39* 
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i + 2 fye. It muit nlieayi be repruenied by such a num- 
ber that the logarithm of the number may be subtracted 
from thepotitive part. Thai u, it mutt always be equal i 
io the chiO'aeierittie of the logarithm to be ivbiracted, 
pliu 1 ; for 1 mvi( always be borrowed from it, from 
wAicA to tvbtrtui the fractional part. 

It is required to Sod the value of x in the following 
equalimi. 



loj.36 
log. 98 

log. 56.78 
log. 387 
)05- 2-896 


/S6 X 2S X 66.78 \i 
'=1-387X2.896 1 

2.687711 Arilh. Com. 
0.461799 


1.5M068 
1.447158 
1.754195 
3.4122S9 
1.538201 




1.695911 
3 




5.087733 



1(^. 10.4123 very nearly answer 1.017&46 

I multiply by 3 to Gad the 3d poTver, and divide by 
5 to obtain the 5tb root. 

LI. There is an expedient generally adopted to 
avoid the negative cbaracteristica in the logarithms of 
decimals. I shall explain it and leave the learner to 
use the method he likes the best. 
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1. Multiply 253 by .37. 

log. .37 

log. 253 2.403121 

log. 93.61 nearly answer 1.971323 

Instead of using the logarithm T. 568202 in its pre- 
sent forni, add 10 to its cbaracteristic and it becomes 
9.«68202. 

log. .37 9.568202 

log. 253 2.403121 



Subtract 
log. 93.61 as above. 



. In this case 10 was added to one of the numbers 
and afterwards subtracted from tbe result; of course 
the answer must be the same. 

2.^ Multiply .023 by .976. 

Take out the logarithms of these numbers and add 
10 to each characteristic. 



log. .023 
log. .976 


8.361738 
9.989450 


Subtract 


18.351178 
20 


log. 0224473 nearly ans. 


2.351178 
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We may observe thai, in this way, when the first left 
haad figure is tenths, the characteristic, instead of being 
1 is 9, and when the first figure is huadredihs, the 
characteristic is 8 &ic. That is, the place of the first 
figure or the number reckoned from the decimal point 
corresponds to what the characteristic fails short of 10. 
Whenever in adding, the characteristic exceeds 10, the 
ten or tens may be omitted and tl>e unit figure only re- 
tained. 

In the first example, one number only was a fraction, 
viz. .37. In adding, the characteristic became 1 1, and 
omitting the 10 it became I, which shows that the pro- 
duct is a number exceeding 10, 

In the second example both numbers were fractions, 
of course each characteristic was 10 too large. In add- 
ing, the characteiistic became 18. Now instead of sub- 
ing both tens or 20, it is sufficient to subtract one 
em, and the characteristic 8, which is 2 less than 
hows as well as 2 would do, that the product is a 
ion, and that ils first figure must be in the second 
) of fractions or hundredth's place. 

three fractions were to be multiplied together, 
I would be three tens too much used, and the 
icteristic would be between 30 and 30 ; but reject- 
wo of the lens, or 30, the remaining figure would 
' the product to be a fraction, and show the place 
i first figure. 
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3. Wiiat is Ibe 3d power of .378 ? 

log. .378 ... , . 9.577493 

Multiply by 3 

28.732476 
log. .05401 nearly ans, or 8.732476 

Multiplying by 3 is the same as adding tbe number 
twice to itself. The characteristic becomes 38, hut omit- 
ting two of the tens or 20, it becomes 8, which shows 
it to be the logarithm of a fraction whose first place is 
hundredths. 

If it is required to find the 3d root of a fraction, it is 
tasy (o see, that having taken out tbe logarithm of the 
fraction, it will be necessary to' add two tens to the 
cliuracterisiic, for it is then considered the third power 
of some other fraction, and in raising the fraction to that 
power, two tens would he subtracted. 

In the last example the logarithm of tbe power is 
8.732476, but in order to lake its 3d root, it will be 
' Decessary to add the ttvo tens which were omitted. 

For the second root one ten must be previously add- 
ed, and for (he fourth root, three tens he. 

4. Wiiat is the 3d root of .027 ? 

log. .027 . . . 8.431364 

or considered as a 3d power S8. 431364 (3 

; log. .3.anj. . . 9.477121 
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5. What is (be 2d root of .0016 1 

log. .0016 7.204120 

or coDsidered a second power 17.204120(3 



log. .04 Jim. S.602060 

In dividiug a whole number by a fraction, if 10 be 
idded to (he cliaracierisiic of the dividend, it cancels 
Ibe 10 supposed to be added to the divisor. If bolb 
are fractions the ten in the one cancels it in ihe other ; 
and if the dividend ou\j is a fraction, the answer will 
of course he a less fraction, Consequeolly id division 
the results will require do alleratioo. 

6. Divide 57 by .018. 

log. 57 I.755S75 

log. .018 8.255272 

log. 3l6<i.7 nearly ans. 3.500603 

Here in subtracting I suppose 10 to he added to the 
first cbaracierisitc, and say 8 from 11, kc. | 

7. Divide .2172 by .006. 

log. .2172 9.336660 

log. .006 7.778151 



log 36,3 ^na. 1.558709 

In taking ibe ariihinetical complement, the logarithm 
of the number may be subtracted immediately from 10. 
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'he logarithm of Sbeiog .301030, its arithmetical com- 
lement is 1.6d8970. Adding 10 it becomes 9.698970. 
t would be the same if subtracted immediately from 10 
hus, 10 — .301030 = 9.698970. 

8. It is required to find tbe value ofar in the follow- 
og expression : 



17 /: 
•=fTiC 



13.73 X .0706 Y 



log. 13.73 I.1S7670 

log. .0706 8.848805 

log. .253 9.403121 Arith. Com. 0.&96879 



Sum 


Ariih. 
arly 


Com. 


0.583354 
3 


Product by 3 


1.7.'»00'i2( 


Quotient by 3 
log. 17 
log. 112 2.049218 

log. «= 1.13835 ne: 


0.675031 
1.230449 
7.9507a2 

0.056202 



9. Fiud tbe value ot x in the following equations. 



V -O^' X 576 / 

■ 872 X .0065 X^" 
, .038 X 4686 / 



345 / 872 X .0066 XT 
" - 4l7- V^O 
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13, 38' SI 583. 

Observe that the 2d power or 3S is found by multi- 
plying Ibe logarithm of 38 hj 3, ibe Sd power by mul- 
tiplying it by 3, &«. which will give the logarithm t>i 
ibe result. Hence we have ibe following equation ; tbe 
logarithm of 38 being 1.579784 and that of 583 beiog 
3.765669. 

X X 1.579784 = 2.765669 

2.765669 , ,,„_ , 

X = = 1.75066 +. 

1.&79184 ^ 

The value of ar is found by dividing one logaritlim ' 
by the other in the same manner as other numbers. 
It might be done by logarithms if tbe tables were stiffi- 
ctenlly extensive to take out the numbers. By a table 
with sis places an answer correct to four decimal places 
may be obtained. 

In taking out the logarithms, the right hand 6gure 
may be omitted without afieetiog the result, in tbe first 
four decimals. 

log. 2.76567 0.441794 

log. 1.57978 0.198588 



log. T = 1.75064+ O.243206 

14. What is the value of x in the equation 

1537-= 52 ? 
This gives first 1537 =: 52*. 
This may now be solved like the last* 
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LII. Quettiont relating to Compound Iniereat, 

It is required to find what on^ given principal p will 
amount to in a Dumber n of years, at a given rate per 
cent, r, at compound interest. 

Suppose first, that the principal is $1, or j£l, or 
one unit of money of any kind. 

The interest of 1 for one year is -r^pj or simply 
r, if r is considered a decimal. The amount of 1 for 
one year then, will be 1 -j- r. The amount of p dol- 
lars will be ^ (1 -J- r). 

For the second year, i> C^ + '') ^iU be the principal, 
and the amount of 1 being (I -|- r), the amount of 

p<i -HO will bepci +'-)a +0 oi-p (t +'■)•■ 

For the third year y (l -f-r)* being the principal, 
the amount will be|» (1 +r)' {1 +r) orj» (I +r)^. 

For n years then, the amount will he J>(l4-r)". 

Putting A for the amount, we hare 
J=p(l+r)-. 
- Tliis equation contains four quantities, A, p, r, and 
», say three of which being gireo, the other may be 
found. 

Logarithms will save much labour in calcuhlions of 
this kind. 

Examplti, 

1. What will $753.37 amount to in 5^ years, at 6 
per cent. coiDpound interest ? 
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Htnp = 753^7, r = .06, snd » s 5j. 
log. 1 + r = 1.06 036300 

«= H 

0.003163^ 
3 

0.009490 
0.136530 

log. (1 +»■)** • • • 0.136020 

log. 753.37 .... 2.877008 

]os- (1030.457 Am. 3.013028 

3. What principal put It interest wUl amount to 
|5000 in 13 years at 6 per ceoU compound intereslt 
Bj the above formula 



P = 



(l+rr 



log. l+r = 1.05 0.021189 

fis: 13 



,063567 
21189 



Subtract .275457 

log. A = 5000 From 3.69B970 



log.j> = $2651.60 nearly ^fu. 3.42S513 

3. At what rate per cent, must (378.57 be put at 

compound interest, that it may amount to }500 in 6 

yaiPB* 
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Solving the equation A=p (l + r)' makiug t lite 
unknown quantity, it becomes 

log. ^ = 600 . . . 3.698970 

log. J) = 378.57 . . . 2.578146 

Dividing by n = 5 0.120824 (5 

log. (r+l) = 1.05722 . , 0.034l6« 

CoDsequeotly r = 0.05722 Jltu. 

4. Id what time will $284.37 amount to 750 at 7 
per cent, f 

Making n the unknown quantity, the equation 
A ==p{l-i-r}" becomes 

log. - =n X log. (I +0' *"d 






3.876M1 
2.463881 



1 4-r = 1.07, is 0.029384 
0.42U80 . . . 

0.029384 



9.624467 
8.468111 



n = 14.334 Dearly Ant. 
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5. What will bs the compound interest of $947 for 
4 years and 3 mootlis at 5^ per cent. ? 

6. What will (157.63 amount to in 17 years at 4| 
per cent, i 

7. A note was given the 15tb of March 1804, ht 
f&8.46, at the rate ors per cent, compound interest; 
tod it was paid ihe 19lh of Oct. 1823. To how much 
bad it amounted ? , 

8.' A note was giren the 13th of Nor. 1807, for 
{456.33, and was paid the 33d of Sept. 1B19. The 
■um paid was {394.40. What per cant, was allowed 
at compound interest f 

9. In what time will the principal p be doubled, or 
become 2p, at 6 per ceoL compound interest i la 
what time will-it be tripled i 

NoTK. In order to solve tlie above i]uestion, put 3p 
in the place otA for (be first, 3/) for the second, and. 
find the value of n. 

The principles of compound interest will apply to 
the following questions concerning the increase of pop- 
ulation. 

10. The number of the inhabitants of the United 
Slates in A. D. 1790 was 3,929,000, and in. 1800, 
5,306,000. What rate per cent, for the whole time was 
the increase ? What per cent, per year ? 
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1 1. Suppose the rate of increase to. temaio the same 
for the aext 10 years, what would be the number <^ 
inhabitaDts in 1810 f 

J 3. At the same rate, id what lime would the number 
of inhabitants be doubled alter 1800f 

13. The number of inhabitants in I8i0 by the census, 
was 7,340,000. What was the annual rate of increase I 

14. At the above rale, what would be the number in 
1830? 

15. At the above rate, in what time would the num- 
ber in 1810 be doubled ? 

16. The number of inhabitants by the ceusus of 1830, 
was 9,638,000. What was the annual rate of increase 
from 1810 lo 1830 f 

17. At the same rate, what is the number in 1835 7 

18. At the same rate, what will be the number in 
1830 ? 

19. At the same rate, in what time will the number 
in 1830 be doubled ? 

30. In what time will the number in l630 be tripled f 

3 1. When will the number of inhabitants by the rate 
of the last census, be 50,000,000 ? 

Lin. 1. Suppose a man puts $10 a year into the 
savings banli. for 15 years, and that the rale of interest 
which the bank is able lo divide annually is 5 per cent. 
30* 



C3.ifKi:,'CiOOt^l>J 



354 AJgtbra. Llli. 

How much money will he bare in the back at the 
end of ibe 1 5tb year i 

Suppose a = the sum put in annually, 
r =s Ibe rate of interest, 
t = the time, 
A = the amount. 

According to tbp abore rule of compound iaterest, 
the sum a at first deposited will amount to a (r + 1^' 
tbat deposited the second year will amount to a(r-f-I)'~' 
that deposited the third year will amount to a{r+iy-* 
tiiBl deposited the last year will amount to a (r -j- 1)*. 
Hence we have 

A = a (r-f-l)'+o(r+l)^+<»Cr+l)-'. . . . aCr+1). . . . 
= «[{r + l)'+(r+l)^' + (r+ir'....(r + l)] 

But (r + ly, (r + !_)*"', 8ic. is a geometrical pro- 
gression, whose largest term is (r+1)', the smallest 
r -^ I, and the ratio r -f 1- The sum of this progres- 
sion, An. XL VII. is 

r 

r 

The same result may be obtained by another course 
of reasoning. 

The amount of the sum a for one year is a + a r. 
Adding a to this, it becomes 3 a + ar. 
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The amount of this at the end of another year is 
2a+or + 2«r + ar« or2a + 3ar + ar*. Adding 
a to this it becomes 

3a + 3ar + or«. 
The amount of this for one year is 

3o + 3or+or»+3ar + 3«r»+ar', 

= a C3 + 6r + 4r* +r'). 

This is the amount at the end of the third year be- 
fore the addilioM is made to the capital. The ]aw is 
now sufficiently manifest. With a little alteration, the 
quantity 3 + 6r + 4r' +r' may he rendered the 4th 
power of 1 -f-r. The three last coefficienu are already 
right. ]f we add 1 to the quantity it becomes 

4 + 6r+4f* +r*. 

Muliiply this by r and it becomes 

4r + 6r»+4r» +r*. 

Add 1 again and it becomes 

1 +4r + 6r» +4r» +r*. 

This is now the 4th power of l + r, and it may be 
'wrUien 

O+r}'. 
Subtract Ibe 1 which was added last, and it become* 
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Divide this by r, because it was multiplied by r and 
it becomes 

(l+r)'- t 

r 

Subtract I again, because 1 was added previous to 
multiplying by r; and it becomes 

(■+■■;•-' , ^ (•HT)'-fl+r; ^ (l+r) [(l+r)'-l] 
r r r 

Substitute ( in place of the expoueot 3, and multi- 
ply by a, and it becomes 

r 
which is the same as before. 

Tbe particular question given above may now be 
solved by Ic^aritbms, using tfais formula. 

log. (I +r}^ 1.0b . . . 0.Q31189 
BTultiply by f =s 15 . . 15 

105945 
^1189 

log CI +rj>' = 2.079 . . . .317835 
Subtract 1 I 

log. 1.079 . . 0.033021 

log. (I +r} .... 0.021189 

log a = 10 . . . . l.OOOOOO 

Aritb. Com. log. r ss .05 . I;30l030 

dm. $226,59 .... 2.355346 
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5. A man deposited annually $50 in a bank , from 
the lime his son was born, until be was 20 years of 
age ; and it was taken out, togelfaei* with compound 
interest on each deposit at 3 per cent., when his son 
was 21 years of age, and given, to him. How much 
did tLe son receive? 

3. How much did the bankers gain by receiving the 
money, supposing they were able lo employ it all th« 
time at 6 per cent, compound interest 7 

4. A man has a son 7 years old, and he wishes to ^ 
give him $3000 when be is 31 years old ; how much 
must he deposit annually at 4 per cent, compound in- 
terest, to be able to do it ? 

6. If a man deposits in a bank annually |35, in how 
long a time Will it amount lo $S00 al 6 per cent, com- 
pound interest ? 

6. The first slaves were brought into the American 
Colonies in the year l68r(. Suppose the first number 
to have been 50, and tbat 50 bad been brought each 
year for 100 years, and the rate of increase 3 per cent. 
How many would there have'Jiieea in the country at the 
end of the hundred years i 

LIV. Annuities. 

1. A man died leaving a 'legacy to a friend in the 
following manner ; a sum of money was to be put at in- 
terest, such that, the person drawing 10 dollars a year. 
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at the end of 15 years the pnDcipal and ioterest sbould 
both be exhausted. What sum must be put at interest 
at 6 per cent, to fulil the above conditiou ? 

Let the learner generalize this example and form a 
rule ; and then solve the following examples by it. 

3. A man wishes to purchase an annui^ which shall 
afford bim $300 a yesr so long as he shall live. It is 
considered probable that he will live 30 years. What 
sum must he deposit in the annuity office to produca 
, this sum, supposing he can be allowed 3 per cenL 
interesri' 

N. B. The principal and iuterest must be exhausted 
at the end of 30 years. 

3. If the man mentioned in tlic last example should 
die at the end of IS years, how much would the annuiiy 
company gain f 

4. If be werie to live 43 years, how much would tba 
company lose f 

6. A man purchases aa' annuity for life, on the sup- 
position that he shall live 45 years, for $15000, and ii 
allowed 4 per cent, inierest. How much must be draw 
annually that the whole may be exhausted i 

A man has property to the amount of $35000, 
I yields him an incoine of 5 per cent. His annual 
ises are $5000. How long will his property last 
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. 7. The number of slar«s in the Uaited States in 
1810 wag 1,191,000, and ia 1820 th& number was 
1,511,000. What is the number at present, 1625, al- 
lowing the rate of increase to be the same ? 

8. There is a society established in the Uaited 
States for the purpose of colonizing the free people of 
colour. Suppose the slaves to be emancipated as fast 
as this society can transport them away; how many 
must be sent away annually, that the number may be 
neither increased nor diminished ? 

9. How many must be sent away annually that the 
country may be cleared in 100 years i 

10. If the colonization is nut commenced till the 
year 1640, supposing the rate of increase to remain the 
same as from iSiO to 1820, how many must then be 
sent away annually, that the number remaining may 
continue the came ? 

11. How many must then be sent away annually, 
tbat the country may be cleared of ibem in lOO years ? 

MiiceUantoui Kxamplei. 

1. An express set out to travel 240 miles in 4 days, 
but in consequence of the badness of the roads be found 
that he must go 5 miles the second day, 9 the third, 
and 14 the fourib, less than the first. How many milea 
naust he travel each day I 

Ant. 67, 62, &S, and 53 miles. 
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3. Two workmen reeeived the same sam for their 

labour ; but if one had received 27 shillings more and 
the olber Id shillings less, then one nould have receir- 
ed just three times as much as the other. What did 
they receive i* 

3. Two persODs, A and B worked together, A work- 
ed 15 and B 18 days, aad they received equal sums for 
their work. But if A had worked 17^ and B 14 days, 
then A would have received 35 shillings more than B. 
What was the daily wages of each f 

Ana. A's wages 6s. and B's 5^. 

4. Two merchants entered into a speculstion, by 
which one gained 54 dollars more than the other. 
The whole gain wns 49 dollars less than three times the 
gain of the leas. What were the gains ? 

Ant, $103 and $157. 

6. A man bought a piece gf cloth for a certain sum, 

and on measuring it, found that it cost him 8 dollars, 

but if there had been 4 yards more, it would have cost 

him only $7 per yard. How many yards were there ? 

Am. 28 yards. 

6. Divide the number 46 into two such parts, that one 
of them being divided by 7, and the other by 3, the 
quotients may together he equal to 10. 

Ant, IS and 28. 

7. A farm of 864 acres is divided between 3 persons. 
C has as many acres as A and B together ; and the 
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portions of A aod B are in the proportion of 5 to II. 
How many acres bad each i 

8. There are two numbers in the proportion of | lo 
^, the Grst of which being increased hy 4 and the se- 
cond by 6, they will be in the proportion of { to ~j. 
What are the numbers ? 

9. A farmer has a stack of hay, from which he sells 
a quantity, which is (o the quantity remaining in the 
proportion of 4 to 5. He then uses 15 loads, and finds 
that he has a quantity hU, which is to the quantity sold 
as 1 lo 2. How many loads did the stack at first con- 
tain? 

10. There are 3 pieces of cloth, whose lengths are 
in the proportion of 3, 5, and 7 ; and 8 yards being cut 
off from each, the whole quantity is diminished in the 
proportion of 15 to il. What was the length of each 
piece at first f 

11. The number of days that 4 workmen were em- 
ployed were severally as the numbers 4, 5, 6, 7 ; their 
wages Were the same, viz. 3 shillings, and the sum re* 
ceived by the first and second was 36 shillings less 
than that received hy the third and fourth. How much 
did each receive ? 

12. There are two numbers, the greater of which is 
three limes the less ; and the sum of their second pow- 
ers is five times the sum of the numbers. What are 
tbe numbers? 

31 
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13. Wbal two Dumbers are those, of which the less 
is to th« greater as 2 to 3 ; and whose product is six 
times the sum of the aumhersT 

14. There are two boys, the difference of whose 
ages is lo their sum as 2 to 3, and their sum is to their 
product 89 3 to 5. What arc: their ages ? 

15. A detachment ol soldiers from a regimeot being 
ordered to march on a particular service, each company 
furnished 4 times as maoy men as there were compa- 
nies in the regiment ; but these being found lusufficten^ 
each company furnished three more men, when their 
number was found to be increased in the proportion of 
17 to 16. How many companies were there in the 
regiment f 

16. Find two numbers which are in the proportion 
of 8 to 5, and whose product is 360. 

17. A draper bought 2 pieces of cloth for $31. 45, 
one being 50 and the other C5 cents per yard. He 
sold each at an advanced price of 12 cents per yard, 
and gained by the whole {6.36. What were the lengths 
of the pieces ? 

IS. Two labourers, A and B, received $43.35 for 
their wages; A having heen employed 15, and B 14 
days; and A received for working 4 days $3.25 more 
than B for 3 days. What were their daily wages ? 

19. Having bought a certain quantity of brandy at 
19 shiUings per gallon, and a quantity of rum exceed- 
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ing tliatof (he brandy by 9 gnltons, at 1 5 sliillings pec 
gallon, I 6nd that I paid one shilling more for Ibe bran- 
dy than for the rum. How many gallons were there of 
each? 

20. Two persons, A and B, Lave each an aonual in- 
come ofJilSOO. A spends every year $120 more thaa 
B, and at the end of 4 years the amount of their sar- 
iogs is equal to ooe year's income of either. What 
does each spend annually ? 

31. Id a naval engagement, the Dumber of ships 
taken was 7 more, and the number burnt was 2 fewer, 
tban the number sunk; 15 escaped, and the fleet con- 
sisted of 8 times the number sunk. Of how many did 
the fleet consist f 

22. A cistern is filled in 50 minutes by 3 pijies, one 
of which conveys lO gallons more, and the other 8 
gallons less than the third, per minuie. The cisiern 
holds 1820 gallons. How much flows through each 
pipe per minute? 

23. A farm of 750 acres is divided between three 
persons. A, B, and C. Chas as much as A and B 
both, wanting lO acres ; and the shares of A and B are 
to each other in the proportion of 7 to 3. How many 
acres bas each ? 

24. A certain sum of money being put at interest for 
8 mombs, amounts to $772.50. The same sum put 
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out at the same rate for lit months tmoantElo 793,1875. 
Required tbe gum aod the rate per cent. 

SS. FroiD tivo casks of equal size are drawn quanti- 
ties which are in the proportion of & to 8 ; and it ap- 
pears thai if 30 gallons leas had been drawn from tlie 
•oe which now conUtna tbe less, onlj { as macb would 
have been drawu from it as Trom tbe other. How manjr 
gallooa were drawn Troin each ? 

36. There are two pieces of land, which are in th« 
form of rectangular parallelograms. The longer sides 
of tbe two are in tbe proportion of 6 to U, and tbe ad- 
jacent sides of tlie less are in the proportion of 3 to 2. 
Tbe whole distance round the less is 135 yards greater 
than the longer side of the larger piece. Required tbe 
fiides of the less, and tbe longer side of the greater, 

37. A person distributes forty shillings amongst fifty 
people, giving some 9d, and the rest Idd. each. How 
many were there of each ! 

38. Divide tbe number 49 into two such partq, that the 
.■quotient of tbe greater divided by the less, may be to 
the quotient of ihe less divided by the greater as 4 (o 7- 

39. A person put a certain sum (o interest for fire 
years, al 6 per cent, simple interest, and found that if 
he had put out the same sum for 8 years at 4| per cent, 
he would have received $60 more. What was Uie sum 
put out ■■' 
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30. A regiment of militia containing S30 men is to 
be raised from three towns, A, B, and C. The con- 
tiDgents of A and B are in the proportioa of 3 to 5 ; 
and of B and C in the proportion of 6 to 7. Required 
the numbers raised by each. 

31. At what time between 6 end 7 o'clock are the 
hour and minute bands of a watch together ? 

33. There is a number consisting of two digits, the 
second of which is greater than the first ; and if the 
number be divided by the sum of the digits, the quo- 
tient will be 4 ; but if the digits be inverted and that 
number divided by a number greater bj 3 than the dif- 
ference of the digits, the quotient will be 14. Requir- 
ed the number. 

33. There is a fraction whose numerator being trip- 
led, and the denominator diminished by 3, the value 
becomes | ; but if the denominator be doubled and the 
numerator increased by 3, its value becomes \. Re- 
quired the fraction, 

34. A merchant bought B hogshead of wine for^lOO, 
A few gallons having leaked out, he sold the remainder 
for the origt al sum, thus gaining a sum per cent, on the 
cost of it( equal to twice the number of gallons which 
leaked out. How many gallons did he lose i 

35. There are two pieces of cloth, diSeriiig !o length 
4 yard:< ; the first is worth as many shillings per yard 
as the second comaius jards; the second is worth «s 
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many shillings per yard as the first cootBins yards ; and 
boiti pieces are worth £72. lOs. How maoy yards does 
each contain f 

36. A mercbaol bongbt. a piece of cloth for $180, 
•nd selling it at an advance of |1 a yard on the cost, he 
gained 15 per ceot. Required the number of yards. 

37. There are two rectangular pieces of land, whose 
leogtha are to each other as 3 : 3, and surfaces as 5 : 3; 
the smaller one is 30 rods wide. What is the width of 
the other i 

38. There is a cistern to be filled with a pump, by a 
man and a boy working at it alternately ; the man 
would do it in 15 hours, the hoy in 20. They filled it 
in I6 hours 48 minutes. How long did each work ? 

39. In a bag of money there is a certain number of ea- 
gles, as many quarter eagles, 4 the number of half eagles, 
tc^ether with dollars sufficient to make up the number 
of coins equalto | of the value of the whole in dollars; 
and the number of eagles and dollars diminished by 3, 
is half the number of coins. What is the number of 
coins of each aortf 

40. Suppose a mao owes f 1000, what sum shall he 
pay daily so as to cancel the debt, principal and inter- 
est, at the end of a year, reckoning it at 6 per cent 
simple interest ? 

41. A merchant bought two pieces of lioeo cloth, 
coataioing together 130 yards. He sold each piece tar 
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ma maay cents per yard as itcoDtaiBed yards, and fouDd 
that one brought him in only f as much as the other. 
How maDy yards were there in each piece 7 

43. A crimiDal having escaped from prison, travelled 
lO hours before bis escape was known. He was then 
pursued so as to be gaiaed upon 3 miles an hour. Af- 
ter his pursuers bad travelled 8 hours, they met an ex- 
cess going at the same rate as themselves, who met 
the criminal 2 hours and 34 mio. before. In what time 
from the commencemeat of the pursuit will they over- 
take bim ? 

43. A and B enter into partnership with a joint stock 
of $900. A's capital was employed 4 months, and B's 
7 months. When the stock and gain were divided, A 
received }dl3, and B $469. What was each man's 
stock f 

44. A gentleman bought a rectangular lot of valuable 
land, giving lO dollars for every foot in the perimeter. 
If the same quantity bad been in a square, and he had 
bought it in the same way, it would have cost bim $33 
less; and if be had bought a square piece of the same 
perimeter he would have had 12^ rods more. What 
were the dimensions of ihe piece be bought ? 

45. A and B put (o interest sums amounting together 
to 800 dollars. A's rate of interest was 1 per cent, 
more than B's, his yearly interest i of B's ; and at tb9 
end of 10 years his principal and simple interest 
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■moualed to f ofB's. WIiKt sum wss put at iaterest 
by each, and at what rate 7 

46. Two messengers, A and B, were despatched at 
the same time to a place 90 miles distant ; the farmer 
of whom riding one mile an hour more than the other, 
arrived at the end of his journey an hoar before him. 
At what rate did each travel per hour ? 

47. A and B lay out some money on speculation. 
A disposes of his bargain for }11, and gains aa much 
per cent, as B lays out ; B's gain is {36, and it appears 
that A gains four times as much per cent, as B. Re- 
quired the capital of each. 

48. A and B hired a pasture, into which A put four 
horses, and B as many qs cost him 18 shillings a week. 
Afterwards B put in two additional horses, and found 
that he must pay ^0 shillings a week. At what rate 
was (he pasture hired I 

4d. A vintner draws a cerlain quanlily of wine out of 
a full vessel (hat holds 356 gallons ; and then 6tling the 
vessel with water, draws off the same quantity of liqfior 
8S before, and so on for four draughts, when tbeie were 
o;ily 81 gallons of pure wine left. How much wine 
did he draw each time ? 

60 Three merchants, A, B, and C, made a joint 
slock, by which they gained a sum less than that stock 
by $80. A's share of (he gain was $60, his contribution . 
to ilie stock was $17 more than B's. B and C together 
contributed $325. Uow much did each contribute ? 
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51. A grocer sold 801b. of mace end lOOIb. of cloves 
for £65 } but he sold 60 pouods more of cloves for 
JC20 ihaD he did of mace for£lO. What nas tbe price 
of a pound of each ? 

52. A and B, 1C5 miles distant from each other, set 
out nitb a design to meet. A trarels one mile the first 
day, two the second, three the third, and so on ; B 
travels 20 miles the first day, 18 the second, 16 ths 
third, and so on. In how man; days will they meet t 

53. A and B engage to reap a field for fSO ; and aa 
A alone could reap it in 9 days, they promise to com- 
plete it in 6 days. They found however that they 
were obliged to call in C to assist them for the two last 
days, in consequence of which, B received | of a dollar 
less than he otherwise would have done. In what time 
could B or C alone reap the field f 

54. A mercer bought a piece of silk for $54 ; snd 
the number of shilliDgs which he paid for a yard was | 
of the number of yards. How many yards did be buy^ 
and what was the price of a yard ? 

55. The fore wheel of a carriage makes 6 revolu- 
tions more than the hind wheel in going 120 yards} 
but if the periphery of eacb wheel be increased one 
yard, it will make only 4 revolutions more than ^ 
hind wheel in the same space. Required the circum- 
ference of each. 

56. There are three numbers, the difference of whose 
differences is 5 ; the sum of the numbers is 30, and 
rbeir continual [woduct ISO. Required the numbers. 
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67. From two lanns, C and D, two travellers, A and 
B, set out to meet eacli other; and it appeared that 
when iliey met, B had gone 35 miles more tlian 4 of 
the distance tbat A bad travelled ; but from their rai« 
of travelling, A expected to reach C in 20^ hours ; and 
B to reach D in 30 hours. Required the distance 
from C to D. 

58. Two men, A and B, entered into a speculalionj 
to which B contributed $15 more than A. After fouc 
months, C was admitted, who added $50 to the stock; 
and at the end of 12 months from C's admission ihej 
had gained $159; when A withdrawing received for 
principal and gain $68. What did he origioally sub- 
scribe i 

69, The number of deaths in a besieged garrisoa 
amounted to 6 daily ; and allowing for this diminution, 
their stock of provisions was sufficient 10 last 8 days. But 
on the evening of the sixth day, 100 men were killed in a 
;ally, and afterwards the mortality increased to lU daily. 
Supposing the slock of provisions unconsumed at the 
end of the sixth day to support 6 men for 61 days ; it 
is required to find how long it would support the garri- 
son, and the number of men alive when the provisions 
were exhausted. 

60. There was a cask containing 30 gallons of bran- 
dy ; a certain quantity of this was drawn off into ano- 
^er cask of equal size, and this last filled with water, 
and afterwards the first cask was filled with the mixture. 
It now appears that if 6| gallons of the mixture bt 
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clrawn off from (he first into the second cask, there nill 
be equal quaniiiies of brandy in each. Required the 
quantity of brandy first drawn off. 

61. From two towns, C and D, which were at the 
distance of 396 miles, two persons, A and B, set out at . 
the same time and meet each other, travelling as many 
days as are equal to the difference of the number of 
miles they travelled per day j when it appeared that A 
has travelled 216 iniles. How many miles did each 
travel per day i 

62. A tailor bought a piece of cloth for $200, from 
which he cut r> yards for his own use, and sold the re- 
mainder fur $175, gainiug 75 cents per yard. How 
many yards were there, and what did it cost him per 
yard? 

63. There is a rectangular field containing 10 acres, 
I quarter, 5 rods, and the length of it exceeds the 
breadth by 12 rods. Required the dimensions of the 
field. 

64. A man travelled 96 miles, ttnd then found that 
if he had travelled 2 miles faster per hour, he should 
have been 8 hours less in performing the same jouruey. 
At what rate per hour did he travel ? 

65. A regiment of soldiers, consistinsi of 900 men, is 
formed into two squares, one of which has C men more 
jn 8 side than the other. What is the number of men 
in a side of each square 7 

66. A and B travelled on the same road and at the 
same i:ate from Huutingdon to linden. At the 50tl! 



